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Foreword 


I was first exposed to liquid crystal displays in 1972 when I joined Westinghouse R&D Center as a 
research engineer. Later, I was assigned the task of developing a 5" x 5" 100 x 100 pixels TFT-LCD 
panel for the US Air Force. At that time, the LCD fabrication processes were very primitive. The LC 
alignment was an obliquely evaporated SiOx film. The cell spacing was done by mylar strips for the 
second minimum cell gap around 8 microns. The filling of LC was in a vacuum chamber with a 
hypodermic syringe holding the LC and a needle glued by Epoxy to the covering glass through a hole 
drilled at the comer of the monochrome ITO covering glass. The LC filling could take half a day. What 
giant progress the LC fabrication processes have made over the past 30 years. The sizes of the glass 
substrates can reach almost 4 square meters. The uniform cell gap of LC first minimum around 3^1 
microns is maintained by photopattemed spacers. Using the one-drop-fill technique the LC filling can 
be done in just a few minutes for a 42"-diagonal panel. 

During the last 30 some years, the applications of LCDs have expanded tremendously. Starting 
from watches and calculators in thel970s with direct-drive TNs, the portable PC terminals utilized 
monochrome simple-matrix-addressed TNs in the early 1980s, which were followed by monochrome 
STNs. In the 1990s, dual-scan and multiline addressed STN color panels for notebook PCs appeared. In 
the early 1990s, the mass-produced color TFT-LCD TN notebook PC panels started the unlimited 
developmental changes by TFT-LCD panels for increasingly larger panels for notebook PCs, monitors 
and eventually TV applications. Today, TFT-LCD TV panels have been sold in the market with sizes 
up to 50" and performances comparable to CRTs. TFT-LCDs have established their position as the 
dominating flat panel display technology. Nevertheless, along the long developmental paths, there have 
been numerous challengers such as thin film EL, vacuum fluorescence, electrochromics, PDP and FED. 
Each time, LCDs have been able to sustain the challenges and emerge victoriously. Now, it looks 
certain that TFT-LCDs will replace the ultimate king, CRT, in the home’s living room as the primary 
video display. 

The LCD technologies have amazing resources and versatility. For each new application, LCD 
engineers have been able to expand the LCD capabilities to meet the new demands in performance. 
Taking the latest TV application as an example, the LCD engineers have been able to solve issues such 
as wide viewing angle, fast response, color shift versus gray levels and viewing angles. 

What will be the next major application beyond TV? We don’t know yet. However, we are certain 
that LCD engineers will be able to rise above the challenges and bring the technology to the next level. 
The LCD technologies will be the dominating flat panel display for many years to come. 
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There have been many books related to LCD technologies. This book authored by Professor Yang 
and Professor Wu is the most extensive textbook on LCD which covers the physics, materials and 
driving methods of many types of LCD modes. I’m sure this book will provide students entering the 
LCD field with a thorough understanding of the devices. 

Fan Luo 
Vice President and CTO 
AU Optronics 
Science-Based Industrial Park 
Hsinchu 
Taiwan 



Series Editor’s Foreword 


Since its inception, the purpose of this series has been to provide works for practising scientists and 
engineers in the field of display technology. This book will most certainly fulfil that purpose, but it will 
also mark a new departure for the series as it has been written primarily as a text for postgraduate and 
senior undergraduate students. This broadening of the aims of the series is welcome since it 
acknowledges the need to provide works in the display field not only to those already working in 
the profession but also to those who are about to enter it. 

Liquid crystal display technology has developed enormously over the past 35 years. It is already 
dominating many display markets such as hand held PDA and phone products, notebook computer 
displays and desktop monitors. In those markets where it does not have total domination, such as flat 
TV, it has a very healthy and increasing market share. Moreover, although twisted and supertwisted 
nematic technologies were for many years ubiquitous, as performance requirements have become more 
stringent, other effects such as in-plane switching and vertically aligned nematics have come to the fore 
and new effects continue to be invented. For the very lowest power reflective displays, cholesteric and 
a variety of bistable nematic effects are used. And so far, I have only discussed direct view displays! 
LC projection displays, which can use only a single polarizer, require extremely innovative twist 
effects. With so many different liquid crystal effects being used so widely in industry, the addition of 
this latest book to the series is very timely. 

Designed to be self-contained, the first chapters cover the basic physics of liquid crystals, their 
interaction with light and electric fields and the means by which they can be modelled. Next are 
described the majority of ways in which liquid crystals can be used in displays and a final chapter deals 
with photonic devices such as beam steerers, tunable focus lenses and polarisation-independent 
devices. 

Because it is intended to be used as a textbook, another innovation has been introduced for the first 
time in the series. Each chapter concludes with a set of problems, the answers to which may be found 
on the Wiley web site. 

Written by two academics of world standing in their fields - Deng-Ke Yang is a specialist in 
cholesterics and polymer stabilised systems and Shin-Tson Wu has made major contributions in twist 
systems for reflective displays and in many other areas - this latest book is a most welcome addition to 
the series. 


Anthony C. Lowe 
Braishfieid, UK 2006 



Preface 


Liquid crystal displays have become the leading technology in the information display industry. They 
are used in small-sized displays such as calculators, cellular phones, digital cameras, and head- 
mounted displays; in medium-sized displays such as laptop and desktop computers; and in large-sized 
displays such as direct-view TVs and projection TVs. They have the advantages of high resolution and 
high brightness, and, being flat paneled, are lightweight, energy saving, and even flexible in some 
cases. They can be operated in transmissive and reflective modes. Liquid crystals have also been used 
in photonic devices such as laser beam steering, variable optical attenuators, and tunable-focus lenses. 
There is no doubt that liquid crystals will continue to play an important role in the era of information 
technology. 

There are many books on the physics and chemistry of liquid crystals or on liquid crystal devices. 
There are, however, only few books covering both the basics and applications of liquid crystals. The 
main goal of this book is to provide a textbook for senior undergraduate and graduate students. The 
book can be used for a one- or two-semester course. The instructors can selectively choose the chapters 
and sections according to the length of the course and the interest of the students. The book can also be 
used as a reference book by scientists and engineers who are interested in liquid crystal displays and 
photonics. 

The book is organized in such a way that the first few chapters cover the basics of liquid crystals 
and the necessary techniques to study and design liquid crystal devices. The later chapters cover the 
principles, design, operation, and performance of liquid crystal devices. Because of limited space, we 
cannot cover every aspect of liquid crystal chemistry and physics and all liquid crystal devices, but we 
hope this book can introduce readers to liquid crystals and provide them with the basic knowledge and 
techniques for their careers in liquid crystals. 

We are greatly indebted to Dr. A. Lowe for his encouragement. We are also grateful to the 
reviewers of our book proposal for their useful suggestions and comments. Deng-Ke Yang would like 
to thank Ms. E. Landry and Prof. J. Kelly for patiently proof-reading his manuscript. He would also 
like to thank Dr. Q. Li for providing drawings. Shin-Tson Wu would like to thank his research group 
members for generating the new knowledge included in this book, especially Drs. Xinyu Zhu, 
Hong wen Ren, Yun-Hsing Fan, and Yi-Hsin Lin, and Mr. Zhibing Ge for kind help during manuscript 
preparation. He is also indebted to Dr. Terry Dorschner of Raytheon, Dr. Paul McManamon of the Air 
Force Research Lab, and Dr. Hiroyuki Mori of Fuji Photo Film for sharing their latest results. We 
would like to thank our colleagues and friends for useful discussions and drawings and our funding 



xv/ PREFACE 


agencies (DARPA, AFOSR, AFRL, and Toppoly) for providing financial support. Finally, we also 
would like to thank our families (Xiaojiang Li, Kevin Yang, Steven Yang, Cho-Yan Wu, Janet Wu, and 
Benjamin Wu) for their spiritual support, understanding, and constant encouragement. 

Deng-Ke Yang 
Shin-Tson Wu 



1 

Liquid Crystal Physics 


1.1 Introduction 

Liquid crystals are mesophases between crystalline solids and isotropic liquids [1-3]. The constituents 
are elongated rod-like (calamitic) or disk-like (discotic) organic molecules as shown in Figure 1.1. The 
size of the molecules is typically a few nanometers (nm). The ratio between the length and the diameter 
of the rod-like molecules or the ratio between the diameter and the thickness of the disk-like molecules is 
about 5 or larger. Because the molecules are non-spherical, besides positional order, they may also 
possess orientational order. 

Figure 1.1(a) shows a typical calamitic liquid crystal molecule. Its chemical name is 4'-^-pentyl-4- 
cyano-biphenyl and is abbreviated as 5CB [4,5]. It consists of a biphenyl, which is the rigid core, and a 
hydrocarbon chain, which is the flexible tail. The space-filling model of the molecule is shown in 
Figure 1.1(c). Although the molecule itself is not cylindrical, it can be regarded as a cylinder, as shown 
Figure 1.1(e), in considering its physical behavior because of the fast rotation (on the order of 10 -9 s) 
around the long molecular axis due to thermal motion. The distance between two carbon atoms is 
aboutl.5A; therefore the length and the diameter of the molecule are about 2 nm and 0.5 nm, 
respectively. The molecule shown has a permanent dipole moment (from the CN head); however, it 
can still be represented by a cylinder whose head and tail are the same, because in non-ferroelectric 
liquid crystal phases, the dipole has equal probability of pointing up or down. It is necessary for a liquid 
crystal molecule to have a rigid core(s) and flexible tail(s). If the molecule is completely flexible, it will 
not have orientational order. If it is completely rigid, it will transform directly from the isotropic liquid 
phase at high temperature to the crystalline solid phase at low temperature. The rigid part favors both 
orientational and positional order while the flexible part does not. With balanced rigid and flexible parts, 
the molecule exhibits liquid crystal phases. 

Figure 1.1(b) shows a typical discotic liquid crystal molecule [6]. It also has a rigid core and flexible 
tails. The branches are approximately on one plane. The space-filling model of the molecule is shown 
in Figure 1.1(d). If there is no permanent dipole moment perpendicular to the plane of the molecule, it 
can be regarded as a disk in considering its physical behavior as shown in Figure 1.1(f), because of the 
fast rotation around the axis which is at the center of the molecule and perpendicular to the plane of the 
molecule. If there is a permanent dipole moment perpendicular to the plane of the molecule, it is better to 
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2 LIQUID CRYSTAL PHYSICS 



L ~ 2 nm 



(e) (f) 

Figure 1.1 Calamitic liquid crystal: (a) chemical structure, (c) space-filling model, (e) physical 
model. Discostic liquid crystal: (b) chemical structure, (d) space-filling mode, (f) physical model 


visualize the molecule as a bowl, because the reflection symmetry is broken and all the permanent 
dipoles may point in the same direction and spontaneous polarization occurs. The flexible tails are also 
necessary, otherwise the molecules form the crystal phase where there is positional order. 

The variety of phases that may be exhibited by rod-like molecules are shown in Figure 1.2. At high 
temperature, the molecules are in the isotropic liquid state where they do not have either positional or 
orientational order. The molecules can easily move around and the material can flow like water. The 
translational viscosity is comparable to that of water. Both the long and short axes of the molecules can 
point in any direction. 

When the temperature is decreased, the material transforms into the nematic phase, which is the most 
common and simplest liquid crystal phase, where the molecules have orientational order but still no 
positional order. The molecules can still diffuse around and the translational viscosity does not change 
much from that of the isotropic liquid state. The long axis of the molecules has preferred direction. 
Although the molecules still swivel due to thermal motion, the time-averaged direction of the long axis 
of a molecule is well defined and is the same for all the molecules at the macroscopic scale. The average 
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Crystal solid Smectic-C Smectic-A Nematic Isotropic liquid 


Temperature 

Figure 1.2 Schematic representation of the phases of rod-like molecules 

direction of the long molecular axis is denoted by n which is a unit vector and called the liquid crystal 
director. The short axes of the molecules have no orientational order in a uniaxial nematic liquid crystal. 

When the temperature is decreased further, the material may transform into the smetic-A phase where, 
besides the orientational order, the molecules have partial positional order, i.e., the molecules form a 
layered structure. The liquid crystal director is perpendicular to the layers. Smectic-A is a one¬ 
dimensional crystal where the molecules have positional order in the normal direction of the layer. 
The diagram shown in Figure 1.2 is schematic. In reality, the separation between neighboring layers is 
not as well defined as that shown in the figure. The molecular number density exhibits an undulation with 
the wavelength about the molecular length. Within a layer, it is a two-dimensional liquid in which there 
is no positional order and the molecules can move around. For a material in poly-domain smectic-A, the 
translational viscosity is significantly higher, and it behaves like a grease. When the temperature is 
decreased still futher, the material may transform into the smectic-C phase where the liquid crystal 
director is no longer perpendicular to the layer but tilted. 

At low temperature, the material is in the crystal solid phase where there are both positional and 
orientational orders. The translational viscosity become infinite and the molecules (almost) no longer 
diffuse. 

Liquid crystals get the ‘crystal’ part of their name because they exhibit optical birefringence like 
crystalline solids. They get the ‘liquid’ part of their name because they can flow and do not support 
shearing like regular liquids. Liquid crystal molecules are elongated and have different molecular 
polarizabilities along their long and short axes. Once the long axes of the molecules orient along a 
common direction, the refractive indices along and perpendicular to the common direction are different. 
It should be noted that not all rod-like molecules exhibit all the liquid crystal phases, but just some of 
them. 

Some of the liquid crystal phases of disk-like molecules are shown in Figure 1.3. At high temperature, 
they are in the isotropic liquid state where there are no positional and orientational orders. The material 
behaves in the same way as a regular liquid. When the temperature is decreased, the material transforms 



Temperature 


Figure 1.3 Schematic representation of the phases of disk-like molecules 
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into the nematic phase which has orientational order but not positional order. The average direction of 
the short axis perpendicular to the disk is oriented along a preferred direction which is also called the 
liquid crystal director and denoted by a unit vector n. The molecules have different polarizabilities along 
a direction in the plane of the disk and along the short axis. Thus the discotic nematic phase also exhibits 
birefringence as crystals. 

When the temperature is decreased further, the material transforms into the columnar phase where, 
besides orientational order, there is partial positional order. The molecules stack up to form columns. 
Within a column, the columnar phase is a liquid where the molecules have no positional order. 
The columns, however, are arranged periodically in the plane perpendicular to the columns. Hence 
the columnar phase is a two-dimensional crystal. At low temperature, the material transforms into the 
crystalline solid phase where the positional order along the columns is developed. 

The liquid crystal phases discussed so far are called thermotropic liquid crystals and the transitions 
from one phase to another phase are driven by varying temperature. There is another type of liquid 
crystallinity, called lyotropic, exhibited by molecules when they are mixed with a solvent of some kind. 
The phase transitions from one phase to another phase are driven by varying the solvent concentration. 
Lyotropic liquid crystals usually consist of amphiphilic molecules which have a hydrophobic group at 
one end and a hydrophilic group at the other end, with water as the solvent. The common lyotropic liquid 
crystal phases are micelle phase and lamellar phase. Lyotropic liquid crystals are important in biology. 
They will not be discussed in this book because its scope concerns displays and photonic devices. 

Liquid crystals have a history of more than 100 years. It is believed that the person who discovered 
liquid crystals was Friedrich Reinitzer, an Austrian botanist [7]. The liquid crystal phase observed by 
him in 1888 was a cholesteric phase. Since then liquid crystals have come a long way and become a 
major branch of interdisciplinary science. Scientifically, liquid crystals are important because of the 
richness of their structures and transitions. Technologically, they have gained tremendous success in 
display and photonic applications [8-10]. 


1.2 Thermodynamics and Statistical Physics 

Liquid crystal physics is an interdisciplinary science, involving thermodynamics, statistical physics, 
electrodynamics, and optics. Here we give a brief introduction to thermodynamics and statistical 
physics. 

1.2. 7 Thermodynamic laws 

One of the important quantities in thermodynamics is entropy. From the microscopic point of view, 
entropy is a measure of the number of quantum states accessible to a system. In order to define entropy 
quantitatively, we first consider the fundamental logical assumption that/or a closed system (in which no 
energy and particles exchange with other systems), quantum states are either accessible or inaccessible 
to the system, and the system is equally likely to be in any one of the accessible states as in any other 
accessible state [11]. For a macroscopic system, the number of accessible quantum states g is a huge 
number 10 23 ). It is easier to deal with In g , which is defined as the entropy o\ 

o- = lng (1.1) 

If a closed system consists of subsystem 1 and subsystem 2, the numbers of accessible states of the 
subsystems are g\ and g 2 , respectively. The number of accessible quantum states of the whole system is 
g = g\g2 and the entropy is o = lng = In (g\g 2 ) = lngi + lng 2 = + 0-2- 

Entropy is a function of the energy u of the system o = o(u). The second law of thermodynamics 
states that for a closed system, the equilibrium state has maximum entropy. Let us consider a closed 
system which contains two subsystems. When two subsystems are brought into thermal contact the 
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energy exchange between them is allowed, the energy is allocated to maximize the number of accessible 
states; that is, the entropy is maximized. Subsystem 1 has energy u\ and entropy o\; subsystem 2 has 
energy U 2 and entropy 02 . For the whole system, u = u\ + U 2 and a = o\ + 02 - The first law of 
thermodynamics states that energy is conserved , i.e., u = u\ + U 2 = constant. For any process inside the 
closed system, Su = Su\ + Su 2 = 0. From the second law of thermodynamics, for any process we have 
60 = 6 o\ + <5(72 > 0. When the two subsystems are brought into thermal contact, at the beginning energy 
flows. For example, an amount of energy \5u\ \ flows from subsystem 1 to subsystem 2, Su\ <0 and 
Su 2 = —Su\ > 0, and 


do do 1 do 2 do 1 du\ do 2 do\ do 2 

du 2 du 2 du 2 du\ du 2 du 2 du\ du 2 


When equilibrium is reached, the entropy is maximized and 

do 1 do 2 o do 1 do 2 
du\ du 2 du\ du 2 

We know that when two systems reach equilibrium, they have the same temperature. Accordingly the 
fundamental temperature z is defined by 

1/t = ( da/du) NV (1.2) 

where N is the number of particles and V the volume. Energy flows from a high temperature system to a 
low-temperature system. The conventional temperature (Kelvin temperature) is defined by 

T = z/k B (1.3) 

where k B = 1.81 x 10 -23 joules/kelvin is the Boltzmann constant. Conventional entropy S is defined by 

1 /T = dS/du (1.4) 

Hence 

S = k B o (1.5) 


7 . 2.2 Boltzmann distribution 

Now we consider the thermodynamics of a system at a constant temperature, i.e., in thermal contact with 
a thermal reservoir. The temperature of the thermal reservoir (named B) is z. The system under 
consideration (named A) has two states with energy 0 and s, respectively. A and B form a closed system, 
and its total energy u = ua + u B = u 0 = constant. When A is in the state with energy 0, B has energy u 0 , 
and the number of accessible states is g\ = gj x g B = 1 x g B (u 0 ) = g B (u 0 ). When A has energy e, B has 
energy u 0 — s, and the number of accessible states is g2 = gA x gB = 1 x g B {u 0 — s) = g B (u 0 — s). For 
the whole system, the total number of accessible states is 

G = gl + g2 = gB{u 0 ) + gB(u a - s) (1.6) 

(A + B) is a closed system, and the probability in any of the G states is the same. When the whole 
system is in one of the g\ states, A has energy 0. When the whole system is in one of the g2 states, A has 
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energy s. Therefore the probability that A is in the state with energy 0 is 

P( 0 ) = gl = 8 b(uo) 

81 + gi gB(u 0 ) + 8 b(u 0 — s) 

The probability that A is in the state energy £ is 


P(s) = 


g2 


g B (u 0 - s) 


gl+g2 gB{u a ) + g B {u 0 - s) 


From the definition of entropy, we have g B {u 0 ) = e r7B<,< “ 1 and g B (u a — s) = e' 7lllu " e \ Because e <C u 0 , 

<j B {u 0 - s)^a B (u 0 ) - = a B {u 0 ) - -s 

OUb t 


Therefore we have 


P(0) = - 

P(s) = - 


e °B{u 0 ) 


1 


1 


Uo) _|_ e 0 B {u 0 )-&jx I _|_ g-e/x l _(_ e -8/k B T 
e o B {uo)-&lx g-e/r e -s/k B T 


'■M _|_ e G B {u 0 )-8/x l _|_ e ~e/x l _|_ e -s/k B T 


_ P(e) 
~P(0) 


„-^bT 


(1.7) 


(1.8) 


(1.9) 


For a system having N states with energies s \, 62 ** . e/ + 1 ,..., ejy, the probability for the 

system in the state with energy e* is 

N 

( 1 . 10 ) 

7=1 


P{8i) = e~ s >l l / Yj~ eilkBT 
' i=l 


The partition function of the system is defined as 

Z = J2e~ £l/kBT 

i 

The internal energy (average energy) of the system is given by 


(l.H) 


Because 


then 


U=(e)=J2siP(£i)=^J2 s ‘ e ~ S,/kBT 

i i 



u = 


k B pdZ = t 2 <9(lnZ) 
Z dT B dT 


( 1 . 12 ) 


(1.13) 



THERMODYNAMICS AND STATISTICAL PHYSICS 7 


1.2.3 Thermodynamic quantities 

As energy is conserved, the change of the internal energy U of a system equals the heat dQ absorbed and 
the mechanical work dW done to the system, dU = dQ + dW. When the volume of the system changes 
by dV under the pressure P, the mechanical work done to the system is given by 

dW = —PdV (1.14) 

When there is no mechanical work, the heat absorbed equals the change of internal energy From the 
definition of temperature 1 /T = (dS/dU) v , the heat absorbed in a reversible process at constant 
volume is 


dU = dQ = TdS 


(1.15) 


When the volume is not constant, then 


The derivatives are 


dU = TdS - PdV 


T-(S. 

\ds 


p = 


dv)i 


(1.16) 


(1.17) 


(1.18) 


The internal energy U, entropy S, and volume V are extensive quantities, while temperature T and 
pressure P are intensive quantities. The enthalpy H of the system is defined by 


H=U + PV 

Its variation in a reversible process is given by 


(1.19) 


dH = dU + d(PV) = (TdS - PdV) + (PdV + VdP) = TdS + VdP (1.20) 


From this equation, it can be seen that the physical meaning of enthalpy is that in a process at constant 
pressure (dP = 0), the change of enthalpy dH is equal to the heat absorbed dQ(= TdS). The derivatives 
of the enthalpy are 



The Helmholtz free energy F of the system is defined by 


( 1 . 21 ) 


( 1 . 22 ) 


F = U — TS 


( 1 . 23 ) 
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Its variation in a reversible process is given by 

dF = dU - d(TS ) = (TdS - PdV ) - (TdS + SdT ) = Stfr - PdV (1.24) 


The physical meaning of Helmholtz free energy is that in a process at constant temperature, the change 
of Helmholtz free energy is equal to the work done to the system. The derivatives are 



The Gibbs free energy G of the system is defined by 

G=U -TS + PV 


(1.25) 

(1.26) 


(1.27) 


The variation in a reversible process is given by 

dG = dU - d(TS ) - d(PV) = -SdT + VdP (1.28) 


In a process at constant temperature and pressure, the Gibbs free energy does not change. The 
derivatives are 


5 = 



(1.29) 


V = 



(1.30) 


The Helmholtz free energy can be derived from the partition function. From Equations (1.13) and 
(1.25), 


? <9(lnZ) fdF\ 

F = U -TS = K B T 2 ^—y + T( — ) 
OT \OT)y 




\dT 


T \dT 


3(1 /T) 


dT 


Jy 


=i -T l 


d(F/T) 


dT 


= K b T 


J v 


, <9(lnZ) 
dT 


Hence 


F = -k B T\nZ = -k B T\n[ ^ 


-&i/k B T 


(1.31) 


From Equations (1.11), (1.25), and (1.31), the entropy of a system at constant temperature can be 
calculated as 


S = -k B (In p) = -k B Pi ln Pi 


(1.32) 
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1.2 A Criteria for thermodynamic equilibrium 

Now we consider the criteria which can used to judge whether a system is in its equilibrium state under 
given conditions. We already know that for a closed system, as it changes from a non-equilibrium state to 
the equilibrium state, the entropy increases: 


SS> 0 


(1.33) 


It can be stated differently that, for a closed system, the entropy is maximized in the equilibrium state. 

In considering the equilibrium state of a system at constant temperature and volume, we construct a 
closed system which consists of the system (subsystem 1) under consideration and a thermal reservoir 
(subsystem 2) with temperature 7. When the two systems are brought into thermal contact, energy is 
exchanged between subsystem 1 and subsystem 2. Because the whole system is a closed system, 
SS = SS\ + SS 2 > 0. For system 2, 1/7 = ( dS2/dU2) v , and therefore SS2 = SU2/T (this is true when 
the volume of the subsystem is fixed, which also means the volume of subsystem 1 is fixed). Because of 
energy conservation, SU 2 = ~SU X . Hence SS = SS X + SS 2 = SS X + SU 2 /T = SS X - SUi/T> 0 . 
Because the temperature and volume are constant for subsystem 1, SS\—SU\/T= (1 /T)S 
( TS\ — U)> 0, and therefore 

d(Ui -TSi) = SF\ < 0 (1.34) 


At constant temperature and volume, the equilibrium state has minimum Helmholtz free energy. 

Again, as above, in considering the equilibrium state of a system at constant temperature and pressure, 
we construct a closed system which consists of the system (subsystem 1 ) under consideration and a 
thermal reservoir (subsystem 2) with temperature 7. When the two systems are brought into thermal 
contact, energy is exchanged between subsystem 1 and subsystem 2. Because the whole system is a 
closed system, SS = SS 1 + SS 2 > 0. But now, for system 2, because the volume is not fixed, and 
mechanical work is involved, SU 2 = TSS 2 — PSV 2 , i.e., SS 2 = (SU 2 + PSV 2 )/T. Because SU 2 = SU\ 
and SV 2 = -SV U then AS = SS X + (SU 2 + PSV 2 )/T = SS X - (SUi +PSVi)/T = (l/T)S(TSi~ U 2 - 
PV 1 ) > 0. Therefore 


S(U\ + PV\ — TS\) = SG\ <0 


(1.35) 


At constant temperature and pressure, the equilibrium state has minimum Gibbs free energy. If 
electric energy is involved, then we have to consider the electric work done to the system by external 
sources such as a battery. In a thermodynamic process, if the electric work done to the system is dW e , 
then 



dU - dW m - dW e 
7 


dU + PdV - dW e 
7 


Therefore at constant temperature and pressure 


S(U -W e +PV - TS ) = S{G -W e )< 0 


(1.36) 


In the equilibrium state, G — W e is minimized. 
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1.3 Orientational Order 

Orientational order is the most important feature of liquid crystals. The average directions of the long 
axes of the rod-like molecules are parallel to each other. Because of the orientational order, liquid 
crystals possess anisotropic physical properties; that is, in different directions, they have different 
responses to external fields such as an electric field, a magnetic field, and shear. In this section, we will 
discuss how to quantitatively specify orientational order and why rod-like molecules tend to be parallel 
to each other. 

For a rigid elongated liquid crystal molecule, three axes can be attached to it to describe its orientation. 
One is the long molecular axis and the other two are perpendicular to the long molecular axis. Usually the 
molecule rotates rapidly around the long molecular axis. Although the molecule is not cylindrical, if 
there is no hindrance to the rotation in the nematic phase, the rapid rotation around the long molecular 
axis makes it behave like a cylinder. There is no preferred direction for the short axes and thus the 
nematic liquid crystal is usually uniaxial. If there is hindrance to the rotation, the liquid crystal is biaxial. 
A biaxial nematic liquid crystal is a long sought for material. The lyotropic biaxial nematic phase has 
been observed [12]. The existence of a thermotropic biaxial nematic phase is still under debate, and it 
may exist in bent-core molecules [13,14]. Here our discussion is on bulk liquid crystals. The rotational 
symmetry around the long molecular axis can be broken by confinement. In this book, we will deal with 
uniaxial liquid crystals consisting of rod-like molecules unless otherwise stated. 


1.3.1 Orientational order parameter 

In uniaxial liquid crystals, we have only to consider the orientation of the long molecular axis. The 
orientation of a rod-like molecule can be represented by a unit vector a which is attached to the molecule 
and parallel to the long molecular axis. In the nematic phase, the average directions of the long molecular 
axes are along a common direction: namely, the liquid crystal director denoted by the unit vector n. The 
3-D orientation of a can be specified by the polar angle 6 and the azimuthal angle </> where the z axis is 
chosen parallel to n as shown in Figure 1.4. In general the orientational order of a is specified by an 
orientational distribution function f(6, </>). f(6, 0)<iQ((iQ = sin OdOdcj)) is the probability that a is 
oriented along the direction specified by 6 and </> within the solid angle dQ. In the isotropic phase, a has 
equal probability of pointing in any direction and therefore f(0, (/>) = constant. For uniaxial liquid 
crystals, there is no preferred orientation in the azimuthal direction, and then f = f(0) which depends 
only on the polar angle 6. 

Rod-like liquid crystal molecules may have permanent dipole moments. If the dipole moment is 
perpendicular to the long molecular axis, the dipole has equal probability of pointing along any direction 
because of the rapid rotation around the long molecular axis in uniaxial liquid crystal phases. The dipoles 
of the molecules cannot generate spontaneous polarization. If the permanent dipole moment is along the 



Figure 1.4 Schematic diagram showing the orientation of rod-like molecules 
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long molecular axis, the flip of the long molecular axis is much slower (of the order of 10~ 5 s), so the 
above argument does not hold. In order to see the orientation of the dipoles in this case, we consider the 
interaction between two dipoles [15]. When one dipole is on top of the other, if they are parallel, the 
interaction energy is low and thus parallel orientation is preferred. When two dipoles are side by side, if 
they are anti-parallel, the interaction energy is low and thus anti-parallel orientation is preferred. As we 
know, the molecules cannot penetrate each other. For elongated molecules, the distance between two 
dipoles when they are on top of each other is farther than that when they are side by side. The interaction 
energy between two dipoles is inversely proportional to the cubic power of the distance between them. 
Therefore anti-parallel orientation of dipoles is dominant in rod-like molecules. There are the same 
number of dipoles aligned parallel to the liquid crystal director n as there are aligned anti-parallel to n. 
The permanent dipole along the long molecular axis cannot generate spontaneous polarization. Thus, 
even when the molecules have a permanent dipole moment along the long molecular axes, they can be 
regarded as cylinders whose top and bottom are the same. It can also be concluded that n and —n are 
equivalent. 

An order parameter must be defined in order to quantitatively specify the orientational order. The 
order parameter is usually defined in such a way that it is zero in the high-temperature unordered phase 
and non-zero in the low-temperature ordered phase. By analogy with ferromagnetism, we may consider 
the average value of the projection of a along the director n, i.e., 


n n 

s 9) = j cos 9f(9) sin 9d9 j J f(9) sin 9d9 


(1.37) 


where () indicate the average (the temporal and spatial averages are the same) and cos 9 is the first-order 
Legendre polynomial. In the isotropic phase, the molecules are randomly oriented and (cos 6) = 0. We 
also know that in the nematic phase the probability that a molecule will orient at angles 9 and n — 9 is 
the same, i.e., f(9) = f(n — 6); therefore (cos 6) = 0, and so (cos 6) provides no information about the 
orientational order parameter. Next, let us consider the average value of the second-order Legendre 
polynomial for the order parameter: 


71 71 

S= (i>2( cos 6)} = (3 cos 2 9 — 1)^ = J ^ P cos2 1)/(0) sin 6d6 j Jf(9) sin 9d9 (1.38) 


In the isotropic phase as shown in Figure 1.5(b), f(9) = c, a constant, and 

71 71 

J ^(3 cos 2 9 — 1 )f(9) sin 9d9 = J ^(3 cos 2 9 — l)c sin QdO = 0 
o o 

In the nematic phase, f(9) depends on 6. For a perfectly ordered nematic phase as shown in 
Figure 1.5(d), f(9) = 3(9), where sin 03(9) = oc when 6 = 0, sin03(0) = 0 when 9^0, and 
Jq 3(0) sin 9d9 = 1, and the order parameter is S = ^(3cos 2 9 — 1) = 1. It should be pointed out that 
the order parameter can be positive or negative. Two order parameters with the same absolute value but 
different signs correspond to different states. When the molecules all lie in a plane but are randomly 
oriented in the plane as shown in Figure 1.5(a), the distribution function is f(9)=d(9 — n/2), where 
3(9 — 7i/2) = oo when 9 = n/2, 3(9 — n/2) = 0 when 9 ^ 7c/2, and Jq3(9 — 7i/2)sin 9d9 = 1, and the 
order parameter is S = \ [3cos 2 (7t/2) — 1)/1 = —0.5. In this case, the average direction of the molecules 
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Figure 1.5 Schematic diagram showing the states with different orientational order parameters 


is not well defined. The director n is defined by the direction of the uniaxial axis of the material. 
Figure 1.5(c) shows the state with the distribution function f(S) = (35/16) [cos 4 0 + (1/35)], which is 
plotted vs. 6 in Figure 1.5(e). The order parameter is S = 0.5. Many anisotropies of physical properties 
are related to the order parameter and will be discussed later. 


1.3.2 Landau-de Gennes theory of orientational order in the nematic phase 

Landau developed a theory for second-order phase transitions [16], such as those from the diamagnetic 
phase to the ferromagnetic phase, in which the order parameter increases continuously from zero as the 
temperature is decreased across the transition temperature T c from the high-temperature disordered 
phase to the low temperature ordered phase. For a temperature near T c , the order is very small. The free 
energy of the system can be expanded in terms of the order parameter. 

The transition from water to ice at 1 atmosphere pressure is a first-order transition and the latent 
heat is about lOOJ/g. The isotropic-nematic transition is a weak first-order transition because the 
order parameter changes discontinuously across the transition but the latent heat is only about 10 J/g. 
De Gennes extended Landau’s theory to the isotropic-nematic transition because it is a weak first-order 
transition [1,17]. The free energy density / of the material can be expressed in terms of the order 
parameter S as 


f = \a{T- T*)S 2 - \bS 3 + ^cS 4 + \l(VS) 2 (1.39) 

where a, b, c and L are constants and T* is the virtual second-order phase transition temperature. The last 
term is the energy cost when there is a variation of the order parameter in space, but here we will consider 
only the uniform order parameter case. There is no linear term of S, which would result in a non-zero 
order parameter at any temperature; a is positive, otherwise S will never be zero and the isotropic phase 
will not be stable at any temperature. A significant difference between the free energy here and that of a 
magnetic system is the cubic term. In a magnetic system, the magnetization m is the order parameter. For 
a given value of \m\, there is only one state, and the sign of m is decided by the choice of the coordinate. 
The free energy must be the same for a positive m and a negative m , and therefore the coefficient of the 
cubic term must be zero. For nematic liquid crystals, positive and negative values of the order parameter 
S correspond to two different states and the corresponding free energies can be different, and therefore b 
is not zero; b must be positive because at sufficiently low temperatures positive order parameters have 
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global minimum free energies. We also know that the maximum value of S is 1. The quadratic term with 
a positive c prevents S from exploding. The values of the coefficients can be estimated in the following 
way: the energy of the intermolecular interaction between the molecules associated with orientation is 
about 0.1 eV and the molecular size is about 1 nm, / is the energy per unit volume, and therefore 
Ta(ovb or c) ~0.1 eV/volume of 1 molecule ~0.1 x 10“ 19 joules/(10 -9 m) 3 ~ 10 7 J/m 3 . For a given 
temperature, the order parameter S is found by minimizing /: 

^ = a(T - T*)S - bS 2 + cS 3 = [a(T - T*) - bS + cS 2 ]S = 0 (1.40) 


There are three solutions: 


Si =0 


Sl= h 


i 




2 c 


sjb 2 -4ac(T- T*) 
sjb 2 -4ac(T- T*) 


S 1=0 corresponds to the isotropic phase and the free energy is f\ = 0. The isotropic phase has global 
minimum free energy at a high temperature. It will be shown that at a low temperature S 2 has global 
minimum free energy 


h = \a(T-r)S 2 - l -bSl + X -cS* 

S 3 has a local minimum free energy. At the nematic-isotropic phase transition temperature 7/v/, the order 
parameter is S c = Sjc, and fz(S 2 = S c ) = f\ =0; that is, 

Ia(r w -r)s2-lfcs3+lcsj = 0 (1.41) 

From Equation (1.40), at this temperature, we also have 

a(T NI - T*) - bS c + cS 2 = 0 (1.42) 


From these two equations, we can obtain 

a (T NI - r) - jbS c = 0 


Therefore 

S c = ^(Tni-T*) 
b 


(1.43) 


Substituting Equation (1.43) into Equation (1.42), we get the transition temperature 



74 LIQUID CRYSTAL PHYSICS 



Figure 1.6 (a) The three solutions of order parameter as a function of temperature; (b) the 

corresponding free energies as a function of temperature, in Landau-de Gennes theory 


and the order parameter at the transition temperature 



For liquid crystal 5CB, the experimentally measured order parameter is shown by the solid circles in 
Figure 1.6(a) [ 6 ]. In fitting the data, the following parameters were used: a = 0.023(7 J/Km 3 , b = 
1.2cr J/m 3 , and c = 2 . 2(7 J/m 3 , where a is a constant which has to be determined by the latent heat of the 
nematic-isotropic transition. 

Because S is a real number in the region from —0.5 to 1.0, when T — T* >b 2 /Aac, i.e., when 
T — Tm > b 2 / 4ac — 2b 2 /9 ac = b 2 /36ac, S 2 and S 3 are not real. The only real solution is S = S\ = 0, 
corresponding to the isotropic phase. When T — T^i < b 2 /36ac, there are three solutions. However, 
when 0 < T — T^j < b 2 /36ac, the isotropic phase is the stable state because its free energy is still the 
global minimum as shown in Figure 1.6(b). When T — T^i < 0, the nematic phase with order parameter 
S = S 2 = \b + y/bi 2 — 4 ac(T — T*)j lie is the stable state because its free energy is the global 
minimum. 

In order to see the physical meaning clearly, let us plot / vs. S at various temperatures as shown in 
Figure 1.7. At temperature T\ = T^i + b 2 /36ac + 1.0°C, the curve has only one minimum at S = 0, 
which means that S\ = 0 is the only solution and the corresponding isotropic phase is the stable state. At 
temperature Tt, = T^j + b 2 /36ac — 0.5°C, there are two local minima and one local maximum, where 
there are three solutions: S\ = 0, S 2 > 0, and S 3 > 0. S\ =0 corresponds to the global minimum 
free energy and the isotropic phase is still the stable state. At T 4 = T^i, the free energies of the isotropic 
phase with order parameter Si and the nematic phase with order parameter S 2 become the same; phase 
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S 

Figure 1.7 Free energy vs. order parameter at various temperatures in Landau-de Gennes theory 


transition takes place and the order parameter changes discontinuously from 0 to S c = 2 b/?>c. This is a 
first-order transition. It can be seen from the figure that at this temperature there is an energy barrier 
between S\ and S 2 . If the system is initially in the isotropic phase and there are no means to overcome the 
energy barrier, it will remain in the isotropic phase at this temperature. As the temperature is decreased, 
the energy barrier is lowered. At I 5 = T^i — 3°C, the energy barrier is low. At T& = 7*, the second- 
order derivative of / with respect to S at S\ = 0 is 

= a(T — T*) — 2bS + 3cS 2 = a (T-T*)=0 

s =0 s=o 


dS 2 


Si is no longer a local minimum, and the energy barrier disappears. 7* is therefore the supercooling 
temperature below which the isotropic phase becomes absolutely unstable. At this temperature, Si = S 3 . 
At Tj = T* — 2°C, there are two minima located at S 2 (> 0) and S 3 (< 0) (the minimum value is slightly 
below zero), and a maximum at Si = 0 . 

If initially the system is in the nematic phase, it will remain in this phase even at temperatures higher 
than Tni and its free energy is higher than that of the isotropic phase because there is an energy barrier 
preventing the system from transforming from the nematic phase to the isotropic phase. The temperature 
T 2 (superheating temperature) at which the nematic phase becomes absolutely unstable can be found 
from 

= a{T 2 -T*)-2bS 2 + 3cSj=0 (1.46) 

s 2 


dS 2 


Using S 2 = (1/2 c)[b + \Jb 2 — AaciTi — r*)], we can get T 2 = T^-j + b 2 /36ac. 

In reality, there are usually irregularities, such impurities and defects, which can reduce the energy 
barrier of nematic-isotropic transition. The phase transition takes place before the thermodynamic 
instability limits (the supercooling or superheating temperature). Under an optical microscope, it is 
usually observed that with decreasing temperature nematic ‘islands’ are initiated by irregularities and 
grow out of the isotropic ‘sea’, and with increasing temperature isotropic Takes’ are produced by 
irregularities and grow on the nematic ‘land’. The irregularities are called nucleation seeds and the 
transition is a nucleation process. In summary, nematic-isotropic transition is a first-order transition and 
the order parameter changes discontinuously, there is an energy barrier in the transition, and the 
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transition is a nucleation process; superheating and supercooling occur. In a second-order transition, 
there is no energy barrier and the transition occurs simultaneously everywhere at the transition 
temperature (the critical temperature). 

There are a few points worth mentioning in Landau-de Gennes theory. First, the theory works well 
at temperatures near the transition temperature. At temperatures far below the transition temperature, 
however, the order parameter increases without limit with decreasing temperature, and the theory 
does not work well because the maximum order parameter should be 1. In Figure 1.6, the parameters 
are chosen in such a way that the fitting is good for a relatively wide temperatures region, 
Tnj — T* = 2b 2 /9ac = 6.3°C, which is much larger than the value (~1°C) measured by light-scattering 
experiments in the isotropic phase [18]. There are fluctuations in orientational order in the isotropic 
phase, which results in a variation of refractive index in space and causes light scattering. The intensity 
of the scattered light is proportional to 1 /(T — T*). 

7.3.3 Maier-Saupe theory 

In the nematic phase, there are interactions, such as the van der Waals interaction, between the liquid 
crystal molecules. Because the molecular polarizability along the long molecular axis is larger than 
along the short transverse molecular axis, the interaction is anisotropic and results in the parallel 
alignment of the rod-like molecules. In the spirit of the mean field approximation, Maier and Saupe 
introduced an effective single molecule potential V to describe the intermolecular interaction [19, 20]. 
The potential has the following properties. (1) It must be a minimum when the molecule orients along the 
liquid crystal director (the average direction of the long molecular axis of the molecules). (2) Its strength 
is proportional to the order parameter S = (/^(cos#)) because the potential well is deep when the 
molecules are highly orientationally ordered and vanishes when the molecules are disordered. (3) It 
assures that the probabilities for the molecules pointing up and down are the same. The potential in 
Maier-Saupe theory is given by 

V(0) = -vs(|cos 2 0-f) (1.47) 


where v is the orientational interaction constant of the order of 0.1 eV and 6 is the angle between the 
long molecular axis and the liquid crystal director as shown in Figure 1.4. The probability / of the 
molecule orienting along the direction with polar angle 0 is governed by the Boltzmann distribution: 

n 

f(0) = e -Ws?/ J e -V(B)/k B T sin 9de (1.48) 

0 


The single molecule partition function is 

71 

Z = j e-nw sindde 

0 


(1.49) 


From the orientational distribution function we can calculate the order parameter: 

71 71 

JP 2 {cos 0) e vSP ^ 0 ^ kBT sin Odd (1.50) 

0 0 

We introduce a normalized temperature t = ksT/v. For a given value of t, the order parameter S can 
be found by numerically solving Equation (1.50). An iteration method can be used for the numerical 
calculation of the order parameter: (1) choose an initial value for the order parameter, (2) substitute it 


S = ^ J P2(cos0)e v ( e )/ k B T sin OdO = ^ 
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Figure 1.8 (a) The three solutions of order parameter as a function of the normalized temperature in 

Maier-Saupe theory. The solid circles represent the experimental data, (b) The normalized free 
energies of the three solutions of the order parameter 


into the right hand side of Equation (1.50), and (3) calculate the order parameter. Use the newly obtained 
order parameter to repeat the above process until a stable value is obtained. As shown in Figure 1.8(a), 
there are three solutions: Si, £ 2 , and S 3 . In order to determine which is the actual solution, we have to 
examine the corresponding free energies. The free energy F has two parts, F = U — TE n , where U is the 
intermolecular interaction energy and E n is the entropy. The single molecular potential describes the 
interaction energy between one liquid crystal molecule and the remaining molecules of the system. The 
interaction energy of the system with N molecules is given by 

n 

U = ^N(V) = ^J V{0)e- v ^ /kBT sin 9d6 (1.51) 

0 

where the factor \ avoids counting the intermolecular interaction twice. The entropy is calculated by 
using Equation (1.32): 

71 

En = —Nk B (In/) = — J \n[ f(6)]e~ v ^^ kBT sin 6d6 (F52) 

o 

From Equation (1.48) we have In[/(0)] = -V(0)/k B T - InZ; therefore £>z = (N/T)(V) + Nk B \nZ 
and the free energy is 

F = U — TEn = -Nk B T\nZ - * A(V) (1.53) 

From Equation (1.47) we have ( V ) = — vS 2 and therefore 

F = U — TEn = -Nk B T\nZ + ^AvS 2 (1.54) 


Although the second term in this equation looks abnormal, this equation is correct and can be checked 
by calculating the derivative of F with respect to S : 


dF 

as 


-Nk B T 


<9 In Z 

as 


F N m 

2 ds 


Nk B T dZ 


+ NvS 


Z dS 
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Letting dF/dS = 0, we have 


s = k §fs = kj ifv B h % e ~ WBT = |// J 2(co S e)^(W sin6de 

0 0 

which is consistent with Equation (1.50). The free energies corresponding to the solutions are shown in 
Figure 1.8(b). The nematic-isotropic phase transition temperature is tjvt = 0.22019. For temperatures 
higher than t ni, the isotropic phase with order parameter S = S\ =0 has a lower free energy and thus is 
stable. For temperatures lower than tni, the nematic phase with order parameter S = S 2 has a lower free 
energy and thus is stable. The order parameter jumps from 0 to S c = 0.4289 at the transition. 

In the Maier-Saupe theory there are no fitting parameters. The predicted order parameter as a function 
of temperature is universal, and agrees qualitatively, but not quantitatively, with experimental data. This 
indicates that higher order terms are needed in the single molecule potential, i.e., 


V(6) = ^[-v/<Pj(cos0))Pj(cos0)] 

i 


(1.55) 


where P;(cos 6 ) (i = 2, 4, 6 ,...) are the /th-order Legendre polynomials. The fitting parameters are v;. 
With higher order terms, better agreement with experimental results can be achieved. 

Maier-Saupe theory is very useful in considering liquid crystal systems consisting of more than one 
type of molecule, such as mixtures of nematic liquid crystals and dichroic dyes. The interactions between 
different molecules are different and the constituent molecules have different order parameters. 

All the theories discussed above do not predict well the orientational order parameter for temperatures 
far below T^j. The order parameter as a function of temperature is better described by the empirical 
formula [21] 


V t ™ v ni) 


(1.56) 


where V and V^i are the molar volumes at T and T^i, respectively. 

1.4 Elastic Properties of Liquid Crystals 

In the nematic phase, the liquid crystal director n is uniform in space in the ground state. In reality, the 
liquid crystal director n may vary spatially because of confinement or external fields. This spatial 
variation of the director, called the deformation of the director, costs energy. When the variation occurs 
over a distance much larger than the molecular size, the orientational order parameter does not change 
and the deformation can be described by a continuum theory analogous to the classic elastic theory of a 
solid. The elastic energy is proportional to the square of the spatial variation rate. 


7.4.7 Elastic properties of nematic liquid crystals 

There are three possible deformation modes of the liquid crystal director as shown in Figure 1.9. We 
choose the cylindrical coordinate such that the z axis is parallel to the director at the origin of the 
coordinate: n(0) = z. Consider the variation of the director at an infinitely small distance from the origin. 
When moving in the radial direction, there are two possible modes of variation: (1) the director tilts 
toward the radial direction p as shown in Figure 1.9(a), and (2) the director tilts toward the azimuthal 
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(a) (b) (c) 

Figure 1.9 The three possible deformations of the liquid crystal director: (a) splay; (b) twist; and 
(c) bend 


direction </> as shown in Figure 1.9(b). The first mode is called splay, where the director at (dp, 4>, z = 0) 
is 

n(dp,z = 0) = dn p (dp)p + [1 + dn z (dp)\z (1-57) 

where dn p <C 1 and dn z <C 1. Because \n\ 2 = n 2 p + n 2 ^ + n 2 z = (dn p ) 2 + (1 + Sn z ) 2 = 1, then Sn z = 
— (Sn p ) 2 /2, where Sn z is a higher order term and can be neglected. The spatial variation rate is dn p /dp 
and the corresponding elastic energy is 

f sp iay = (l/2)Kn(dn p /d P ) 2 (1.58) 

where K\\ is the splay elastic constant. 

The second mode is called twist, where the director at (dp, 4>, z = 0) is 


n(dp, <f),z = 0) = dntjj(dp)$ + [1 + dn z (dp)]z (1.59) 


where dn^ <C 1 and dn z = —(dn^) 2 / 2, a higher order term which can be neglected. The spatial variation 
rate is dn^ /dp and the corresponding elastic energy is 

ftwist = (l/2)*22 (dn^/dp ) 2 (1.60) 

where K 22 is the twist elastic constant. 

When moving in the z direction, there is only one possible mode of variation, as shown in 
Figure 1.9(c), which is called bend. The director at (p = 0, dz) is 

n(p = 0, (j), dz) = dn p (dz)p + [1 + dn z (dz)\z (1.61) 

where dn p <C 1 and dn z = — ( dn p ) 2 / 2 , a higher order term which can be neglected. 
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Note that when p = 0, the azimuthal angle is not well defined and we can choose the coordinate such 
that the director tilts toward the radial direction. The corresponding elastic energy is 

fiend = (1 /2)K 33 (dn p /dz) 2 ( 1 . 62 ) 

where K 33 is the bend elastic constant. Because Sn z is a higher order term, dn z /dz~ 0 and 
dn z /dpm 0. Recall that V • n\ p=0z=0 = (1 / p)d(pn p )/dp + (1 / p)dn ( j ) / d(j) + dn z /dz = dn p /dp + Sn p . 
Because dn p /dp is finite and <5n p <^ 1, V • n\ p=0 z= q = dn p /dp. The splay elastic energy can be 
expressed as f sp i ay = (1/2)^n(V • n ) 2 . Because n = z , at the origin n • V x n| p=0jZ=0 = (V x n) z = 
dn^/dp. The twist elastic energy can be expressed as f tw i st = (\/2)K22(n • V x H) 2 . Because nx 
V x rc| p =o,z=o — (V x n) p — (V x n)^ = drip/dz , the bend elastic energy can be expressed as 
fbend = ( 1 / 2 )^ 33(72 x V x fi) 2 . Putting all the three terms together, we obtain the elastic energy 
density: 


fela = 2 K n(V 


9 1 9 1 

■ n) + — K 22 (n ■Vx5) z + ^K 33 (n x V x n) 


=x2 


(1.63) 


This elastic energy is often referred to as the Oseen-Frank energy and K\\, K 22 , and ^33 are referred 
to as the Frank elastic constants because of his pioneering work on the elastic continuum theory of liquid 
crystals [22]. The value of the elastic constants can be estimated in the following way. When a significant 
variation of the director occurs in a length L , the angle between the average directions of the long 
molecular axes of two neighboring molecules is (a/L), where a is the molecular size. When the average 
directions of the long molecular axes of two neighboring molecules are parallel, the intermolecular 
interaction energy between them is a minimum. When the average direction of their long molecular 
axes makes an angle of (a/L), the intermolecular interaction energy increases to (a / 'L) 2 u , where u is the 
intermolecular interaction energy associated with orientation and is about 0.1 eV. The increase of the 
interaction energy is the elastic energy, i.e., 

u = Kii(\7n ) 2 x molecular volume = Ku a 3 


Therefore 


u - * -19 J _ jo -11 


Ku =- -0.1 x 10 
a 


1 nm 


N 


Experiments show that usually the bend elastic constant X 33 is the largest and the twist elastic constant 
K 22 is the smallest. As an example, at room temperature the liquid crystal 5CB has these elastic 
constants: K n = 0.64 x 10“ u N, K 22 = 0.3 x 10“ n N, and K 33 = lx 10“ u N. 

The elastic constants are temperature dependent. As shown in Maier-Saupe theory, the intermolecular 
interaction energy u (the averaged value of the potential given by Equation (1.47) is proportional 
to the square of the orientational order parameter S. Therefore the elastic constants are proportional 
to S 2 . 

It is usually sufficient to consider the splay, twist, and bend deformations of the liquid crystal 
director in determining the configuration of the director, except in some cases where the surface to 
volume ratio is high and another two terms, called divergence terms (or surface terms), may have to be 
considered. The elastic energy density of these terms is given by f \ 3 = K \ 3 V • (nV ■ n) and 
f 2 A = — £ 24 V • (nV • n + n x V x n), respectively [23]. The volume integral of these two terms 
can be changed to a surface integral because of the Gauss theorem. 
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Figure 1.10 (a) Chemical structure of a typical chiral liquid crystal molecule; (b) physical model of a 

chiral liquid crystal molecule 


7.4.2 Elastic properties of cholesteric liquid crystals 

So far we have considered liquid crystals consisting of molecules with reflectional symmetry. The 
molecules are the same as their mirror images, and are called achiral molecules. The liquid crystal 5CB 
shown in Figure 1.1(a) is an example of an achiral molecule. Now we consider liquid crystals consisting 
of molecules without reflectional symmetry. The molecules are different from their mirror images and 
are called chiral molecules. Such an example is CB15 shown in Figure 1.10(a). It can be regarded as a 
screw, instead of a rod, in considering its physical properties. After considering the symmetry where n 
and —n are equivalent, the generalized elastic energy density is 

fela — 2^11 ’ W ) 2 2 ^ 22 ^ ‘ ^ x ^ + ^o) 2 + 2 -^33 ( n x V x n) 2 (1-64) 

where q Q is the chirality and its physical meaning will be discussed in a moment. Note that V xn is a 
pseudo-vector which does not change sign under reflectional symmetry while n • V x n is a pseudo¬ 
scalar which changes sign under reflectional symmetry operation. Under reflectional symmetry operation, 
the elastic energy changes to 

fela = 1*11 (V • «) 2 +I*22(-« ■ V x n + q 0 f + l -K 33 (-n x V x nf (1.65) 

If the liquid crystal molecule is achiral and thus has reflectional symmetry, the system does not 
change and the elastic energy does not change under reflectional symmetry operation. It is required that 
fela = feta > th en = 0. When the liquid crystal is in the ground state with minimum free energy, 
fela — 0, which requires that V • n = 0, n • V x n = 0, and n x V x n = 0. This means that in the 
ground state, the liquid crystal director n is uniformly aligned along one direction. 

If the liquid crystal molecule is chiral and thus has no reflectional symmetry, the system changes under 
reflectional symmetry operation. The elastic energy may change. It is no longer required that f e i a = f eta , 
and thus q Q may not be zero. When the liquid crystal is in the ground state with minimum free energy, 
fela = 0, which requires that V • n = 0, n • V x n = —q 0 , and n xV x n = 0. A director configuration 
which satisfies the above conditions is 

n x = cos (q Q z), n y = sin (q 0 z), n z = 0 (1.66) 

and is schematically shown in Figure 1.11. The liquid crystal director twists in space. This type of liquid 
crystal is called a cholesteric liquid crystal. The axis around which the director twists is called the helical 
axis and is chosen to be parallel to z here. The distance P Q over which the director twists by 360° is called 
the pitch and is related to the chirality by 


2tz 

q 0 


Pc 


(1.67) 
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X 

Figure 1.11 Schematic diagram of the director configuration of the cholesteric liquid crystal 


Depending on the chemical structure, the pitch of a cholesteric liquid crystal could take any value in the 
region from a few tenths of a micron to infinitely long. The periodicity of a cholesteric liquid crystal with 
pitch P Q is P 0 /2 because n and — n are equivalent. Cholesteric liquid crystals are also called chiral 
nematic liquid crystals and denoted as N*. Nematic liquid crystals can be considered as a special case of 
cholesteric liquid crystals with an infinitely long pitch. 

In practice, a cholesteric liquid crystal is usually obtained by mixing a nematic host with a chiral 
dopant. The pitch of the mixture is given by 


1 

(HTP) • v 


( 1 . 68 ) 


where v is the concentration of the chiral dopant and (HTP is the helical twisting power of the chiral 
dopant, which is mainly determined by the chemical structure of the chiral dopant and depends only 
slightly on the nematic host. 

7.4.3 Elastic properties of smectic liquid crystals 

Smectic liquid crystals possess partial positional orders besides the orientational order exhibited in 
nematic and cholesteric liquid crystals. Here we only consider the simplest case: smectic-A. The elastic 
energy of the deformation of the liquid crystal director in smectic-A is the same as in the nematic liquid 
crystal. In addition, the dilatation (compression) of the smectic layer also costs energy which is given by 
[24] 

<W9) 


where B is the elastic constant for the dilatation of the layer and is referred as to the Young modulus, d 0 
and d are the equilibrium layer thickness (the periodicity of the density undulation) and the actual layer 
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Figure 1.12 Schematic diagram showing the deformation of the liquid crystal director and the 
smectic layer in the smectic-A liquid crystal 

thickness of the smectic layer, respectively. Typical values of B are about 10 6 —10 7 J/m 3 , which are 
10 3 to 10 4 smaller than those in a solid. In a slightly deformed smectic-A liquid crystal, we consider a 
closed loop as shown in Figure 1.12. The total number of layers traversed by the loop is zero, which 
can be mathematically expressed as §n • dl = 0. Using the Stokes theorem, we have fV x n • ds = 
§n • dl = 0. Therefore in smectic-A we have 


V x n = 0 (1-70) 

which assures that n • V x ft = 0 and n x V x n = 0. The consequence is that twist and bend 
deformations of the director are not allowed (because they change the layer thickness and cost too 
much energy). The elastic energy in a smectic-A liquid crystal is 

felas = \Ku{y -nf (1.71) 

Some chiral liquid crystals, as the temperature is decreased, exhibit the mesophases isotropic —*■ 
cholesteric —► smectic-A. Because of the property shown by Equation (1.70), there is no spontaneous 
twist in smectic-A. Expressed another way, the pitch in smectic-A is infinitely long. In the cholesteric 
phase, as the temperature is decreased toward the cholesteric-smectic-A transition, there is a 
pretransitional phenomenon where the smectic-A order forms in short space-scale and time-scale due 
to thermal fluctuations. This effect causes the pitch of the cholesteric liquid crystal to increase with 

decreasing temperature and diverge at the transition temperature as shown in Figure 1.13. As will be 

discussed later, a cholesteric liquid crystal with pitch P exhibits Bragg reflection at the wavelength 
2 = nP, where n is the average refractive index of the material. If X = TiP is in the visible light region, 



Figure 1.13 Schematic diagram showing how the pitch of a thermochromic cholesteric liquid crystal 
changes 
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the liquid crystal reflects colored light. When the temperature is varied, the color of the liquid crystal 
changes. These types of cholesteric liquid crystals are known as thermochromic cholesteric liquid 
crystals [24]. As shown in Figure 1.13, the reflected light is in the visible region for temperatures in 
the region from T x to T 2 . There are liquid crystals with AT = T\ — T 2 = 1°. If there are two 
thermochromic cholesteric liquid crystals with different cholesteric-smectic-A transition temperatures, 
mixtures with different concentrations of the two components will exhibit color reflections at different 
temperatures. This is how thermochromic cholesteric liquid crystals are used to make thermometers. 

1.5 Response of Liquid Crystals to Electromagnetic Fields 

Liquid crystals are anisotropic dielectric and diamagnetic media [1,25]. Their resistivities are very high 
(~ 10 10 Qcm). Dipole moments are induced in them by external fields. They have different dielectric 
permittivities and magnetic susceptibilities along the directions parallel and perpendicular to the liquid 
crystal director. 


1.5.1 Magnetic susceptibility 

We first consider magnetic susceptibility. Because the magnetic interaction between the molecules is 
weak, the local magnetic field of the molecules is approximately the same as the externally applied 
magnetic field. For a uniaxial liquid crystal, a molecule can be regarded as a cylinder. When a magnetic 
field H is applied to the liquid crystal, it has different responses to the applied field, depending on the 
angle between the long molecular axis a and the field H. The magnetic field can be decomposed into a 
parallel component and a perpendicular component as shown in Figure 1.14. The magnetization M is 
given by 


M = Nk\\ (a • H)a + Nk±[H-( a- H)a\ 

= Nk±H + NAk{ 3 ■ H)a (1-72) 

= Nk j_ H + NAK(aa) ■ H 


where A is the molecular number density, fey and k ± are molecular magnetic polarizabilities parallel and 
perpendicular to the long molecular axis, respectively, and Ak = fey — k± . Expressed in matrix form, 
Equation (1.72) becomes 

( k j_ + A Ka x a x A Ka x a y A Ka x a z \ 

A Ka y a x k± +A Kctydy A Ka y a z H = n1k H (1-73) 

AKa z a x AKa z a y k j_ + A Ka z a z ) 

where at (i =x, y, z) are the projections of a in the x, y, and z directions in the lab frame whose z axis is 
parallel to the liquid crystal director: a z = cos 6 , a x = sin 6 cos </>, and a y = sin 0 sin (/>. The molecule 
swivels because of thermal motion. The averaged magnetization is M = N{k ) • H. For a uniaxial 
liquid crystal, recall that (cos 2 6 ) = (25 + l)/3, (sin 2 6 ) = (2 — 25)/3, (sin 2 4 >) = (cos 2 0) = 1/2, 
and (sin </> cos <j>) =0. Therefore 


(k jl +\{\-S)Ak 0 0 

0 k± +1(1 -S)Ak 0 

V 0 0 k± +^(25+ 1 )Ak 


(1.74) 
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Figure 1.14 Schematic diagram showing the field decomposed into components parallel and 
perpendicular to the long molecular axis: a, unit vector parallel to the long molecular axis; b, unit 
vector perpendicular to the long molecular axis 

Because M = % H, the magnetic susceptibility tensor is 


fxx 

0 

0 > 

L /k±+5(1- 

1 
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0 ) 

z= 0 

x± 

0 

= iV 0 

k_l + 5(1 ~S)Ak 
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v° 

0 

*11 ) 

' V o 

0 

k _ i_ T ^(^^ + 1) A kJ 


The anisotropy is 


^X = X\\~X± =NAkS 


(1.76) 


where x\\ and x± are negative and small 10 -5 in SI units) and is usually positive. From Equation 
(1.75) it can be seen that (2x± +X||)/3 = N(3k± + Ak)/3 = N(2k_\_ + K||)/3, which is independent of 
the order parameter. The quantity (2x± + X||)/3Af does not change discontinuously when crossing the 
nematic-isotropic transition. 


1.5.2 Dielectric permittivity and refractive index 


When an electric field is applied to a liquid crystal, it will induce dipole moments in the liquid crystal. 
For a uniaxial liquid crystal, the molecule can be regarded as a cylinder, and it has different molecular 
polarizabilities parallel and perpendicular to the long molecular axis a. Similar to the magnetic case, 
when a local electric field Ei oc (also called an internal field) is applied to the liquid crystal, the 
polarization (dipole moment per unit volume) is given by 


P Ncl\\ (a • E ioc )a + Na± [E ioc - (a ■ Ei oc )a ] 
= N(x ± Ei oc + NAa(a • E loc )a 
= Not± Eioc + NAoc(aa) • Ei oc 


(1.77) 
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Induced 




Figure 1.15 Schematic diagram showing how a macroscopic field is produced in a medium 


where N is the molecular density, ay and cc± are the molecular polarizabilities parallel and 
perpendicular to the long molecular axis, respectively, and Aa = ay — a j_ . Different from the magnetic 
case, the dipole-dipole interactions between the molecules are strong, or, stated in another way, the 
local electric field on a molecule is the sum of the externally applied electric field and the electric field 
produced by the dipole moments of other molecules. We can approach this problem in the following 
way. Imagine a cavity created by removing the molecule under consideration, as shown in Figure 1.15. 
The macroscopic field E is the sum of the field E se if produced by the molecule itself and the field E e i se , 
which is the local field Ei oca i produced by the external source and the rest of the molecules of the 
system: 


E — E se if + E e [ se — E se if + E i oca i 


(1.78) 


In order to illustrate the principle, let us first consider an isotropic medium. The cavity can be regarded as 
a sphere. The field E se if is produced by the dipole moment inside the sphere, which can be calculated in 
the following way. In the calculation of the field, the dipole moment can be replaced by the surface 
charge produced by the dipole moment on the surface of the sphere. The surface charge density is 
o = P ■ m. The field produced by the surface charge is E se if = —P/3s 0 . The local field is 
Elocal = E + P/3s 0 - Hence the polarizability is 


P = NaEioc = Noc(E + P/3s 0 ) 


(1.79) 


P = 


NaE 

1 — Noi/3s 0 


(1.80) 


The electric displacement D = s 0 eE = s 0 E + P, where e q = 8.85 x 10 12 N/V 2 is the permittivity of 
vacuum, and e is the (relative) dielectric constant which is given by 


, _ . P _ . Nct/sp 
E e 0 E 1 - Net/3e a 


(1.81) 


8—1 
8 -f 2 


= -—Afa 
3s 0 


(1.82) 
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which is called the Clausius-Mossotti relation. At optical frequencies, the refractive index n is given by 
n 2 = s, and therefore 

n 2 — 1 1 

- y — = —Ncc (1.83) 

n z + 2 3 s 0 


which is called the Lorentz-Lorenz relation. The local field is related to the macroscopic field by 


+ = = = (1.84, 

where the defined K = 1/(1 — Nol/3s 0 ) is called the internal field constant. 

Liquid crystals are anisotropic. The local field Ei oca i in them depends on the macroscopic field E as 
well as the angles between E and the long molecular axis a and the liquid crystal director n. They are 
related to each other by 

Elocal = K E (1.85) 

where K is the internal field tensor which is a second-rank tensor. Taking account of the internal field 
tensor and the thermal motion of the molecules, the polarization is 

P = Noc ± {K) -E + NAot{[K- {ad)]) E (1.86) 


The macroscopic dielectric tensor is 

= 7 + -{a_ L {K)+Aa{K ■ (aa))] (1.87) 

In a material consisting of non-polar molecules, the induced polarization consist of two parts: (1) the 
electronic polarization P e iectronic which comes from the deformation of the electron clouds of the 
constituting atoms of the molecule, and (2) the ionic polarization Pi on ic which comes from the relative 
displacement of the atoms constituting the molecule. For a material consisting of polar molecules, 
there is a third contribution, namely the dipolar polarization Pdipolar, which comes from the 
reorientation of the dipole. These contributions to the molecular polarizability depend on the frequency 
of the applied field. The rotation of the molecule is slow and therefore the dipole-orientation 
polarization can only contribute up to a frequency of megahertz. The vibration of atoms in molecules is 
faster and the ionic polarization can contribute up to the frequency of infrared light. The motion of 
electrons is the fastest and the electronic polarization can contribute up to the frequency of ultraviolet 
light. In relation to the magnitudes, the order is Pelectronic < Pionic <Pdipolar- 

At optical frequencies, only the electronic polarization contributes to the molecular polarizability, 
which is small, and the electric field is usually low. De Jeu and Bordewijk showed experimentally that (1) 
(2s± + 8||)/3 p is a constant through the nematic and isotropic phases [25, 26], where p is the mass 
density, and (2) the dielectric anisotropy As = ey — s± is directly proportional to the anisotropy of the 
magnetic susceptibility. Based on these results, it was concluded that K is a molecular tensor 
independent of the macroscopic dielectric anisotropy. In the molecular principal frame r with the 
£ axis parallel to the long molecular axis a, K has the form 

/K ± 0 0 \ 

K= 0 K ± 0 (1.88) 

V 0 0 K J 
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Figure 1.16 Schematic diagram showing the transformation between the molecular principal frame 
and the lab frame xyz 


Next we need to find the form of K in the lab frame xyz with the z axis parallel to the liquid crystal 
director n. Because of the axial symmetry around a, we only need to consider the transformation of the 
matrix between the two frames as shown in Figure 1.16. The frame rj££ is achieved by first rotating the 
frame xyz around the z axis through the angle </> and then rotating the frame around the f axis through 
the angle 6 . The rotation matrix is 


'cos 6 cos </> —sin </> sin0cos</> N 
R = I cos 6 sin </> cos (f> sin 0 sin </> 


—sind 


0 


cos 6 


(1.89) 


and the reverse rotation matrix is 


R~ l 


( cos 6cos (f> cos 6 sin (j) 
—sin 0 cos (/) 
sin 6 cos </> sin 0 sin 0 



(1.90) 


In the lab frame K has the form 


(K _l 0 0 \ 

K=R 0 K± 0 i- 1 

V 0 0 K //J 


( K | + A K sin 2 9 cos 2 <j> 
A K sin 2 9 sin tj> cos (j) 
A K sin 6 cos 6 cos 0 


A K sin 2 6 sin </> cos </> 
K± + A K sin 2 0 sin 2 (j) 
A K sin 6 cos 6 sin (j) 


AK sin 6 cos 6 cos 0 
A^sin 0 cos 0 sin 0 
+ ATT cos 2 6 


(1.91) 
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where A K = K\\ — K ±, and aa has the form 


' sin 9 cos </> \ 

sin 9 sin ^ (sin 9 cos </> sin 9 sin </> cos 9 ) 

cos 9 J 

sin 2 9 cos 2 </> sin 2 9 sin </> cos </> sin 9 cos 9 cos ( 
sin 2 9 sin </> cos </> sin 2 6 sin 2 </> sin 6 cos 6 sin ^ 
sin 6 cos 6 cos </> sin 9 cos 9 sin </> cos 2 9 


and aa • ^ has the form 


aa ■ K = 


( sin 2 9 cos 2 </> sin 2 9 sin </> cos </> £y sin 0 cos 0 cos </> \ 

^T|| sin 2 9 sin </> cos </> ^Ty sin 2 9 sin 2 (j) sin 9 cos 9 sin </> 

y £|| sin 9 cos 9 cos </> £y sin 0cos 9 sin </> ^Ty cos 2 9 J 


Recall that (cos 2 0) = (25 + l)/3, (sin 2 9) = (2 — 2S)/3, (sin 2 0) = (cos 2 0) = 1/2, and 
(sin 0) = (cos </>) = (sin (j) cos 0) = 0; therefore their averaged values are 


+aa:(i- s)/3 o o 

{/?) = | o k l + aa:(i - S)/3 o 

0 0 K l + MC(2S+ l)/3, 

l 'AT||(l — S)/3 0 0 

(aa-K)= | 0 iE||(l — S)/3 0 

0 0 A)i(2S + l)/3 


„ iV <-> « 

£ =/ H-[a^(7T)+Aa(/T • (aa))] 


Therefore 


/ l + 2 L [ a± ^ ± ( 2 + 5 ) 

J £ 0 

+ a||JT||(l-J)i 

0 


JV 


1 + ~—[ax-K’x (2 + 5) 

j 8 0 

+ «l|/f||(l-5)] 

0 


A? 


1 +— [a ^±(2-25) 
j8 0 

+ a||f|(l+2S)] / 


(1.92) 


(1.93) 


(cos 6 ) = 


(1.94) 


(1.95) 


(1.96) 


V 
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The anisotropy is 


N 

As = 8|| — s± = — (a||^T|| — a ±K±)S 

S 0 


(1.97) 


which is linearly proportional to the order parameter S. In terms of the refractive indices, Equation 
(1.97) becomes 

9 9 _ N 

n \\ ~ n ± = 2nAn = — ( a ||^|| — a±K± )S 


where n — (wy + « j_ )/2 and An = (wy —n±). Approximately, the birefringence An is linearly propor¬ 
tional to the order parameter. For most liquid crystals, n~ 1.5—2.0 and An ~ 0.05—0.3. 

The electronic polarization may be treated by using classical mechanics where the system is regarded 
as a simple harmonic oscillator. There are three forces acting on the electron: (1) the elastic restoring 
force —Kx, where K is the elastic constant and x is the displacement of the electron from its equilibrium 
position; (2) the viscosity force — ydx/dt ; and (3) the electric force —eE 0 e mt , where E 0 and co are the 
amplitude and frequency of the applied electric field, respectively. The dynamic equation is 


d 2 x 


= ~^ x ~ e E o e l0Jt — y Tp 


dx 


dt 2 


dt 


(1.98) 


The solution is x = x 0 e l(0t and the amplitude of the oscillation is 


-eE 0 


x 0 = 


m(oj 2 — co 2 ) iyco 


(1.99) 


where oo 0 = y/k/m is the frequency of the oscillator (the frequency of the transition dipole moment in 
quantum mechanics). The induced dipole moment is p = —ex 0 . The molecule polarizability is 


^ = P/Eioc = 


(col - CO 2 ) 


yco/m 


m {co 2 — co 2 ) 2 + {yco/m) 2 m {co 2 — co 2 ) 2 + {yco/m) 2 


( 1 . 100 ) 


which is a complex number and the imaginary part corresponds to absorption. When the frequency of 
the light is far from the absorption frequency co 0 or the viscosity is small, the absorption is negligible, 
a = p/Ei oc = {e 2 /m)/{co 2 — co 2 ). The refractive index is 


1 


'2 12 


C 2 k 


as expressed in Sellmeier’s equation 


[{In/CXof -{In/CX) 2 ] 4 ti 2 X 2 - X 2 a 


it ;2 

n 2 = l+-^-i ( 1 . 101 ) 

A ~ A o 

where H is a constant. When X is much longer than X 09 expanding the above equation we have 

+ + (1.102) 

This is Cauchy’s equation. The refractive index increases with decreasing wavelength. For liquid 
crystals, along different directions with respect to the long molecular axis, the molecular 
polarizabilities are different. Also along different directions, the frequencies of the transition dipole 
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moments are different, which results in dichroic absorption : that is, when the electric field is parallel to 
the transition dipole moment, the light is absorbed; when the electric field is perpendicular to the 
transition moment, the light is not absorbed. Positive dichroic dyes have transition dipole moments 
parallel to the long molecular axis, while negative dichroic dyes have transition dipole moments 
perpendicular to the long molecular axis. 

Under DC or low-frequency applied electric fields, for liquid crystals of polar molecules, the dipolar 
polarization is dominant. For a liquid crystal with a permanent dipole moment p , the polarization is 
given by 

? = Nol±(K) -E + NAoi({K- {ad)]) -E + N(p) (1.103) 


The macroscopic dielectric tensor is 


s = I +-[«i(^) + Aoi(K • (aa)) + (p)E/E 2 \ 


(1.104) 


The energy of the dipole in the directing electric field Ed is u = —p • Ed. The directing field Ed is 
different from the local field E[ oc because the dipole polarizes its surroundings, which in turn results in 
a reaction field E r at the position of the dipole. As E r is always parallel to the dipole, it cannot affect 
the orientation of the dipole. As an approximation, it is assumed that Ed = d E, where d is a constant. 
Usually the dipole moment p is about le x 1 A° = 1.6 x 10 -19 C x 10~ 10 m = 1.6 x 10 -29 mC. At 
room temperature (T~300K) and under the normal strength field E~ 1 V/pm = 10 6 V/m, 
pE/?*kBT < 1. Consider a liquid crystal molecule with a permanent dipole moment making an angle 
P with the long molecular axis. In the molecular frame the components of p are 

(/?sin/?cosi/f, p sin P simp, pcos/3), as shown in Figure 1.17. Using the rotation matrix given by 
Equation (1.90), we can calculate the components of p in the lab frame xyz: 


/ cos (p 

—cos 6 sin (p 

—sin 6 sin (p\ 

/ sin P cos 

+\ 

sin (p 

cos 6 cos cp 

sin 6 cos (p 

• p\ sin P sin 

* 

V 0 

—sin 0 

cos 6 ) 

\ cos P 

/ 


= P 


sin P cos \p cos cp — sin ft sin ip cos 6 sin cp — cos ft sin 6 sin </> N 
sin P sin ip sin </> + sin P sin ip cos 6 cos </> + cos /isin 6 cos (p 
—sin 6 sin sin + cos 6 cos P 


(1.105) 



Figure 1.17 Schematic diagram showing the orientation of the dipole p in the molecular principal 
frame and the lab frame xyz 
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When the applied field is parallel to n, E = E^z, the projection of the dipole along the applied field is 

p || = — /?(sin/?sin^sind + cos/?cosd) (1.106) 

and the energy is 

u = —dp (cos P cos 6 — sin/I sini/^ sin0)£|| (1.107) 

The average value of the projection is 


(p\\) = 


f (p cos P cos 0 — p sin P sin \p sin 6 )e u ^ bT y ( 0 )/^ r sin OdOdcpdxp 
J e -u/k B T-v(6)/k B T s j n QdOdcpdip 


(1.108) 


Because — u <^k B T, e u / k ^ T ^ (1 — u/k B T), then 


<pii> = 


dE\\ f( p cos [j cos 0 — p sin [I sin i// sin 0) 2 e vi,r >/ ,k » T sin 9ddd<f>d \f) 


k B T 
dE\\ p 2 
k B T 


f e u/k B T V(0)/k B T s [ n QdQd(j)dllf 

((cos 2 P cos 2 6 + sin 2 P sin 2 6 sin 2 ip — sin P cos P sind cos 6 sin ip)) 


Because (sin 2 ip) = 1/2, (simp) = 0, (cos 2 6 ) = (2 S + l)/3, and (sin 2 0) = (2 — 2S)/3, 

dE\\ p 2 0 0 dE H p 2 0 

<P||) = [cos 2 P(2S + 1) + sin 2 fi(l - S)} = -^L_ [1 - (1 - 3 cos 2 p)S] (1.109) 

From Equations (1.96), (1.104), and (1.109), we have 

£ ll = 1 + {“ x K± (2 - + «||*|| (! + 2S ) + I 1 - C 1 - 3 cos 2 p)S}} d-110) 


Note that ay and oc± are the molecular polarizabilities contributed by the electronic and ionic 
polarizations. 

When the applied field is perpendicular to n , say E = E±x, the projection of the dipole along the 
applied field is 


p± = p (sin P cos ip cos (p — sin P sin ip cos 6 sin </> — cos P sin 0 sin (p ) 


( 1 . 111 ) 


and the energy is 

u = —dp (sin P cos ip cos (p — sin P sin ip cos 6 sin cp — cos P sin 0sin (p)E j 


( 1 . 112 ) 


The average value of the projection is 


(p. l )= 


dE± p 2 
k B T 
dE± p 2 
3 k B T 


, 1 o(2S+l) , 


-sin A p + -sin z p 3 


1 + - (1 — 3cos 2 /?)S 


- + COS z p- 
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From Equations (1.96), (1.104), and (1.112), we have 


N f dv 2 

= 1 + (2 + S) + a||^T|| (1 — S) + -j—^ 


1 + - (1 — 3 cos 2 P)S 


(1.113) 


The dielectric anisotropy is 


A N 

As = S\\ — 8_l = — 


(«||^|| — X±K± ) — ^A;(l — 3 cos 2 /?) 


(1.114) 


which is proportional to the order parameter S. The contribution of induced polarization (electronic and 
ionic polarizations) changes with temperature like S , while the contribution of the orientation 
polarization changes with temperature like SIT. When the angle between the permanent dipole and the 
long molecular axis is ft = 55°, (1 — 3cos 2 /?) = 0, the orientation polarization of the permanent 
dipole does not contribute to Ae. 

The permanent dipole moment is fixed on the molecule. Thus the molecule has to reorient in order to 
contribute to the dielectric constants. Qualitatively speaking, only when the frequency of the applied 
field is lower than a characteristic frequency co c can the molecule rotate to follow the oscillation of the 
applied field and therefore to contribute to the dielectric constants. For rod-like liquid crystal molecules, 
it is easier to spin around the long molecular axis than to rotate around a short molecular axis. Therefore 
the characteristic frequency <jo± c for e_L is higher than the characteristic frequency co y c for ey. For 
molecules for which the angle ft between the permanent dipole and the long molecular axis is very small, 
As is always positive at all frequencies. For molecules with large permanent dipole moment p and large 
P, As is negative at low frequencies. For molecules with large permanent dipole moment p and 
intermediate p, As is positive at low frequencies, then changes to negative when the frequency is 
increased above a crossover frequency co 0 . The cross over frequency is in the region from a few kilohertz 
to a few tens of kilohertz. At infrared light or higher frequencies, the dipolar polarization no longer 
contributes, and Ae is always positive. 


1.6 Anchoring Effects of Nematic Liquid Crystals at Surfaces 

In most liquid crystal devices, the liquid crystals are sandwiched between two substrates coated with 
alignment layers. In the absence of externally applied fields, the orientation of the liquid crystal in the 
cell is determined by the anchoring condition of the alignment layer [26-28]. 


1.6.1 Anchoring energy 

Consider an interface between a liquid crystal (z > 0) and an alignment layer (z < 0) as shown in 
Figure 1.18. For a liquid crystal molecule on the interface, some of the surrounding molecules are liquid 
crystal molecules and other surrounding molecules are alignment layer molecules. The potential for the 
molecule’s orientation is different from that of the liquid crystal in the bulk, where all the surrounding 
molecules are liquid crystal molecules. At the interface, the orientational and positional orders may be 
different from those in the bulk. Here we only discuss the anisotropic part of the interaction between the 
liquid crystal molecule and the alignment layer molecule. The liquid crystal is anisotropic. If the 
alignment layer is also anisotropic, then there is a preferred direction, referred to as the easy axis, for the 
liquid crystal director at the interface, as shown in Figure 1.18. The interaction energy is a minimum 
when the liquid crystal director is along the easy axis. The z axis is perpendicular to the interface and 
pointing toward the liquid crystal side. The polar angle and the azimuthal angle of the easy axis are 0 o 
and </> 0 , respectively. If 0 o = 0 , the anchoring is referred to as homeotropic. If 0 o = 90 and </> 0 is well 
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Figure 1.18 


Schematic diagram showing the easy axis of the anchoring and the liquid crystal director 


defined, the anchoring is termed homogeneous. If 0 o = 90 and there is no preferred azimuthal angle, the 
anchoring is called planar. If 0 < 0 o < 90 , the anchoring is referred to as tilted. 

When the liquid crystal director n is aligned along the direction specified by the polar angle 6 and the 
azimuthal angle </>, the anisotropic part of the surface energy, referred to as the anchoring energy 
function, of the liquid crystal is f s = f s (9 , </>). When 6 = 0 o and </> = 4> 0 ,f s has a minimum value of 0, 
and thus dfs/dO\g = Q o = 0 and d fs/dcj) \ ( j )=( j ) = 0. The materials above and below the interface are 
different and there is no reflectional symmetry about the interface. If 0 o ^ 0, the anchoring energy does 
not have azimuthal rotational symmetry around the easy direction. Therefore the anchoring energies are 
different for deviations in polar angle and azimuthal angle. For small deviations, in the Rapini-Papoular 
model [29,30], the anchoring energy function can be expressed as 

fs = ' 2 W p sin 2 (i p + * W a sin 2 jl a (1.115) 

where and /3 a are the angles between n and the easy axis when n deviates from the easy axis in the 
polar angle direction and azimuthal angle direction, respectively; W p and W a are the polar and 
azimuthal anchoring strengths, respectively. For small 6 — 0 o and </> — we have the approximations 
sin 2 /3 p = sin 2 (6 — 0 O ) and sin 2 [3 a = sin 2 (</> — <j ) 0 ) sin 2 0 o . Therefore the anchoring energy function 
is 

fs = sin 2 (6 — 9 0 ) +^W a sin 2 0 O sin 2 {cj> — cj> 0 ) (1.116) 


7.6.2 Alignment layers 

Homogeneous anchoring can be achieved by mechanically rubbing the surface of the substrate, such as 
glass, of the liquid crystal cell with a cotton ball or cloth. The rubbing creates micro-grooves along the 
rubbing direction in the form of ridges and troughs, as shown in Figure 1.19(a). When the liquid crystal is 
aligned parallel to the grooves, there is no orientational deformation. If the liquid crystal were 
perpendicular to the groves, there would be orientational deformation, which costs elastic energy. 
Therefore the liquid crystal will be homogeneously aligned along the grooves (the rubbing direction). 
The problem with alignment created in this way is that the anchoring strength (~ 10 -5 J/m 2 ) is weak. 
Widely used for the homogeneous alignment layer are rubbed polyimides. The rubbing not only creates 
the micro-grooves but also aligns the polymer chains. The intermolecular interaction between the liquid 
crystal and the aligned polymer chains also favors parallel alignment and thus increases the anchoring 
energy. The anchoring strength can become as high as 10 -3 J/m 2 . Furthermore, pretilt angles of a few 
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Figure 1.19 (a) Schematic diagram showing the liquid crystal aligned parallel to the grooves, (b) 


degrees can be generated. Homogeneous anchoring can also be achieved by using obliquely evaporated 
SiO film. 

Homeotropic anchoring can be achieved using monolayer surfactants such as lecithin and silane. The 
polar head of the surfactant is chemically attached to the glass substrate and the hydrocarbon tail points 
out and perpendicular to the surface, as shown in Figure 1.19(b). The intermolecular interaction between 
the surfactant and the liquid crystal promotes the homeotropic alignment. 

Homework Problems 

1.1 Consider a nematic liquid crystal. The molecule can be regarded as a cylinder with a length of 2 nm 
and diameter of 0.5 nm. The molecule has a permanent dipole moment of 10 -29 mC at the center of 
the molecule. The interaction between the molecules comes from the interactions between the 
permanent dipoles. Calculate the interaction between two molecules in the following cases: (1) one 
molecule is on top of the other molecule and the dipoles are parallel, (2) one molecule is on top of 
the other molecule and the dipoles are anti-parallel, (3) the molecules are side by side and the 
dipoles are parallel, and (4) the molecules are side by side and the dipoles are anti-parallel. 

1.2 Using Equations (1.11), (1.25), and (1.31), prove that the entropy of a system at a constant 
temperature is 


S = -k B (In p) = -k B Y^ Pi ln Pi 

i 

1.3 Calculate the orientational order parameter in the following two cases. (1) The orientational 
distribution function is f(S) = cos 2 6. (2) The orientational distribution function is f(0) = sin 2 6. 
6 is the angle between the long molecular axis and the liquid crystal director. 

1.4 Landau-de Gennes theory. For a liquid crystal with parameters a = 0.1319x 10 5 J/Km 3 , 
b — —1.836 x 10 5 J/m 3 , and c = 4.05 x 10 5 J/m 3 , numerically calculate the free energy as a 
function of the order parameter and identify the order parameters corresponding to the maximum 
and minimum free energy at the following temperatures: (1) 7 — 7* = 4.0 °C, (2) T — T* = 
3.0 °C, (3 )T-T* = 2.0°C, (4) 7 — 7* = 1.0°C, (5 ) T - T* = 0.0°C, (6)7-7* = -10.0°C. 

1.5 Maier-Saupe theory. Use Equation (1.50) to numerically calculate all the possible order para¬ 
meters as a function of the normalized temperature t = ksT/v, and use Equation (1.54) to calculate 
the corresponding free energy. 

1.6 Use Maier-Saupe theory to study the isotropic-nematic phase transition of a binary mixture 
consisting of two components A and B. For molecule A, when its long molecular axis makes an 
angle 6a with respect to the liquid crystal director, the single molecular potential is 

- v AB xS B 7 cos 2 6A - i J 


V A (d) = ~ v aa(} ~ x)S A 0 cos 2 6 A - 0 
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For molecule B, when its long molecular axis makes an angle 6b with respect to the liquid crystal 
director, the single molecular potential is 


V 5 (60 = -v A5 (1-4Sa 



- vbbxSb ( 2 cos2 * 


where v is the molar fraction of component B. The interaction constants are vbb = 1.05^ and 
vab = Q$5vaa- Express the normalized temperature by z = ksT/ vaa- Assume that the two 
components are miscible at any fraction. Numerically calculate the transition temperature as a 
function of the molar fraction v. 

1.7 Consider a nematic liquid crystal cell with a thickness of 10 pm. On the bottom surface the liquid 
crystal is aligned parallel to the cell surface, and on top of the top surface the liquid crystal is 
aligned perpendicular to the cell surface. Assume the tilt angle of the liquid crystal director changes 
linearly with the coordinate z which is in the cell normal direction. Calculate the total elastic energy 
per unit area. The elastic constants of the liquid crystal are K\\ = 6 x 10“ 12 N, 
K 22 = 3 x 10- 12 N, and K 33 = 10 x 10~ 12 N. 

1.8 The Cano-wedge method is an experimental technique to measure the pitch of cholesteric liquid 
crystals. It consists of a flat substrate and a hemisphere with a cholesteric liquid crystal sandwiched 
between them as shown Figure 1.20(a). At the center, the spherical surface touches the flat surface. 
On both the flat and spherical surfaces there is a homogeneous alignment layer. The intrinsic pitch 
of the liquid crystal is P 0 . Because of the boundary condition, the pitch of the liquid crystal is 
quantized to match the boundary condition. In region n, h = n(P/2). In each region, on the inner 
side, the pitch is compressed, i.e., P <P Q while on the outer side, the pitch is stretched, i.e., P>P Q . 
Between region (n — 1) and region n there is a disclination ring as shown in Figure 1.20(b). 
Find the square of the radius of the nt\\ disclination ring r 2 as a function of the intrinsic pitch P Q , 
the radius R of the hemisphere, and the ring number n. R^>P 0 and for small r only twist 
elastic energy has to be considered. Hint: r 2 vs. n is a straight line with a slope dependent on P 0 
and R. 

1.9 Consider a sphere of radius R. The polarization inside the sphere is P. Calculate the electric field at 
the center of the sphere produced by the polarization. Hint: the polarization can be replaced by a 
surface charge whose density is given by P • n, where n is the unit vector along the surface normal 
direction. 

1.10 Using Equations (1.87), (1.91), and (1.93), calculate the dielectric tensor e* in terms of the order 
parameter S. 



Figure 1.20 
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Propagation of Light in 
Anisotropic Optical Media 


2.1 Electromagnetic Waves 

In wave theory, light is composed of electromagnetic waves propagating in space [1-3]. There are four 
fundamental quantities in electromagnetic waves: electric field E , electric displacement D, magnetic 
field H, and magnetic induction B. These quantities are vectors. In the SI system, the unit of electric field 
is volt/meter; the unit of electric displacement is coulomb/meter 1 , which equals newton/volt meter: ; the 
unit of magnetic field is ampere/meter , which equals newton/volt second ; and the unit of magnetic 
induction is tesla , which equals volt second/meter 2 . In a medium, the electric displacement is related to 
the electric field by 


D = s 0 fi • E (2.1) 

where s Q = 8.85 x 10 farad/meter = 8.85 x 10 -12 newton/volt 2 and*£ is the (relative) dielectric 
tensor of the medium. The magnetic induction is related to the magnetic field by 

B = p 0 p-H (2.2) 

where = An x 10 henry/meter = 4n x 10 -7 volt 2 second 1 /newton meter 1 is the permeability of 
vacuum and fi is the (relative) permeability tensor of the medium. Liquid crystals are non-magnetic 
media, with permeability close to 1, and approximately we have fi = /, where I is the identity tensor. In a 
medium without free charge, electromagnetic waves are governed by the Maxwell equations: 


V • D = 0 

(2.3) 

V B = 0 

(2.4) 
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Figure 2.1 Schematic diagram showing the electromagnetic fields at the boundary between two 
media. A represents E, D , H , and B. N is a unit vector along the normal direction of the interface, n, 
normal component; t, tangential component 


_ - dB 

Vx£= "a 

(2.5) 

Vxfl.f 

(2.6) 

When light propagates through more than one medium, 
(Figure 2.1) the boundary conditions are 

at the boundary between two media 

^2 n — D\ n = 0 

(2.7) 

to 

1 

bs 

II 

0 

(2.8) 

0 

II 

1 

r <N 

qq 

(2.9) 

0 

II 

1 

(2.10) 

At the boundary, the normal components of D and B and the tangential components of E and H are 


continuous. These boundary condition equations are derived from the Maxwell equations. 

We first consider light propagating in an isotropic uniform medium where D = & 0 eE and B = 
The Maxwell equations become 


V • D = V • (sqsE) = £ 0 cV ■ E = 0 

V • B = V • (ji 0 /iH) = /i 0 /iV ■ H = 0 


_ dB dH 

VxE= -fr = -^^i 


- dD dE 
Vx H = - = e 0 z- 


( 2 . 11 ) 

( 2 . 12 ) 

(2.13) 

(2.14) 


From Equations (2.13) and (2.14), we have 


V x (V x E) = V(V • E) - V 2 E = — V 2 £ = -n 0 p57 x 


= -HoV 


<9(V x H) 


= SoWol 1 


d 2 E 
dt 2 


dt 


dH 

dt 
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that is. 


V 2 £ = 


d 2 E 

SoSHoM-^2 


(2.15) 


This is a wave equation. In a complex function formulism, the solution for a monochromatic wave is 


E(r, t) = E 0 e i{ - mt - k r > 


(2.16) 


where co is the angular frequency and k = In/X (2 is the wavelength in the medium) is the wavevector. 
The real part of the electric field vector in Equation (2.16) is the actual electric field of the light. 
Substituting Equation (2.16) into Equation (2.15), we have 


co 2 /k 2 = 1 /s 0 ii 0 £li 


(2.17) 


The propagation velocity of the wave is 



1 




(2.18) 


In a vacuum, s = 1 and /ll = 1, V = c = [1/(8.85 x 10 -12 x An x 1CT 7 )] 1 / 2 = 3 x 10 8 m/s. In a non¬ 
magnetic medium, V = c/^s = c/n, where n = y/& is the refractive index. Here s is the dielectric 
constant that is usually frequency dependent. The wavevector is 


co co 2nn 
V c/n X 0 


(2.19) 


where 2 0 is the wavelength in vacuum. From Equation (2.3), we have 

v D = -ik- D 0 e i{ - mt ~ ll *> = 0 


( 2 . 20 ) 


The electric displacement vector is perpendicular to the propagation direction (the direction of the 
wavevector), which is true even in anisotropic media. Therefore light is a transverse wave. The electric 
field vector is perpendicular to the wavevector in isotropic media, but not in anisotropic media. 

When light propagates in a homogeneous isotropic medium, all the fields have the same form as 
Equation (2.16). The amplitudes do not change with time and position. Because of the wave form of the 
fields, as shown by Equation (2.16), we have 


d 


d t = lw 


V = -ik 


( 2 . 21 ) 

( 2 . 22 ) 


From Equation (2.13), we can get 


k x E 
B = - 


co 


(2.23) 
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Therefore B and E are orthogonal to each other. Their magnitudes are related by \B\ = (n/c)\E\. The 
energy density of the electromagnetic wave is 



(E • D + H • B) 


(2.24) 


The Poynting vector (energy flux) is 


S = ExH 


and the magnitude of S is 


5 = 



(2.25) 


(2.26) 


2.2 Polarization 

2.2. 7 Monochromatic plane waves and their polarization states 

When a monochromatic plane light wave is propagating in a homogeneous isotropic medium, only the 
electric field is needed to characterize it, because the other quantities can be calculated from the electric 
field. The electric field is a vector and generally has the form 

E = Ae i( - W, ~ lr > (2.27) 

where A is a constant. It is understood that the real part of this equation represents the actual electric 
field. This representation is called the analytic representation. The polarization state of a light beam is 
specified by the electric field vector. In many liquid crystal devices, the liquid crystal is used to 
manipulate the polarization state of the light. 

When the propagation direction is along the z axis, the real electric field has two components (along 
the v and y axes) [3, 4]: 


E x = A x cos (cot -kz + S x ) (2.28) 

E y = A y cos (cot — kz + S y ) (2.29) 

A x and A y are positive numbers representing the amplitudes; S x and S y are the phases and are defined in 
the range —n <3; < n(i = 1,2). The important quantity is the phase difference defined by 

S = S y -S x (2.30) 

S is also defined in the range —n<S < n. We will show that only two parameters are needed to specify 
the polarization state of a beam. One of the ways to specify a polarization state is the ratio A y /A x and 
phase difference S. 

2.2.2 Linear polarization states 

Let us consider the time evolution of the electric field vector at a given position (z is fixed). If the electric 
field vibrates in a constant direction (in the x-y plane), the light is said to be linearly polarized. This 
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occurs when 3 = 0 or 3 = n. The angle f of the electric field with respect to the x axis is given by 
tan </> = A y /A x for (5 = 0 or tan </> = —A y /A x for <5 = n. If we examine the spatial evolution of the 
electric field vector at a fixed time (say, t = 0), for linearly polarized light, the curve traced by the 
electric field in space is confined in a plane. For this reason linearly polarized light is also called plane 
polarized light. 

2.2.3 Circular polarization states 

If the amplitudes in the x and y directions are the same and the phase difference is 3 = 7t/2, 

E x = A cos (cot — kz) (2-31) 

E y = A cos (cot — kz + n/2 ) = —A sin (cot — kz) (2.32) 

At a fixed position, say z = 0, E x = Acos(cot) and E y = —A sin (cot). The endpoint of the electric field 
vector will trace out a circle clockwise on the x-y plane (the light is coming toward the observer). At a 
given time, say t = 0, E x = A cos (kz) and E y = A sin (kz). The endpoint of the electric vector along a line 
in the propagation direction traces out a right-handed helix in space. The polarization is referred to as 
right-handed circular polarization. If <5 = — 7i/2, at given time, the endpoint of the electric vector will 
trace out a left-handed helix in space, and is referred to as left-handed circular polarization. 

2.2.4 Elliptical polarization states 

Generally, the amplitudes in the v and y directions are not the same and the phase difference is neither 0 
nor 7i. For the purpose of simplicity, let S x = 0. From Equations (2.28) and (2.29), we have 

E x /A x = cos (cot — kz) 

Ey/Ay = cos (cot — kz + 3) = cos (cot — kz) cos 3 — sin (cot — kz) sin 3 
By eliminating sin(&tf — kz) and cos(cn£ — kz ), we get 

This is an elliptical equation. At a given position, the endpoint of the electric vector traces out an ellipse 
on the x-y plane as shown in Figure 2.2. For this reason, the light is said to be elliptically polarized. In the 
x' y frame where the coordinate axes are along the major axes of the ellipse, the components, E' x and E f y , 




Figure 2.2 The polarization ellipse 
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of the electric vector satisfy the equation 




where a and b are the lengths of the principal semi-axes of the ellipse. 0 is the azimuthal angle of the 
major axis x' with respect to the v axis. The transformation of the components of the electric vector 
between the two frames is given by 

E x = E' x cos 0 — Ey sin 0 (2.35) 

E y = E' x sin (/) + Ey cos 0 (2.36) 

Substituting Equations (2.35) and (2.36) into Equation (2.33), we have 


cos 0 \ 2 + /sin 0 \ 2 sin 20 cos S 


sin 0 \ /cos 0\ 2 sin 20 cos (5 /2 
A x ) A y ) + A x A y Ey 


sin 20 sin 20 2 cos 20 , , , . 9 , 

^ = sin 5 


Comparing Equation (2.37) to Equation (2.34), we have 


/ sin 0^ 

^ 2 sin 20 cos (5 

sin 2 S 

V 2 

1 

% 

a 2 

Ax)S 0^ 

^ 2 sin 20 cos S 

sin 2 d 

V y 

' + A xA y 

b 2 


sin 20 sin 20 2 cos 20 , ^ . 

^■V^ + ^4T^ COS5 = 0 (2 ' 40) 

f\ X f\y 

The azimuthal angle, 0, can be calculated from Equation (2.40) as 

. 1 J. A xAy cos 8 

tan 2< ^ = jA^Aj) (2 - 41) 

Note that if 0 is a solution, then 0 + 7t/2 is also a solution. From Equations (2.38) and (2.39) we have 


A x A y sin A _ ^2 cqs 2 ^ j ri 42 s j n 2 ^ sin 20 CO s (5 


A x Aj sin d \ 2 • 2 jl a 2 2 1 a a • ^ ± z 

-^-J = A^ sin 0 + A^ cos 0 + A^Ay sin 20 cos (5 


Adding these two equations together we have 


(fl2 + fc2) /sinM^\ =A 2 +A 2 


2 
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Because the light intensity does not change upon a transformation between two frames, 
a 2 + b 2 = A 2 + A 2 , and therefore 

(A x A y sin 5) 2 = (ab) 2 (2.44) 

From Equations (2.43) and (2.44) we have 

a 2 = A 2 sin 2 0 + A 2 cos 2 0 + A x A y sin 20 cos S (2.45) 

From Equations (2.42) and (2.44) we have 

b 2 = A 2 cos 2 0 + A 2 sin 2 0 — A x A y sin 20 cos S (2.46) 

The lengths of the principal semi-major axes can be calculated from these two equations. The sense of 
the revolution of an elliptical polarization is determined by the sign of sin 5. If sin 5 > 0, the endpoint 
of the electric vector revolves clockwise (the light is coming toward the observer); if sin 3 < 0, the 
endpoint of the electric vector revolves counterclockwise. The ellipticity of the polarization ellipse is 
defined by 


b 

e = ±- (2.47) 

a 

The positive sign is used for right-handed circular polarization while the negative sign is used for left- 
handed circular polarization. The ellipticity angle v is defined by 

tan v = e (2.48) 

We can also use the azimuthal angle, 0, of the major axis and the ellipticity angle, v, to represent the 
polarization state. The values of 0 and v of various polarization states are listed in Table 2.1. 

2.3 Propagation of Light in Uniform 
Anisotropic Optical Media 

Now we consider the propagation of light in uniform non-magnetic anisotropic media [3, 5]. The speed 
of light in the medium and thus the phase variation in space depend on the direction of the electric field 
with respect to the optic axis of the medium. The optical properties of an anisotropic medium are 
described by the dielectric tensor T: 


£11 

£12 

£13 

£21 

£22 

£23 

£31 

£32 

£33 


(2.49) 


If the medium is non-absorbing, the dielectric tensor is real and symmetric (sy = £p). The values of the 
elements depend on the choice of the coordinate axes. Because the tensor is symmetric, it is always 
possible to choose a frame (the principal frame) with three orthogonal axes such that only the diagonal 
elements of the dielectric tensor are not zero. If the xyz frame is the principal frame, the dielectric tensor 
has the form 


0 

£ y 

0 


0 

0 


£ = 


£* 

0 

0 


s 2 


(2.50) 
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Table 2.1 Polarization states in the three representations 


Polarization ellipse (</>, v) Jones vector Stokes vector 
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In the following discussion in this section, the reference frame used is the principal frame. From the 
Maxwell equations we get 


V x (V x E) = V(V • E) - V 2 E = — = So/x^e- (2.51) 

Note that V • D = V • (sjs • E) = 0 only assures that 5, but not E , is perpendicular to the propagation 
direction. 

2.3. 7 Eigen modes 

Generally speaking, when light is propagating in a uniform anisotropic medium, the direction of the 
electric field and therefore the polarization state will vary in space. Only when the electric field is in some 
special direction, known as the eigenmode , will its direction remain invariant in space, which will be 
proved to be true in this section. In the eigenmode, the electric field has the form 

E = E 0 e^ w, ~ 1 ^ (2.52) 

where E 0 is a constant vector known as the eigenvector; the corresponding refractive index is called the 
eigenvalue. The wavevector is 

2,71 

k = —ns = k 0 ns = k 0 n(s x x + s y y + s z z) = k x x + k y y + k z z (2.53) 

A 0 

where £ = s x x + s y y + s z z is a unit vector along the propagation direction, and n is the refractive index 
which depends on the directions of the electric field and the propagation. k Q = 2n/ is the wavevector in 
vacuum. Because of the form of the electric field shown in Equation (2.52), for the monochromatic plane 
wave we have 


d 

dt = iw 
V = -ik 

The wave equation (2.51) becomes 

(k • E)k — k 2 E = —E 0 ix 0 co 2 • E — • E 


In the principal frame, in component form, Equation (2.56) becomes 


( k % 

-k 2 -k 2 

Ky K z 

kyk X 

kxky 

k 2 p — k 2 — k 2 
K o b y K x K z 

k x k z 

kyk z 

\ 

tEJ\ 

■ I E v I 


k z kx 

k Z ky 

k 2 F _ r 2 
K 0 b Z K x 

~ k y ) 

\E Z J 


In order to have non-zero solution, the determinant must be zero: 


det = 


k 2 0 e x -g-g 

k y k x 


k X ky 

_ h2 _ u2 
K o b y K x K z 

k z k y 


ky k z 

po _ lA _ b2 
K o b Z K X Ky 


= 0 


(2.54) 

(2.55) 


(2.56) 


(2.57) 


(2.58) 
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(2.59) 

(2.60) 

(2.61) 

Then Equation (2.58) becomes 



This equation is also called the eigenequation. We define 

n 2 x = s x , n 2 = s y , n\ = s y 

a x = ( k x /k Q ) 2 = ( ns x ) 2 ,a y = ( k y /k 0 ) 2 = (/ ns y ) 2 ,a z = ( k z /k 0 ) 2 = (rcs z ) 2 
a = a x + a y + = w 2 


After some manipulation we obtain 

(n 2 -n 2 x )(n 2 -n 2 )(n 2 -n 2 z ) 


s 2 x n 2 {n 2 - n 2 )(n 2 - n 2 z ) + s 2 n 2 (n 2 - n 2 x )(n 2 - n 2 z ) 
+ s 2 z n 2 (n 2 -n 2 x )(n 2 -n 2 ) 


(2.62) 


If ( n 2 — n 2 ) ^ 0, ( n 2 — n 2 ) ^ 0, and ( n 2 — n 2 ) ^ 0, then this equation can be put into the form 


- + 


( n 2 — n 2 ) ( n 2 — n 2 ) ( n 2 — n 2 ) 


(2.63) 


Equation (2.63) looks simpler than Equation (2.62), and is popularly used; it is referred to as Fresnel’s 
equation of wavenormals. However, one must be careful in using Equation (2.63) to calculate the 
refractive index, because an erroneous value may be obtained if ( n 2 — n 2 ) = 0 (i = x, y, z). For a given 
propagation direction, the eigenvalue refractive index of the eigenmode can be calculated by using 
Equation (2.62). On the right hand side of this equation, the coefficient of the term containing ( n 2 ) 3 is 
1 ; on the left hand side, the coefficient of the term containing ( n 2 ) 3 is (s 2 + s 2 + s 2 ) which is also 1 . 
Therefore Equation (2.62) is a quadratic in n 2 . For a given propagation direction, there are two 
solutions of n 2 , and thus there are also two solutions of n , because n > 0 . 

Now we consider the eigenmodes, also referred to as normal modes. In component form 
Equation (2.57) can be rewritten as three equations: 


(k 2 0 n 2 x -ky- k\)E x + k x k y E y + k x k z E z = 0 (2.64) 

k x k y E x + (kin) -k\- k\)E y + k y k z E z = 0 (2.65) 

k x k z E x + k y k z E z + (ik 2 0 n\ - k) - k))E y = 0 (2.66) 

By eliminating E z from Equations (2.64) and (2.65), we get 

(k 2 0 n 2 x - k 2 )k y E x = (kin) - k 2 )k x E y (2.67) 

If s x and s y 0 , this can be put into the form 

(n) - n 2 )^ _ (n) - n^Ey 


S; 


( 2 . 68 ) 
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In the same way we can get 

(k 2 0 n 2 x - k 2 )k z E x = (k 2 0 n\ - k 2 )k x E z (2.69) 

If s x ^0 and s z 0, this can be put into the form 

in 2 x ~ r^YEx = {n\ - » 2 )£ z 

S X S z 

Therefore the eigenfield is 

/ Sx/(n 2 x - n 2 ) \ 

E = s y /(n 2 - n 2 ) 

\s z /(n 2 -n 2 )) 


(2.70) 


(2.71) 


which is linearly polarized in uniform anisotropic media. The physical meaning of the eigenmode is 
that for a given propagation direction, if the initial polarization of the light corresponds to an 
eigenmode when it propagates through the medium, its polarization remains invariant and it propagates 
at the speed c/n where the refractive index n is the corresponding eigenvalue. If the initial polarization 
is not along the eigenmodes, its electric field can be decomposed into two components along the two 
eigenmodes, respectively. These two components retain their directions, but propagate with different 
speeds. The resultant polarization changes in space. 

It may be easier to visualize the eigenmode refractive indices and the electric field eigenvectors using 
the refractive index ellipsoid [5]. The major axes of the refractive index ellipsoid are parallel to the x, y, 
and z axes of the principal frame and have lengths 2 n x , 2 n y , and 2 n z , respectively, as shown in Figure 2.3. 
The ellipsoid is described by the equation 



(2.72) 


If we draw a straight line through the origin and parallel to s and then cut a plane through the origin, 
which is perpendicular to s, this plane is described by 

s • (xx + yy + zz) = s x* + ^ +s z z = 0 (2.73) 



Figure 2.3 The refractive index ellipsoid 
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The intersection of this plane and the ellipsoid is an ellipse. Any point (jc, y, z) on the ellipse must satisfy 
both Equations (2.72) and (2.73), and its distance from the origin is given by 

n = (x 2 +y 2 +z 2 ) l/2 (2.74) 


The maximum and minimum values of n are, respectively, half the lengths of the major axes of the 
ellipse. Now we maximize (or minimize) n 2 under the constraints given by Equations (2.72) and (2.73). 
Using the Lagrange multipliers, we maximize (or minimize) 


8 = C* 2 + / + z 2 ) ~ fa ( ^ + ^2 + ^2 ) ~h(s x x + s y y + s z z) 


(2.75) 


where fa and fa are the Lagrange multipliers. From dg/dx = 0, dg/dy = 0, and dgjdz — 0, we get 

„2 


hs x n 2 x 

Xm — ~ / o ym — ; 


2.2 s y n y 2.2 s z n^ 


2(»i-2i)’ 2{r^-ki) 


Zm — 


2 (»? - h) 


2 _ 2 , 2 , 2 _ a 2 

^ m X m “r y m ^ 


2 

x"x \ + [ s y n y 


n 2 x ~ fa 


n 2 -fa 


+ 


*z n z 


l] -fa 


(2.76) 

(2.77) 


A 

4 


nl ( s x n x \ 2 n y I s y n 


< y riy | ^ SyYl' 

3 o - 


"m Y 7 


= 1 


(2.78) 


From Equations (2.72) and (2.76), we have 


^2 


- h 


+ 


-^1 




= 1 


(2.79) 


From Equations (2.78) and (2.79), we have 


s x n x ( n x - n m) 


sW y (n 2 -n 2 J 


( n x — 2i) K 2 -20 ( 1 * 2-10 K 2 -2i) (»2-10 2 K 2 -^i) 


^ (” 2 - »m) 

2 f „2 . 


= 0 


(2.80) 


From Equations (2.74) and (2.76), we have 


s x n x , 52,12 ■'z” 2 _ 0 


+ - 


— 2i «2 _ n 2 _ 


(2.81) 


Comparing these two equations we have 

Aj = « 2 (2.82) 

From Equations (2.81) and (2.82), we have 
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that is, 


- + - 


( n m~ n l) »? 


5_ 5__j_ 

o 4“ 9 H - 9 9 


(2.83) 


This equation is the same as Equation (2.63). Therefore half the lengths of the major axes of the ellipse 
are the two eigenmode refractive indices. The vectors along the major axes of the ellipse are 


's x n 2 J{n 2 x -n 2 m y 
s y n 2 /{n 2 - n 2 J 
S z n 2 /(n 2 -n 2 m )_ 


(2.84) 


Comparing Equation (2.84) to Equation (2.71), it can be seen that the eigenmode electric displacements 
are along the major axes of the ellipse. 


2.3.2 Orthogonality of eigenmodes 

When light propagates in a uniform anisotropic medium, there are two eigenmodes, represented by E\ 
and E 2 , which are linearly polarized and invariant in space. The corresponding eigenmode refractive 
indices are n\ and «2- Here we discuss some of the basic properties of the eigenmodes. 

(1) The electric displacement of the eigenmodes , Dfi = 1,2), is perpendicular to the propagation 
direction. From Equations (2.3) and (2.55) we have 

s-Di = 0 (2.85) 


Therefore the propagation direction s and the electric displacement Dj are orthogonal to each 
other. 

(2) s, E t , andD; are on the same plane. From Equations (2.51), (2.54), and (2.55) we have the electric 
displacement of the eigenmodes: 

n 2 _ 

D t = [Ei - (s ■ Ei)s], i = 1,2 (2.86) 

c l H 0 

Therefore s, E,, and D, lie in the same plane. 

(3) D\ T Di, D\ E Ei- and ZT ± E\. Equation (2.59) can be rewritten as 


k{ss -T ) • E = -k 2 0 l■ E (2.87) 

where I is the identity matrix and 
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Because E\ is the eigenmode 1 with the eigenvector k\ and E 2 is the eigenmode 2 with the 
eigenvector k 2 , 

ki{ss-7 ) -Ei = (2.88) 

k 2 (ss - 7 ) • E 2 = —k%$ ■ E 2 (2.89) 

From there two equations, we can get 

kiE 2 ■ (ss-7)-Ei —k 2 E\ ■ (ss-7)-E 2 = -k 2 0 (E 2 ■%E l -E\ ■*e-E 2 ) = 0 (2.90) 

Because ss is a symmetric matrix, E\ • (ss) E 2 = (s‘Ei)($ m E 2 ). The above equation is 
(k 1 -k 2 )[E 1 -E 2 -(s-E 1 )(s-E 2 )\=0 

Because k\ y^k 2 , we must have 

E 1 -E 2 ~(s-E 1 )(s-E 2 ) = 0 (2.91) 

On the other hand, 

2 2 

5i=-^[£i-Mi)S] and D 2 =-^-[E 2 -(s-E 2 )s] 

Therefore 

2 2 

5 i -D 2 =^[£ i -£ 2 -(i-£ i )(S-£ 2 )]= 0 

That is, D\ and D2 are orthogonal to each other. We also have 

n 2 

Oi • £ 2 = ^[£1 • E 2 - (S • £1)(S • £ 2 )] = 0 
C fi 0 

n 2 

D 2 E\ = —^—[E 2 ■ E\ — (s ■ E 2 )(s • E\)]=0 
C fi Q 

Generally E\ and E 2 are not perpendicular to s. From Equation (2.91) we have 
E\ -E 2 = (s-E\)(s-E 2 ). If both E\ and E 2 are not perpendicular to s, then E\ -E 2 ^0. If at 
least one of the eigenmode electric fields is perpendicular to s, then E\ E 2 = 0. 

2.3.3 Energy flux 

The energy flux in a uniform anisotropic medium is still given by the Poynting vector S = E x H. From 
Equations (2.13), (2.54), and (2.55), for an eigenmode Ej(i = 1,2), we have the magnetic field 

Hi =2£jx Ei (2.92) 

E„C V 1 

% = Jc EiX{ '° x Ei) = 7Tc [E ^ S ~' Ei)Ei] 


( 2 . 93 ) 
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Because in general Ef is not perpendicular to s. Si is not parallel to s. For a light beam, if the initial 
polarization is not an eigenmode, then the electric field can be decomposed into two eigenmodes: 

E = c\E\ + C2E2 (2.94) 

where c\ and C2 are constants. The magnetic field is given by 

H - c\Hi + c 2 H 2 = ci s x Ei+c 2 —=-s x E 2 (2.95) 

H 0 c n 0 C 


The Poynting vector is 


S = (c\E\ + C2E2) x Mi + C2H2) = Mi + C2E2) 


x 


( n\ ^ -* fi 2 „ - 

—-s x£H - —s x E 2 

\fi 0 C n Q C 


(2.96) 


which is not equal to cjS\ + tota ^ ener gy ^ ux is not equal to the sum of the energy 

fluxes of the two eigenmodes because of the cross-terms between the two eigenmodes. Now let us 
consider the projections of the cross-terms in the propagation direction. From Equation (2.91), for 

i 7 ^ j{h j — 13 2 ), 

s ■ ( Ei x Hj) = Hi = -^-s ■ [Ei xsx Ej] = —C [E t ■ Ej - (s ■ E t )(s ■ Ej)] = 0 (2.97) 

C 


Hence s • S = s • (cpi) + s • (c^)* indicating that the total energy flux in the propagation direction is 
equal to the sum of the energy fluxes of the two eigenmodes. This is known as the power orthogonal 
theorem. 

2.3.4 Special cases 

First we consider a uniaxial medium whose dielectric constants along the principal frame axes are 
& x = ty = n 2 0 ^s z = n 2 e , where n 0 and n e are the ordinary and extraordinary refractive index, respec¬ 
tively. When the propagation direction is along s = sin 0 cos i//x + sin 0 sin \jjy + cos Qz, as shown in 
Figure 2.4, Equation (2.62) becomes 



Figure 2.4 Diagram showing the propagation direction and the corresponding eigenmodes 
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Solution 1: ( n 2 — n 2 0 ) = 0, namely. 


n = n i = n a 


(2.98) 


From Equation (2.69) we have k 2 (n 2 — n 2 0 )k x E z = 0, and therefore E z = 0. In this case, Equation (2.71) 
does not provide any information on the eigenvector. In order to get the eigenvector corresponding to the 
refractive index n Q , we use the condition k -*s - E = 0 because V • D = V • (*e • E) = 0 and V = ik. Thus, 


n 2 0 0 

k ‘*e • E = k( sin 0 cos sin 6 sin \j/, cos0)| 0 n 2 0 

V 0 nl 

which gives cos i//E x + sin xf/Ey = 0. Hence the eigenmode is 

sini ji 

E\ = | —cos i// 

0 



= 0 


(2.99) 


which is in the x-y plane and perpendicular to the projection direction k xy of k on the x-y plane. This 
eigenmode is sometimes referred to as the ordinary wave or simply O wave. 

Solution 2:(n 2 — n 2 )(n 2 — n 2 ) = sin 2 0n 2 (n 2 — n 2 ) + cos 2 0n 2 (n 2 — n 2 ), namely 


n = n2 = -- —rrt 

(] n 2 cos 2 6 + n 2 sin 2 S) 1 ' 

From Equation (2.71) we have the eigenmode 


( 2 . 100 ) 


E 2 = 


J x \ 


/ COS {[f \ 


(n 2 x - n 2 ) 


n 2 sin 6 


Sy 


sin \j/ 

1 

(n 2 - n 2 ) 


n 2 sin 6 

n 2 n 2 sin 6 cos 0 

S Z 


-1 


\ (n 2 - n 2 ) ) 


\ n 2 cos 6 ) 



/ n 2 cos x/j cos 6 \ 
n 2 sin cos 6 
\ —n 2 sin 6 / 


( 2 . 101 ) 


which is on the z—k xy plane. This eigenmode is sometimes referred to as the extraordinary wave or 
simply E wave. It can be shown that s is perpendicular to E\ but not to E 2 . 

When i// = 7t/2, the light wave propagates in the y-z plane. Eigenmode 1 is E\ = (1,0, 0), where T 
stands for the transpose, which is a long the x axis, and the corresponding eigenvalue is n Q . Eigenmode 2 
is El = (0,n 2 cos 6, — n 2 sin0), which is in the y-z plane, and the corresponding eigenvalue is 

^ ~ ^ ~ ^ ~ 1 /O —» 

/ Mntp ih vt ttip angle between E 2 and the z axis is 
(O,cos0, — sin0). The angle between D 2 and 


n = n e n 0 /(n 2 cos 2 0 + n 2 sin 2 . Note that the 
tan -1 (n 2 cos 0/n 2 sind) ^7 t /2 — 6. DJ =*£ ■ E 2 = n 2 n[ 


the z axis is n/2 — 0. 

When 6 = n/2, the light is propagating in the x-y plane. The eigenmode 1 is 
E\ = (sini/q —cosi/^, 0), and the corresponding eigenvalue is n Q . The eigenmode 2 is 
i?2 = (0,0,1), which is along the z axis, and the corresponding eigenvalue is n e . 
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2.3.5 Polarizers 

Polarizers are an essential component of many liquid crystal devices. Most sheet polarizers are uniaxially 
anisotropic in their absorption. One way to make a sheet polarizer is to embed elongated absorbing 
molecules (or tiny rode-like crystals), which exhibit strong absorption for light polarized along their long 
axis, in a polymer film, and stretch the polymer, which produces a unidirectional alignment of the 
embedded molecules. Small needle-like crystals of herapathite in polyvinyl alcohol is such an example. 
The refractive indices of a uniaxial polarizer can be written as 

n Q = n Q — ia Q (2.102) 

n' e = n e — ia e (2.103) 

where the imaginary parts a 0 , a e are referred to as the extinction coefficients and are responsible for the 
absorption. n' e and n' Q are the refractive indices, respectively, parallel and perpendicular to the uniaxial 
axis. Sometimes polarizers are divided into two types: the O-typepolarizer where a e a Q « 0 and the E- 
type polarizer where a 0 ^>a e ^ 0. The transmittances of the polarizer for light polarized parallel and 
perpendicular to its transmission axis are, respectively, 


p x — e ~2{2na min /+h 

(2.104) 

— g—2{2na max /X)h 

(2.105) 


where h is the optical path inside the polarizer, a max the bigger of (a 0 ,a e ), and a m [ n the smaller of 
(a 0 ,a e ). An ideal polarizer would have T\ = 1 and T 2 = 0. For a real polarizer T\ < 1 and T 2 > 0. The 
extinction ratio of a polarizer is defined by T 1 /T 2 . When unpolarized light is incident on one polarizer, 
the transmittance is {T\ +12)12. When an unpolarized light beam is incident on two parallel polarizers, 
the transmittance is {T\ + r|)/2. When an unpolarized light beam is incident on two crossed polarizers, 
the transmittance is T 1 T 2 / 2 . 

For oblique incident light, some light will leak through a set of two crossed polarizers even if the 
polarizers are ideal [4]. We consider the leakage of two crossed ideal O-type polarizers as shown in 
Figure 2.5. The normal of the polarizer films is in the z direction in the lab frame. The propagation 
direction is specified by the polar angle 6 and the azimuthal angle i//. For polarizer 1, the transmission 
axis is parallel to the x axis in the lab frame. In the local frame x'y'z', the transmission axis is parallel to 



Figure 2.5 Schematic diagram of two crossed polarizers 
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the x' axis and the uniaxial axis is parallel to the z! axis. In this local frame, the formulas derived in the 
last section can be used. The eigenmode 1 has the non-absorbing refractive index n 0 and thus can pass 
polarizer 1. The direction of the electric field eigenvector is along the direction e\ x which in the local 
frame is given by 



(2.106) 


In the lab frame xyz, this vector is given by 



(2.107) 


The relationships between the propagation angles in these frames are cos0 = — sinO' sini//, 
sin 6 cos i j/ = sin 0' cos \J/', and sin 6 sin i// = cos 6 '. Therefore we have 


£>11 = 


\J 1 — sin 2 6 sin 2 \j/ 


—cos 6 
0 

sin 6 cos i// 


(2.108) 


For polarizer 2, the transmission axis is parallel to the y axis in the lab frame. In the local frame x"y ff z ff , 
the transmission axis is parallel to the x" axis and the uniaxial axis is parallel to the z" axis. For the 
eigenmode that has the non-absorbing refractive index n Q and can pass polarizer 2, the direction of the 
electric field eigenvector is along the direction e ^, which in the local frame is given by 



(2.109) 


In the lab frame, this vector is given by 


0 

£?2i = | —cosi// 7 
sin i//" 


( 2 . 110 ) 


The relationships between the propagation angles in the lab frame xyz and the local frame x"y"z" are 
cos 6 = —sin 6" cos sin 0 cos ijj = cos 6 ", and sin 6 sin = sin 6" sin x//". Therefore we have 


<?21 = 


\J 1 — sin 2 9 cos 2 1 // 


0 

cos 6 

^ sin 6 sin \j/ 


( 2 . 111 ) 


The light (eigenmode e\ \) coming out of polarizer 1 can be decomposed into two components in the 
eigenvector directions of polarizer 2. The component along the eigenmode e\ \ passes polarizer 2 
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y 

90° 



270° 


Figure 2.6 Iso-transmittance diagram of the crossed polarizers: black, low transmittance; white, high 
transmittance 


without absorption. The leakage of unpolarized light through the two crossed polarizers is given by 


' leakage 


= ~(eu • h\) = 


sin 4 6 sin 2 1 // cos 2 i/t 


2(1 — sin 2 6 sin 2 i/^)(l — sin 2 6 cos 2 ijj) 


( 2 . 112 ) 


Note that the angle 6 here is the polar angle of the propagation direction inside the polarizers. This 
leakage, if not compensated, will limit the viewing angle of liquid crystal displays. The iso¬ 
transmittance (leakage) diagram of the crossed polarizers as a function of the polar and azimuthal 
angles is shown in Figure 2.6. It resembles the appearance of crossed polarizers under isotropic 
incident light when viewed at various polar and azimuthal angles. Black indicates low transmittance 
(leakage) and white indicates high transmittance (leakage). At the azimuthal angle of 45°, when the 
polar angle is 30°, 60°, and 90°, the transmittance is 0.01, 0.18, and 0.5, respectively. The leakage of 
the crossed polarizers can be reduced by using compensation films [6]. 


2.4 Propagation of Light in Cholesteric Liquid Crystals 

2.4.1 Eigenmodes 

We showed in the previous section that in a uniform anisotropic medium, for each propagation direction, 
there are two eigenmodes which are linearly polarized. The polarization state of the eigenmodes is 
invariant in space. In this section we discuss the propagation of light in the special case of a non-uniform 
anisotropic medium: a cholesteric liquid crystal which locally is optically uniaxial, but the optic axis 
twists uniformly in space [6, 7]. We choose the z axis of the lab frame to be parallel to the helical axis of 
the cholesteric liquid crystal. The pitch P of the liquid crystal is the distance over which the liquid crystal 
director twists In. The components of the liquid crystal director of a right-handed cholesteric liquid 
crystal (q > 0) are given by 

n x - cos (qz),n y = sin (qz),n z = 0 (2.113) 

where the twisting rate (chirality) q is related to the pitch by q = 2n/P. We consider light propagating 
in the z direction, E(z, t) = A(z)e lcot , and therefore V = zd/dz and d/dt = ico. From Equation (2.51) 
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we have 


d 2 A(z) 
dz 2 


-k$(z) • A(z) 


(2.114) 


where k 0 = co/c = 2n/2 (2 is the wavelength in vacuum). The dielectric constants of the liquid crystal 
for light polarized parallel and perpendicular to the liquid crystal director are £y = n 2 and £± = n 2 , 
respectively. The dielectric tensor in the x-y plane in the lab frame is 


~<z) 


s j_ / + Snn = 


( £_l + 2Sn 2 
y 2 Sn y n x 


2dn x n y 
£± + 2Sn 2 


/ s + £cos( 2 gz) <)sin (2 qz) \ 

\ Ssin(2qz) £ — <5cos(2 qz) J 


where 5 = (eq — £_l )/2 and £ = (eq + £ ± )/2. As we will show, there is no mode whose polarization 
state is in invariant in space in the lab frame; consequently we employ the local frame whose xf axis is 
parallel to the liquid crystal director. The angle between the x' axis and the x axis is </> = qz . The 
relation between the two frames is 


x = cos (qz)x + sin(gz)y (2.116) 

y = —sin(gz)v + cos(qz)y (2.117) 


In the x'y' frame, the electric field is 


A' = 



/ cos (/) sin </> \ f A x 
\ —sin (j) cos (j) J \A y 




(2.118) 


where S is the transformation matrix. The dielectric tensor in the local frame is 


e 1 = S-^S = 


f COS </> 

V —sin </> 


8 || 0 

0 


sin </> 
cos </> 


/ £ + (5cos(2</>) (5sin(2</>) 

V (5sin(2</>) £ — (5cos(2</>) 


cos </> — sin 0 

sin </> cos </> 


(2.119) 


Because the dielectric tensor in the local frame is a constant tensor, we presume that the polarization of 
the eigenmodes is invariant in space in this frame [4, 8], which will be proved true: 

A'(z) = A' 0 e~ ikz = KJ + < y y')e~ ikZ (2.120) 

where A' ox and A' oy are constants. In the lab frame, the electric field is 

A{z) = S ( qz) • A' (z) 

= KtCOsfe) -A' oy sin{qz)]e~ lkz x+ [A' ox sm{qz) + A' oy cos(qz)\e~ ,kz y 
= (Kx^ + A 'oyy)cos{qz)e~ ,kz + (~A' oy x + A' ox y)sm(qz)e~ ,kz (2.121) 

c)A 

— = (-ik){A’ ox x + A’ oy y)cos(qz)e~ ,kz + (-ik)(-A' oy x + A' ox y)sm{qz)e~ ,kz 

+ {~(l)( A 'oxX J r A ' oy y)sin(qz)e~ ,kz + (q)(—A' oy x + A l ox y)cos(qz)e~ ,kz 

d 2 A -> 

= (- k 2 - q 2 )A + ( ilkq)B 


( 2 . 122 ) 
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where 


B = {[Kx sin(?z) + A' oy cos(gz)]x - [A' ox cos(qz) - A' oy sin(^rz)]5>}e lkz 


Equation (2.114) becomes 

-( k 2 + g 2 )A(z) + (i2kq)B = -k%e(z) • A(z) 

Multiplying both sides by the transformation matrix, we get 

~(k 2 + q 2 )S _1 • A(z) + (i2kq)S 1 ■ B = -k 2 0 S _1 *e(z) -S • S ~ l ■ A(z) 
— ( k 2 + q 2 )A'(z) + (i2kq)S~ x ■ B = -k 2 7,'(z) ■ A'(z) 

Because 

«_! g _ / COS (j) siiup\ ( A' ox sin 4> + A' oy cos cf> \_f A ’ oy \ 

\ -sin <j> cos <p J ( —A' ox cos <j> + A’ oy sin <j> ) ( -A' ox ) 

Equation (2.124) can be put into the form 

fn 2 k 2 0 -k 2 -q 2 i2qk 

\ -ttqk n l k l - k 2 - q 2 J \ A oy J 

For non-zero solutions, it is required that 

n 2 e k 2 0 -k 2 - q 2 ilqk _ Q 

—ilqk n 2 k 2 — k 2 — q 2 

We define k = nk Q and a = q/k Q = 2/ P. Equation (2.126) becomes 

ft 4 - ( 2 a 2 + n 2 + n 2 )n 2 + (a 2 - ft 2 )(a 2 - ft 2 ) = 0 
ft 2 = a 2 + e + (4a 2 s + d 2 ) 1 / 2 

ft 2 = a 2 + £ — (4a 2 e + d 2 ) 1 / 2 

ft 2 is always positive. n\ can be either positive or negative depending on the ratio 
wavelength and the pitch, as shown in Figure 2.7. 

The eigenvalues are 

m± = ±[a 2 + s+ (4 a 2 s + <5 2 ) 1/2 ] 1/2 = ±{{X/P) 2 + [A{X/P)h + <5 2 ] 1/2 } 1/2 
» 2 ± = ±[« 2 + £ ~ (4 oc 2 s + <5 2 ) 1/2 ] 1/2 = ±{(X/P) 2 + s- [4 (A/P) 2 e + <5 2 ] 1/2 } 1/2 


(2.123) 

(2.124) 


(2.125) 

(2.126) 

(2.127) 

(2.128) 
between the 

(2.129) 


(2.130) 
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Figure 2.7 n 2 vs. 2/P curve. n e = 1.6 and n Q = 1.5 are used in the calculation 


For each eigenvalue, there is an eigenmode. All together there are four eigenmodes. Two of the 
eigenmodes propagate in the +z direction, and the other two eigenmodes propagate in the —z direction. 
For the positive case, the corresponding eigenmode is not necessarily propagating in the +z direction. 
From Equation (2.125) we can calculate the polarization of the eigenmodes: 


A°i± a | .^2 _ n 2 ± _ a 2j /2a«i± 


(2.131) 


°2± u l i ^2 _ n 2± _ a 2j /2cm2± 


(2.132) 


where a and b are normalization constants. Generally they are elliptically polarized because of the 7i/2 
phase difference between A' ox and A' oy . n\± is always real for any frequency co; ri 2 ± can be real or 
imaginary depending on the frequency co. 

We now consider some special cases. 


( 1 ) P»2 

In this case, a = 1/P « 1. Using the approximation s^n 2 and the assumption An <C 1, from Equation 
(2.129) we have 


«i = {a 2 + n 2 + 2 n[a 2 + (An/2) 2 ] 1/2 } 1/2 
= n + \Jol 2 + (An/2) 2 = n + a.\J 1 + n 2 


(2.133) 


where u = An/2(x = AnP/22. The corresponding eigenmode has the polarization 

^ ol ~ a ^ i \n 2 — n 2 — (2 + u 2 )o? — 2noty/1 + u 2 j /(2a n) ^ ~ ^ i (^u — y/\ + u 2 ^ 


(2.134) 
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( 2 . 140 ) 
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Substituting Equations (2.138) and (2.139) into Equation (2.140) we get 


E' xo \ _ e -i^hnfX / 1_ 1 \ ( e -i® o 

E' j 2y/\ + u 2 1 i( u ~ w 2 ) i(u + Vl + uA ) 1 q e i@ 


| w + v 

+ u 2 i 


\ —n + - 

\/1 + w 2 —i 

1 J V Eyi ) 


e j-i2nkn/^ / 2 ^j + m 2 

cos 0 — /2wsin 0 2sin 0 

2Vl + M 2 l —2sin 0 2 n/T + « 2 cos 0 + /2wsin 0 


cos 0 — i . sin 0 . sin 0 . „ 

vTT^ 2 v / TT^ 2 

- 7 sin 0 cos 0 + i - sin 0 , ' 

vTT7? vW / 


(2.141) 


Defining the total twist angle ® = 2nh/P and total retardation angle T = 2nAnh/2, then 


0 = 2nh — \ 1 + (AnP/2X) 2 /2 ■ 
P v v 1,1 

u = ( r /2) 

Vi + w 2 © 


27 t /;\ 2 / 2 tt/i\ 2 1 1/2 r •> _on 1/2 


® 2 + (r/2) : 


Equation (2.141) becomes 


1 _ ° 


_ g—i2nhn/A 


_ (r/2) . _ 

cos 0 — i v ; sin 0 


(r/2) 

cos 0 + i v ^ 7 sin 0 


(2.142) 


The factor e l2n hn/X can b e om itt e d.. In the lab frame we have 


/ ^ (r/2) . ^ 

cos® —sin®\ [ cos0-i-Q-sin0 


sin <J> cos ® 


$ _ 
--sin© 


(r/2) 

cos 0 + i v q ; sin 0 


(2.143) 


Under the Mauguin condition [9], u = An/2a = AnP/22^> 1, Equation (2.133) becomes 


n\ = n + ay l-\-u z ^n-\-(xu = n -\— ■ 


2 A/iP An 


n + — = n e 


(2.144) 
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The corresponding eigenmode has the polarization 


Ki = 


i (u — \/1 + u 2 ^j 



(2.145) 


which is linearly polarized along the liquid crystal director. Equation (2.150) becomes 


r -y _ _ 2 A nP _ i\n 

ri 2 = n — a V l + u z = n — ecu = n — — —— = n —— = n a 

P 2A 2 


An 


(2.146) 


The corresponding eigenmode has the polarization 

1 


Ki = b\ ,/ 


i ^u + y/l + u 2 ^j J y 2 iu ) \ 1 


(2.147) 


which is linearly polarized perpendicular to the liquid crystal director. In this regime, for the 
eigenmodes, the polarization twists in phase with the liquid crystal director in space. This is the 
‘waveguide’ regime. 

(2) AnP<2 

In this case, 4a 2 s^> S 2 . From Equation (2.129) we have 


2 \V2 


H] 4 - ~ zb ( a 2 -f S -f 2OC's/s H-- | 

V 4a y/i) 


+ va+ 


8a(a + 


The corresponding eigenmodes have the polarization 

/ 




' 2 + e + 2 aVs + 


4a Vs/ 




2a 


i a + \/s 4" 


8a (a 4- Vs) Vs 


(2.148) 


—i [2a 2 4- 2ay / e] 

2a[±(a + \/f)] I V Ti 


In the lab frame, the polarization is 


A ol=bc = [cos (qz) ± isin{qz)]e- iKn ^ z = e '(±?-^». ± )z 
A 0 i ± y = [sin(^z) =F icos(qz)]e~ lk ° ni±z = (=F i)e^ ±q ~ k ° n ' ±)z 


Because 


: + Vs + 


8a (a 4- Vs) V& 


— T k 0 


Vs + 


8a (a + y/s)y/s 


±q — k 0 n\± = ±k 0 oc =f k t 
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we have 


_ /I \ ~i(±k 0 )\y /£+ , bl r. \ z 

Ai±= [)e 1 (2.149) 

Eigenmode 1 is left-handed circularly polarized and propagates in the +z direction with refractive 
index 


m = Vi + <S 2 /[8a(a + v^)v^] (2.150) 

Eigenmode 2 is also left-handed circularly polarized but propagates in the — z direction with the same 
refractive index. 

From Equation (2.130) we have 


n 2 ±^ ± 


x 2 + e — 2a Vfi — 


.2 n l/2 


4aVeJ 


:-Vi- 


8a (a — Ve) Ve 


(2.151) 


The corresponding eigenmodes have the polarization 


( i \ 


"M 

a 2 + e — 2a Vs H—j — a 2 
4a ye/ 


2a 

± 

fa ^ 

J 

( V 8a(a-v^)v^/ 


( —i [2a 2 — 2ay/e] ) w ^ 
( 2a[±(a — Vl)] / Vfl 


In the lab frame, the polarization is 

A 2±x = (cos(gz) ± isin{qz)\e- ik ° n ^ z = 

A 2 ± y = |sin(^)Ticos( 9 z)] e -^"«* = (T (±?_fete)z 


Because 


_L q k 0 n 2 ± — —L/c^a —p ko 




8a (a — Vs) Vs 


= 


Vs + 


8a (a — Vs) Vs 


we have 


'1 \ -/( tW 

= ( . W 

Tf 


Ve+ 


a(oc-\4) V 


(2.152) 


Eigenmode 3 is right-handed circularly polarized and propagates in the — z direction with refractive 
index 


n 2 = Vfi + <5 2 


(2.153) 
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Eigenmode 4 is also right-handed circularly polarized but propagates in the +z direction with the same 
refractive index. In the above calculation, the higher order terms S 2 / [8a(a + Ve) y/f\ and 
(5 2 /[8a(a — yfe)y/ll\ are kept because they are important in calculating the optical rotatory power of 
the cholesteric liquid crystal. 

(3) y/lP ~ /l and <5/£<^ 1 

In this case a = q/k 0 = A/P ~ y/i. From Equation (2.129) we have 

«i± = ±[e + e + 2e] 1/2 = ±lVi (2.154) 

The corresponding eigenmodes have the polarization 

**-•(,W-.-Wa,) -U,) <2I55) 


In the lab frame, the polarization is 


Because 


we have 


Ai±x = [cos(gz) ± isin(qz)\e lk ° ni±z = e l ( ±q k ° niAz 
Ai± y = [sin (qz) =F icos{qz)]e~ iKn ^ = (=F i)^-**** 

_L cj k@tT i j — .I ~kp i 


Ai± = ^ \ e -K±k 0 )^ez (2.156) 

Eigenmode 1 is left-handed circularly polarized and propagates in the +z direction with a speed of 
c/y/i. Eigenmode 2 is also left-handed circularly polarized but propagates in the — z direction with a 
speed of c/y/i . The instantaneous electric field pattern is of the opposite sense to the cholesteric helix 
which is right-handed. 

From Equation (2.130) we have 


ri2± = ± £ + £ — (4fi 2 + S 2 ) 1 


1/2] ^ 2 _ ^ 


2y/i 


(2.157) 


which is imaginary. The corresponding polarization is 


A o2± ~ a 


' 2 S 2 ' 
n e + — ~& 
6 4 £ 


2v / £^±/(5/2v / £^ J a \ 


1 + 


4 £ 


— f 1 

vn±i 


(2.158) 
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which makes an angle of ±45° with the x' axis. In the lab frame, the polarization is 

A 2±x = [cos(qz)Tsin(qz)]e- ik ^ z = [cos(«z) =F sin(qz)]e ±k ° Sz l ^ 
A- 2 ±y = [sin(gz) ± cos(qz)]e~ lk ° n2±z = [sin(^z) ± cos (qz)]e ±k ° Sz ^ 2 '^') 

A 2 ± = f cos ^ Tsin ^ \ e ±Wz/( 2Vz) 
v sin(gz) ± cos (qz) ) 


Because the refractive index is imaginary, these eigenmodes are non-propagating waves. The 
instantaneous electric field pattern of these eigenmodes varies in space in the same way as the 
cholesteric helix. The light intensity decays as these eigenmodes propagate into the liquid crystal. This 
means that the cholesteric liquid crystal reflects circularly polarized light with the same handedness 
and the same periodicity. The reflection band can be calculated from the equation a 2 + s 
— (4a 2 e + (5 2 ) = 0, which gives 


2,i = = n e P (2.160) 

h = yfilP = n 0 P (2.161) 


When n 0 P < 2 < n e P, the refractive index is imaginary. The width of this region is 

A2 = 2i — ^2 = (n e — n 0 )P = A nP (2.162) 

At fa, oc = n 0 , ri 2 = 0, the polarization of the eigenmodes is A\ = (0,1) (i.e., linearly polarized 
perpendicular to the liquid crystal director). At Ai, a = n e , ri 2 = 0, the polarization of the eigenmodes 
is = (1,0) (i.e., linearly polarized parallel to the liquid crystal director). When the wavelength 
changes from k\ to 2 , 2 , the angle % between the electric vector and the liquid crystal director changes 
from 0° to 90°. For light having a wavelength in the region from 2,2 to X\ (in a vacuum), % varies in such 
a way that the wavelength of the light inside the cholesteric liquid crystal is equal to the helical pitch. 

2.4.2 Reflection of cholesteric liquid crystals 

Now we consider the reflection of the cholesteric liquid crystal [10]. In the wavelength region from 
^2 (= noP) to 2,i (= n e P), for light which is circularly polarized with the same helical sense as the helix of 
the liquid crystal, the angle between the electric vector of the light and the liquid crystal director is 
fixed as the light propagates along the helical axis. Light reflected from different positions is always 
in phase, and they interfere constructively and result in strong reflection. We calculate the reflection 
from a cholesteric film in a simple case in which media below and above this film are isotropic and 
have refractive index n = (n e + n 0 )/2, as shown in Figure 2.8. The film thickness is h=mp, where m is an 
integer. The incident light is right-handed circularly polarized and has field amplitude u. The electric 
field is 


= JL( X \e~ ik ° nz 


Ei ~V2\i 

The reflected light is also right-handed circularly polarized and has amplitude r. The field is 


E r = 


r (l 

“flV-i 


Jk 0 nz 


(2.163) 


(2.164) 
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Figure 2.8 Schematic diagram showing the reflection of the cholesteric (Ch) film 

Generally speaking, there are four eigenmodes inside the cholesteric film. Two of the eigenmodes 
(eigenmodes 1 and 2) are left-handed circularly polarized (one propagating in the +z direction and the 
other propagating in the —z direction). The other two eigenmodes (eigenmodes 3 and 4) are right-handed 
circularly polarized (one propagating in the +z direction and the other propagating in the —z direction). 
The amplitudes of the left-handed circularly polarized eigenmodes are zero. For the right-handed 
eigenmodes (in the cholesteric liquid crystal), 

B = —V x E = —E 
ico ico 

For the incident, reflected, and transmitted right-handed circularly polarized light (outside the liquid 
crystal), 


B = —\7 xE = 
ico 



In and near the reflection band, k 0 n ~ q. If the boundary conditions for the electric field are satisfied, 
the boundary conditions for the magnetic field are also satisfied. Therefore we do not need to consider 
the boundary conditions for the magnetic field. The electric field in the cholesteric film is 




e ~ik 0 n 2 z _|_ 


V2_ f 1 

y/2 \ — W 


,+ik 0 n2Z 


(2.165) 


where 


w = i(r? e — ri2 — a 2 )/2a^2 


(2.166) 


and Vi and v 2 are the electric field amplitudes of eigenmodes 3 and 4. Note that the local frame is the 
same as the lab frame at the bottom and top surface of the cholesteric film because the film has m 
pitches, and thus the rotation matrix is omitted in Equation (2.165). Above the cholesteric film, there 
is only light propagating in the +z direction, which is the transmitted light that is right circularly 
polarized and has the field 


Et = 


t 

v5 


e~ ik ° nz 


(2.167) 


where t is the amplitude of the wave. The relations between u, r, v 1? v 2 , and t can be found by using the 
boundary conditions at the surface of the cholesteric film. At the interfaces, the tangential components 
of the electric field are continuous. We consider a cholesteric film with h/P an integer. The boundary 
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conditions at z = h are 


tg-ihnh = Vie -ik„n 2 h + v yk 0 mh 

ite~ ik ° m = viwe~ ik ° n > h - v 2 we ik ° n > h 


(2.168) 

(2.169) 


From these two equations we get 


vj = t *-<•*»«* ( w + lyKmh 

(2.170) 

v 2 = le-^iw - i)e~ ik ^ h 

(2.171) 

The boundary conditions at z = 0 are 


u + r = v i + V 2 

(2.172) 

u — r = —iwv\ + iwv 2 

(2.173) 

From these two equations we get 


U = 1 (1 - iw)v 1 +1(1+ iw)v 2 

(2.174) 

r = 1 (1 + iw)v 1 +1(1- w)v 2 

(2.175) 


The reflectance is given by [11] 


r 2 

(1 + w/) + (1 - wi)(v 2 /vi) 

2 

(w 2 + 1) (1 - e - i2k ° n * h ) 

lw 

(1 - w/) + (1 + w/)(v 2 /vi) 


2w(l + e~ i2k o n ^ h ) - i(w 2 - 1)(1 - e~ i2k o n ^ h ) 


(2.176) 


The calculated reflection spectra of cholesteric films with a few film thicknesses are shown 
in Figure 2.9 [12, 13]. For a sufficiently thick cholesteric film, within the reflection band, 

e -i2k 0 n 2 h ^ 


R 


(w 2 +1) 

2w—i(w 2 — 1 ) 


2 

= 1 


The thickness dependence of the reflectance can be estimated in the following way. At the center of the 
reflection band, 2 = V^P, w= 1, and n 2 = —id/ (2Vi) ~ — iAn/2. The reflectance is given by 


/I — exp(— 2Annh/nP)\ 2 
\ 1 + exp(—2Amih/nP ) 


2.4.3 Lasing in cholesteric liquid crystals 

Cholesteric liquid crystals are periodic optical media. When doped with fluorescent dyes, they can be 
used to make cavity-free lasers [14, 15]. In lasers, one of the important properties is the spontaneous 
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Figure 2.9 Reflection spectra of cholesteric films with various film thicknesses. The refractive 
indices used are 1.7 and 1.5 


emission rate W, which is proportional to the density of states p , as pointed out by Purcell [16]. The 
density of states function is given by 


dk d(nk 0 ) d(2nn/k) 1 / „ dn\ 

dco d(2nC/k) d(2nC/k) C\ dk) 


For the eigenmodes corresponding to the refractive index 


n 2 


| (k/P) 2 + e - [4 (k/P) 2 s + <5 2 J 1/2 


1/2 


(2.178) 


the density of states function has the term 


dn 2 1 dg 
dk 2n 2 dk 


where 

g = WP) 2 +s- [4WP)h + d 2 ] l/2 


At the edges of the reflection band of the cholesteric liquid crystal, the density of states is very large 
because n 2 = 0. Therefore lasing can occur at the edges of the reflection band. 

Homework Problems 

2.1 Calculate and draw the endpoint of the electric field vector at a fixed position in space as a function 
of time for all the polarization states listed in Table 2.1. 

2.2 Consider a homogeneously aligned nematic film of thickness h shown in Figure 2.10. The ordinary 
and extraordinary refractive indices of the liquid crystal are n Q and n e . Light with wavelength k is 
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incident on the film at an angle 6. The refractive angles of the ordinary and extraordinary rays are 6 e 
and 0 o , respectively. Prove that the phase difference between the extraordinary ray and ordinary ray 
when they come out of the film is 


r — —— ( n e ff cos 6 e - n Q cos 0 o ) = h(k ez - k oz ) 

where sin 6 = n Q sin 0 o , sin 6 = n e jf sin 6 e = n 0 n e sin 0 e / (n 2 0 cos 2 6 e + n 2 sin 2 6 e ) ^ 2 , and k ez and 
k oz are the projections in the film normal direction of the wavevectors of the extraordinary and 
ordinary rays, respectively. 

2.3 What is the transmittance of a stack of three ideal polarizers? The angle between the transmission 
axes of the first and third polarizers is 90°. The transmission axis of the second polarizer is 45° with 
respect the transmission axes of the other polarizers. 

2.4 Linearly polarized light is normally incident on a uniformly aligned nematic liquid crystal cell that 
has a pretilt angle of 45°. The refractive indices of the liquid crystal are n 0 = 1.5 and n e = 1.7. If the 
polarization is in the plane defined by the director and the wavevector, determine the angle that the 
Poynting vector makes to the wavevector. 

2.5 A wedge cell is filled with a homogeneously aligned nematic liquid crystal whose director is aligned 
along the wedge direction. The angle of the wedge is 3°. The wedge is sandwiched between two 
crossed polarizers with the entrance polarizer placed at 45° to the director. When the cell is 
illuminated at normal incidence with light at a wavelength of 620 nm and viewed in transmission 
with a microscope, dark fringes are observed at intervals of 100 microns along the wedge. What is 
the birefringence of the liquid crystal? 

2.6 Crossed polarizer with compensation films. Consider two crossed O-type polarizers. A uniaxial a 
plate and a uniaxial c plate are sandwiched between the two polarizers. The a plate has its optic axis 
parallel to the transmission axis of the first polarizer and has a retardation of 2/4 ((A nd) a = 2/4). 
The c plate has a retardation of 22/9 ((A nd) c = 21/9). Calculate the transmission of the system at 
the azimuthal angle of 45° as a function of the polar angle 6. 

2.7 A liquid crystal optical switch based on total internal reflection is shown in Figure 2.11. It consists of 
two thick glass plates with a thin layer of liquid crystal sandwiched between them. On the left side, 
the liquid crystal is aligned homeotropically by a homeotropic alignment layer and serves as a beam 
splitter. On the right side, the liquid crystal is aligned homogeneously (in the direction perpendicular 
to the plane of the paper) by a homogeneous alignment layer and serves as a switch. The refractive 
index of the glass is 1.7. The refractive indices of the liquid crystal are n Q = 1.5 and n e = 1.7, 
respectively. The incident light is unpolarized. When the liquid crystal on the right side is in the 
field-off state, light is switched to Exit 1. When the liquid crystal on the right side is switched into 
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the homeotropic state by an external field applied across the cell, light is switched to Exit 2. What are 
the polarization states of Beams 1 and 2? Alio, explain how the switch works. 
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3 

Optical Modeling Methods 


For many liquid crystal devices, their optical properties cannot be calculated analytically because their 
refractive indices vary in space. In this chapter we will discuss methods which can be used to numerically 
calculate the optical properties of liquid crystal devices. 


3.1 Jones Matrix Method 

3. LI Jones vector 

For a light beam with frequency co propagating in a uniform medium, the electric field vector is 
sufficient to specify the beam. In this chapter, the coordinate frame is always chosen in such a way that 
the propagation direction is the z direction except when otherwise specified. In this section, we 
only consider the case where the light propagation direction is parallel to the normal direction of 
the optical film, i.e., normal incident light. As discussed in Chapter 2, light is a transverse wave. If the 
medium under consideration is isotropic, the electric field vector lies in the x—y plane. If the medium is 
uniaxial and its optic axis is in the x-y plane or parallel to the z axis, the electric field vector is also in the 
x-y plane. In these cases, the only quantities needed to specify a light beam are its electric field 
components, E x and E y , in the x and y directions. Thus the wave can be represented by the Jones vector 
defined by [1, 2] 


E = 



(3-1) 


If we are interested only in the polarization state of the wave, it is convenient to use the normalized Jones 
vector , which satisfies 


E* E= 1 


(3.2) 
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where E* is the complex conjugate. For light linearly polarized along a direction making an angle </> with 
respect to the x axis, the Jones vector is 



The Jones vectors for right- and left-handed circularly polarized light are 





respectively. The Jones vector of various polarization states is listed in Table 2.1. 

3.1.2 Jones matrix 


(3.3) 


(3.4) 

(3.5) 


In the Jones representation, the effect of an optical element can be represented by a 2 x 2 matrix known 
as the Jones matrix. We first consider the Jones matrix of a uniaxial birefringent film with ordinary and 
extraordinary refractive indices n 0 and n e , respectively. A uniformly aligned nematic liquid crystal is 
such an example. As discussed in Chapter 2, in the uniaxial birefringence film there are two eigenmodes 
whose electric field eigenvectors do not change in space. If the optic axis (the uniaxis, also called the c 
axis) is along the x axis of the lab frame, one of the eigenmodes has its eigenvector along the x axis and 
propagates at speed c/n e ; the other eigenmode has its eigenvector along the y axis and propagates at 
speed c/n 0 . If n e > n Q , the x axis is called the slow axis and the y axis is called the fast axis. If the incident 
light on the film has the Jones vector E f = (E X i, Eyi), when the component of the electric vector along 
the v axis propagates through the film, its amplitude remains as E xi and its phase changes according to 
e ~2nn e z/X' wh en the component of the electric vector along the y axis propagates through the film, its 
amplitude remains as E yi and its phase changes according to e ~ 2nn °Therefore the Jones vector 
E t q = (j E xo ,E yo ) of outgoing light will be 


f E xo \ _ i[ n ( ne+ n 0 )h/X\ I e ^ 

\Eyo) { 0 



(3.6) 


where T is the phase retardation and is given by T = 2n(n e — n 0 )h/k, where h is the thickness of the 
film and 2 is the wavelength of the light in vacuum. Uniform birefringent films are also called 
retardation films or wave plates. If T = n/2, the film is called a quarter-wave plate. If T = n, the film 
is called a half-wave plate. The phase factor e -^(n e -\-n 0 )h/X] can neglected when the absolute phase 
is not important. Defining the Jones matrix of retardation as 


G(T) = 


e~ iT / 2 

0 



(3.7) 


Equation (3.6) becomes 

E 0 = GEi (3.8) 

If the optic axis makes an angle /3 with the x axis of the lab frame, as shown in Figure 3.1, the 
eigenvectors are no longer in the x and y directions. For incident light not polarized along the optic axis, 
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Figure 3.1 Schematic diagram showing a light beam propagating through a uniaxial birefringent film 

its polarization will vary in space when propagating through the film. In this case, we have to use the 
principal frame x'y' whose x' is parallel to the optic axis of the film. In the principal frame, Equation (3.6) 
is valid. The Jones vector E' t of the incident light in the principal frame is related to the Jones vector E) in 
the lab frame by 


E xi\ _ ( sin ^ \ ( E x\ _ f cos/3 sin/3 

E' yi J sin [3 cos (3 J \E y J \ — sin [3 cos/]) 1 


We define the matrix for the rotation of the frame as 


R(P) = 


/ cos [3 
V sin /3 


—sin J3\ 
cos /3 J 


Note that R 1 (/?) = R (—/?). Then 


S , i =R~ 1 {p)-E, 


(3.10) 


(3.11) 


In the principal frame, the amplitudes of the electric fields in the x' and y' directions do not change with 
position z, but propagate with different speeds given by c/n e and c/n 0 , respectively, and thus their 
phase delays are different. The outgoing light in the principal frame is given by 


E' 




G(T)-E\ 


(3.12) 


The Jones vector of the outgoing light in the lab frame is 


E 0 = 



/ cos fi — sin/?\ f E r xo \ 
V sin/? cos p)\E'yo) 


R(P) -G(r). I - 1 (p)£, 


(3.13) 


From Equations (3.10) and (3.12) we have 


( cos 2 /fe _ir / 2 + sin 2 /?e ' r / 2 sin ^cos P(e~ iT / 2 - e ir / 2 ) \ g 
\ sin /icos P(e~ ir / 2 — e' r,/2 ) sin 2 fie~ lT l 2 + cos 2 fie lT l 2 J 
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The polarization of a light beam can be changed into any other polarization state by using a proper 
birefringent film. If the incident light is linearly polarized along the x axis and the uniaxial birefringent 
film is a quarter-wave plate with its slow axis (the uniaxial axis) at 45° with respect to the x axis, 
Eo = (I/a/2)(1, —i), and the outgoing light is left-handed circularly polarized. If the slow axis is at 
—45° with respect to the x axis, E T 0 — (l/v / 2)(l, /), and the outgoing light is right-handed circularly 
polarized. If the film is a half-wave plate and the slow axis is at 45°, E T Q = (—/)(0, 1), and the outgoing 
light is linearly polarized along the y axis. 

If the birefringent film is sandwiched between two polarizers with the transmission axis 
of the (bottom) polarizer along the x axis, then Ef = (1,0). The polarization of the outgoing light 
is 


/ cos 2 fie lT / 2 + sin 2 /te* r / 2 sin/? cos p(e lT / 2 — e lT / 2 ) \ / \ \ 
y sin/] cos /? [e~ lT ^ 2 — e lT ^ 2 ^j cos 2 /fe“* r / 2 + sin 2 /fe* r / 2 J \ 0 / 

/ cos 2 /]e~ ir ! 2 + sin 2 /fe* r / 2 \ 

\sin£cos P(e~ lT l 2 -J T I 2 ) J 


(3.15) 


If the transmission axis of the analyzer (top polarizer) is along the y axis, only the y component of the 
outgoing light can pass the analyzer, and the transmittance is 

T = \E yo \ 2 = |sin/?cos/?(e~* r / 2 — e lT ^ 2 )\ 2 = sin 2 (2/?)sin 2 (r/2) (3.16) 

When /? = 7 t/ 4 and T = n, the maximum transmittance T = 1 is obtained. 

Birefringent films are used as compensation films to improve the viewing angle of liquid crystal 
displays. They can be divided into three groups according to the orientation of the uniaxis (c axis) with 
respect to the normal of the film: 

(1) a plate: the c axis is perpendicular to the film normal. 

(2) c plate: the c axis is parallel to the film normal. 

(3) o plate: the c axis makes a angle a (^ 0°, ^ 90°) with respect to the film normal. 

3. 7.3 Jones matrix of non-uniform birefringent film 

When light propagates through films in which the slow and fast axes as well as the refractive indices are a 
function of position z, the Jones matrix method can still be used as an approximation method as long 
as the refractive indices do not change much in one wavelength distance. We divide the film into N slabs 
as shown in Figure 3.2. When the thickness Ah = h/N of the slabs is sufficiently small, then within each 
slab, the slow axis can be considered fixed. 

For layer j , the angle of the slow axis with respect to the x axis is [ij and the phase retardation is 
Tj = 2n[n e (z = jAh) — n 0 (z = jAh)\Ah /L In the lab frame, the Jones vector of the incident light on the 
layer is Eji, which is the same as the Jones vector, of the light exiting layer ( j — 1) , and the 

Jones vector of the outgoing light is Ej 0 [3]: 

E jo = R (Pj) ■ G (Tj) ■ R-\Pj)Eji = R (fij) ■ G(Tj) ■ R~ l (pj) ■ E {j _ l)o 


(3.17) 
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Figure 3.2 Schematic diagram showing the propagation of light through a birefringent film with 
varying slow axis 

The Jones vector, E 0 , of the outgoing light is related to the Jones vector, Ei, of the incident light by 

Eo = [r(M-g(t n )-r~ 1 (M}- 

[^(^-i) - G(r^_o •^- 1 (y5 JV _ 1 )]- 


(3.18) 

[*(&)■ S(r 1 )-*- 1 (/f 1 )]-.g < 

Usually the multiplication of the matrices is carried out numerically. Analytical solutions can be 
obtained in some special cases. 

The Jones matrix method has the limitation that it only works well for normally incident and paraxial 
rays. It neglects reflection and refraction from the interface between two optic media whose refractive 
indices are different. The extended Jones matrix method takes into account the reflection and refraction, 
but still neglects multiple reflection, and can be used to calculate the optical properties of media for 
obliquely incident light [4-7]. 

3.7.4 Optical properties of twisted nematic liquid crystals 


Nematic liquid crystals are usually uniaxial. Twisted nematic (TN) liquid crystals have been used in 
many applications, especially in flat-panel displays [8]. A TN cell consists of two parallel substrates with 
a nematic liquid crystal sandwiched between them. The inner surfaces of the cell are coated with 
homogeneous anchoring alignment layers. At the surface, the liquid crystal director is aligned along the 
alignment direction. The alignment directions of the bottom and top alignment layers are different. The 
angle between the alignment directions is ® which is referred to as the total twist angle. The liquid crystal 
director twists at a constant rate from the bottom to the top to match the boundary condition. The twist 
rate is t = ®//z, where h is the thickness. 

In the calculation of the optical properties, the TN film is divided into N thin slabs of thickness 
Ah = h/N. Within each slab, the liquid crystal director can be approximately considered uniform. If the 
alignment direction of the liquid crystal director at the entrance plane is along the v axis, the rotation 
matrix of the zth layer is 


Si(Pi) 


f cos ft -sin ft \ 
\ sin cos fa J 


/cos[*Aft -sin[<Aft\ 

\ sin[iAft cos [i Aft J y 1 ’ 


(3.19) 
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where A p = (Ah/h)<l> = <t>/N. The Jones matrix of the ith layer in the principal frame is 


G,(r ; ) = 


-eAr/2 q 
0 e iAr / 2 


= g (Ar) 


(3.20) 


where Ar = 2n(n e — n 0 )Ah/2 = 2nAnAh/L The Jones vector of the outgoing light is related to that of 
the incident light by 

Eo = Wm ■ Gi(r,) • sr'iP i)] • % = • g (Ar) • s~Hm • % 

i= 1 i=\ 


Note that 


Therefore 




cos[A/l] sin [A/1] 
—sin [A/1] cos[A/l] 


=sm 


E 0 = 


= S(NAp)-[G(y)-S-\Ap)\ ■% 


We define a new matrix A : 


A = G(Ar). s-HA/1) = (' e ~^ cosAf) ~ e :*' 2sinAp ) 

\ e* r / 2 sinA ft <?* r / 2 cosA/? ) 

Because A is a 2 x 2 matrix, from Cayley-Hamilton theory [9], A N can be expanded as 

A 1 N = 2i 7 + A 2 A 

where A\ and A 2 are found from the equations 

q* = A i + A 2 Aq\ 
q 2 = A\ + A 2 Aq 2 


(3.21) 

(3.22) 

(3.23) 

(3.24) 

(3.25) 


where q\ and q 2 are the eigenvalues of A and can be calculated from the following equation: 

= 0 


e * r / 2 cosA/i — q —e * r / 2 sinA/i 
e* r / 2 sinA/i e* r / 2 cosA /? — q 


which is 


Defining angle 6 by 


1 - 2gcos(A/i)cos(Ar/2) + q 2 = 0 


cos 6 = cos(A/i)cos(Ar/2) 


(3.26) 


(3.27) 


Equation (3.26) becomes (q — cos 6) 2 = —sin 2 6, and therefore the solutions are 

q = cos 6 ± /sin0 = e ±l9 (3.28) 
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Equations (3.24) and (3.25) become e lN9 = X\ + X^e 19 and e lN9 = X\ + l9 , and the solutions are 

2i = — sin(A/ r — l)0/sin0 and ^2 = sin/V0/sin0. From Equation (3.23) we have 


sin(A/ r — 1)0++ sin NO * 
A = - I H- : ——A 


sin$ 
/sinM 


sin0 


cos Afie 


sin 0 

-iAT/2 _ sin(A f - 1)0 
sin0 


sinAffl 

sin$ 


sin A/fe - ' 1 "/ 2 


sin . , r/2 

- . „ sin ABe /z 

sin# 


sinAffl 

sin$ 


cos A/fe 


r/2 sin(W-l)0 
sin0 / 


(3.29) 


We also have 


5 (WA0) 


/ cos [A/A/?] 

—sin[7VA/7] \ 

/ cos® 

—sin® \ 

V sin[7VA/7] 

cos [A/A/?] ) 

V sin® 

cos® J 


(3.30) 


The total phase retardation is 


271 

T = NAT = -(n e - n () )h 


(3.31) 


When N^oo, A/?—>0, and T^O, we have sinA/? = A/?, cosA/? = 1 and sin(r/2) = T/2, 
cos(r/2) = 1. Also from Equation (3.27) we have 


e = [(AjS) 2 + (Ar/2) 211/2 
aw = [a> 2 + (r/2) 2 ] 1/2 


sin NO 

{A )ii= ii^ cosA/? 

sin AD 


An . Mr 

cos | — — ism — 

2 J V 2 


= 0 

sin NO cos 0 — sin 0 cos NO 
sin 0 


(3.32) 

(3.33) 


, Ar\ .sinAD /Ar\ sin AD cos 0 — sin 0 cos AD 

= ^F cosA ^ os [- 2)- l ^e cos ^ sm {-Y) -^- 

sin AD sin AD /AIM sin AD cos 0 — sin 0 cos AD 

"^ cos0 -'—- 1 ■ U )-^- 

_ Ar . _ 

= cos 0 — i —— sin 0 

20 

r 

= cos 0 — i —— sin 0 
20 


(!»)„ = = in® 


= “§ sin0 


^ P 

( A n ) 22 = COS0 + / — sin0 
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Equation (3.21) becomes 


E 0 = 


cos® —sin® 
sin ® cos ® 


(r/2) 

cos© — i v ^ ; sin© 

® _ 
--sm© 


® _ 
-sin© 

(r/2) 

cos© + i v ^ ; sin© 


(3.34) 


A TN liquid crystal is the same as a cholesteric liquid crystal. The pitch P is related to the film 
thickness h and the total twist angle ® by P = h/ (®/27i). It should be noted that in the derivation of 
Equation (3.34), reflection and interference effects have not been considered, which are important 
when the wavelength is comparable to the pitch. 

We consider the optical properties of a TN liquid crystal film in a few special cases. 

(1) A«P»2 

The twisting rate is t = ®//z. The retardation angle per unit length is 2nAn/2. When A nP^> 2 (the 
Mauguin condition) [10], t/{2k An/ 2) = 2/[A n • h/(Q>/2n)\ = 2/A nP<^i 1. In this case, the twisting 
rate is low: Ap/(AT/2) = (<b/N)/(nAnh/NX) = (<D/tt)(2/A/i/i) < 1. Therefore ®/© < 1, r/2© « 1, 
and Equation (3.34) becomes 

- _ / cos <l> —sin<I>\ ( e -,T / 2 0 ) p _ ( cos €>e“' T/2 -sin<IV r / 2 \ - 

° V sin <1> cos <!> ) ( o e' r / 2 J ' (sin ®e _,r / 2 cos (IV r/2 ) ' 


When the incident light is linearly polarized along the liquid crystal director at the entrance plane (the 
E mode), namely Ef = ( 1,0), then E T Q = (cos®, sin®)e - * r / 2 . This indicates that the polarization 
remains parallel to the liquid crystal director as the light propagates through the TN liquid crystal and 
the propagating speed is c/n e . When the incident light is linearly polarized perpendicular to the liquid 
crystal director at the entrance plane (the O mode), namely Ef = (0, 1), then Ef = (—sin®, 
cos®)e* r / 2 . This indicates that the polarization remains perpendicular to the liquid crystal director as 
the light propagates through the TN liquid crystal and the propagating speed is c/n 0 . This result is the 
same as that obtained by solving the Maxwell equation in Section 2.4. 

(2) A nP<2 


The twisting rate is very high (much larger than the retardation angle per unit length 2jiAn/X): 
r/® = (27rAw/z/2)/® = AnP/2 = An/a^i 1, where a = 2/P, and 


© = 


" 2 /r\ 2 ' 

1/2 

An 2 

* An 2 

(2nh\ 

r + u)j 


a4,+ 87® 

-"^TST 

hr) 


Equation (3.34) becomes 


E 0 = 


/ COS® 

—sin® \ 

( cos© 

sin© \ 

V sin® 

cos® ) 

V —sin© 

cos © ) 


(3.36) 


(3.37) 


If the incident light is right-handed circularly polarized, namely 
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the outgoing light is 


1 /cos® —sin® 
E 0 = —j= 

V2 V sin ® cos ® 


cos 0 sin 0 
—sin 0 cos 0 


V2\i 




(3.38) 


which is still right-handed circularly polarized. Therefore right-handed circular polarization is an 
eigenmode. Recall the omitted factor e ~ l2nnh I 2 , Then the total phase angle is 


0 - 0 - 


2nnh 


2nnh An 2 f2nh 

1 


2 


8a 


2nn\h 

2 


(3.39) 


and the corresponding refractive index is 

An 2 

«!=«-— (3.40) 

This result is the same as Equation (2.131) when oc<^n. 

If the incident light is left-handed circularly polarized, namely 


Ei = 


1 

V2 


1 

—i 


the outgoing light is 


1 1 

2 COS® 

—sin® \ 

/ COS0 

sin0 

y/2' 

V sin® 

cos® / 

\ —sin0 

cos 0 



_L ( 1 


(3.41) 


which is still left-handed circularly polarized. Therefore left-handed circular polarization is another 
eigenmode. The total phase angle is 

2nh 

~T 


2nn2h 


(3.42) 


2nnh 2nnh An 2 / 

~ ~T~ = _ ~~2 8oT V 


and the corresponding refractive index is 


An 2 

n 2 = n + —— (3.43) 

oa 

This result is the same as Equation (2.128) when oc<^n. 

Now we consider a TN display whose geometry is shown in Figure 3.3 [11,12]. The TN liquid crystal 
is sandwiched between two polarizers. The x axis of the lab frame is chosen parallel to the liquid crystal 
director at the entrance plane. The angles of the entrance and exit polarizers are a/ and a 0 , respectively. 
The Jones vector of the incident light is Ej = (cos a/, sin a/). The Jones vector of the existing light is 
given by 


E 0 = 


cos® —sin® 
sin ® cos ® 


( cos 0 — i sin © 
--sm© 


O . _ 
-sm© 

(r/2) 

cos 0 + i v ^ 7 sin 0 


/ COS VLi 

V sin a; 
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Exit 

polarizer 


LC director at 
exit plane 



Entrance 

polarizer 


LC director at 
entrance plane 


Figure 3.3 Geometry of the TN display 


The exit polarizer is along the direction represented by the unit vector P T exit = (cosa 0 , sina 0 ). The 
electric field of the light which can pass through the exit polarizer is given by 


Eexit — Pexit ‘ E 0 


=(cosa 0 , sina 0 


/ cos® —sin®\ 
V sin® cos ® J 


cos0-iTZHl s in© 




0 

O . ^ 
--sin© 


<£ 

0 S 


-sin0 


(Y/2) 

cos0 + / v _ ; sin0 


0 


7 


cos a i 
sin a,- 


(3.44) 


• ( r /2) . 


= cos0 cos (a 0 — a/ — ®) — §sin0 sin (a 0 — a/ — ®) — i - — y sin0 cos (a 0 + a/ — ®) 


The intensity of the light is 


I 0 = \E exit \ 2 = cos 2 (a 0 - a f - ®) - sin 2 0 sin [2(a 0 - ®)]sin(2a i -) 






-ysin 2 0 cos[2(a 0 — ®)]cos(2a/) — ——sin(20)sin[2(a 0 — a/ — ®)] 

20 


(3.45) 


0 


For a normal-black 90° TN display where the transmission axes of the two polarizers are parallel to the 
liquid crystal director, ® = 7i/2, a z - = a 0 = 0, 0 = [(7i/2) 2 + ( r / 2) 2 ] 1 / 2 = (7r/2) [1 + ( 2 A nh/X) 2 } 1 ^ 2 , 
and the transmittance of the TN cell (normalized to the light intensity before the entrance polarizer) is 
given by 


1 ® 2 , 

T = - — y s i n 2 0 = ■ 
2 0 2 


(n/2)\J~\ +{2Anh/Xf 


2[1 + (2A nh/iy 


(3.46) 


The transmittance T vs. the retardation u = 2Anh/2 is shown in Figure 3.4. Generally the transmittance 

of the display is not zero except when a/ 1 + u 2 =2 i (i = 1, 2, 3,...), namely u = x/3, vT5,-These 

values are known as the first, second, etc., minimum conditions, respectively. When u^> 1, the case 
where the polarization rotates with the liquid crystal director, the denominator becomes very large and 
the transmittance becomes very small. 


3.2 Mueller Matrix Method 

3.2 . / Partially polarized and unpolarized light 

If light is not absolutely monochromatic, the amplitudes and relative phase between the v and y 
components can both vary with time. As a result, the polarization state of a polychromatic plane wave 
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Figure 3.4 Transmittance of normal-black 90° TN vs. retardation 

may be constantly changing. If the polarization state changes more rapidly than the speed of observation, 
the light is partially polarizedor unpolarized depending on the time-averaged behavior of the 
polarization state. In optics, one often deals with light with an oscillation frequency of about 
10 14 s -1 , whereas the polarization state may change in a time period of about 10 -8 s. In order to 
describe unpolarized and partially polarized light, the Stokes vector is introduced. 

A quasimonochromatic wave, whose frequency spectrum is confined to a narrow bandwidth 
AA(AA<^ A), can still be described by 

E = [A x (t)x + A y {t)e iS y (3.47) 

where the wave is propagating in the z direction; A x and A y are positive numbers which may be time 
dependent. At a given position, the components of the Stokes vector are defined as follows [13]: 

= (E X E X + E y E y ) = (A 2 x + A]) (3.48) 

which describes the light intensity; 

5! = (E X E X - E y E y ) = (A 2 x - A 2 ) (3.49) 

which describes the difference in intensity between components along the v an y axes; 


S 2 = (.E x E y + EyE x ) = 2(A x A y cos5) (3.50) 

which describes the component along the direction at ±45 ; and 

S 3 = (i(E x E y - E y E x )) = 2(A x A y smb) (3.51) 

which describes the circular polarization. ( ) denote the average performed over a time interval t o that 

is the characteristic time constant of the detection process. S Q specifies the intensity of the light beam. By 
considering the following cases, the rationale of defining the parameters will be shown: 

(1) Unpolarized light. The average amplitudes of the electric field components in the x andy directions 
are the same, but the phase difference between them is completely random, i.e., (A x ) = (Ay), 
(cosS) = (sin<5) = 0, and therefore the normalized Stokes vector is 


s T = (ro, 0,0) 


(3.52) 
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(2) Linearly polarized light along a direction which makes an angle ip with respect to the x axis. The 
amplitudes of the electric field components in the v and y directions are A x = cosi/f and A y = simj/, 
respectively. The phase difference is 3 = 0. The Stokes vector is 

S T = [1, cos(2 \j/), sin(2i/r), 0] (3.53) 

When the light is linearly polarized along the v axis, S T = (1, 1, 0, 0); when it is linearly polarized 
along the y axis, S T = (1, —1, 0, 0); when it is linearly polarized along the direction at 45 , 
S T = (1, 0, 1,0); and when it is linearly polarized along the direction at —45 , S T = (1, 0, — 1, 0). 

(3) Circularly polarized. The amplitudes of the electric field components in the x and y directions are the 
same, i.e., A x = A y = I/a/2, and the phase difference is S. The Stokes vector is 

S T = (1, 0, 0, sin (5) (3.54) 

For right-handed circular polarization, the phase difference is 5 = 7 t/2 , and S T = (1, 0, 0, 1); while 
for left-handed circular polarization, 3 = —nil, and S T = ( 1 , 0 , 0 , — 1 ). 


If there were only two parameters -So and S\ , when S\ = 0, there are three possibilities: (i) unpolarized, 
(ii) linearly polarized along the direction at ±45 , and (iii) circularly polarized. Therefore more 
parameters are needed to differentiate them. If there were only three parameters So, S i, and S 3 , when 
S i =0 and £3 = 0 , there are two possibilities: (i) unpolarized and (ii) linearly polarized along the 
direction at ±45 . Therefore one more parameter is needed to differentiate them. The four parameters are 
necessary and also sufficient to describe the polarization of a light beam. The Stokes vectors of various 
polarizations are listed in Table 2.1. 

When a light beam is completely polarized, S\ ± S 2 ± S 3 = S 0 = 1. When a light beam is unpolar¬ 
ized, S\ ± 5*2 ± S 3 = 0. The degree of polarization can be described by 


S\ ± 5*2 ± S 3 
So 


(3.55) 


For partially polarized light, 0 < y < 1. 

3.2.2 Measurement of the Stokes parameters 

The light beam to be studied is incident on a combination of a quarter-wave plate and a polarizer as 
shown in Figure 3.5. The slow optic axis of the wave plate is along the y axis and the retardation angle is 
P = 90°. The transmission axis of the polarizer is at an angle a. 



Retarder Polarizer 


Figure 3.5 Schematic diagram of the setup which is used to measure the Stokes parameters 
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The electric field (in Jones vector form) of the incident light (before the quarter-wave plate) is 


Em 



(3.56) 


where A x and A y are positive numbers which may be time dependent. After the quarter-wave plate, the 
field is 

<3 - 57) 

At the polarizer, the electric field along the transmission axis is 

E = A x cos a + A y e l ^ + ® sin a (3.58) 


The intensity of the outgoing light is 

I = {\E \ 2 ) = ((A^cosa + A y sin oc)(A x cosoc + A y e~ l ( s+ ^ sin oc)} 

= (A*) cos 2 a + (Ay) sin 2 a + sin(2a)((A x A }; cos (5)cos /? + (A^A^sin <5)sin ft) 


= ^( S 0 + 5 i)cos 2 a + ^( S 0 — 5 i)sin 2 a + sin(2a) ^ 
= ^[, S 0 + 5 icos( 2 a) + sin(2a)(52Cos ft + S3 sin ft)] 


^S 2 cos P + ^S 3 sin p 


(3.59) 


In the first step of the measurement, the quarter-wave plate is removed, which is equivalent to /? = 0. The 
light intensity is measured when the polarizer is at the following positions: 


I(P = 0, a = 0)= I(S 0 + Si) 

(3.60) 

J(fi = 0, os = 45°) = I (S 0 + S2) 

(3.61) 

I(P = 0, a = 90°)= 1 (S 0 - Si) 

(3.62) 


When the quarter-wave plate is inserted and the polarizer is at 45°, the measured light intensity will be 

7^ = 90°, a = 45°) = i(J 0 +J 3 ) (3.63) 

From these four equations, the Stokes parameters can be calculated. 

It is impossible by means of any instrument to distinguish between various incoherent superpositions 
of wave fields, having the same frequency, that may together form a beam with the same Stokes 
parameters. This is known as the principle of optical equivalence. 

The Stokes vectors of incoherent beams can be composed and decomposed. For example, an 
unpolarized beam can be decomposed into two opposite elliptically polarized light beams (with the 
same ellipticity but opposite handedness and orthogonal major axes), i.e., 


( l \ 

0 

0 

W 


( 1 > \ 

( 1 \ 

Io 

cos(2v)cos(2 (j)) 


cos(—2v)cos[2(</> + 7i/2)] 

2 

cos(2v)sin(2 (jf) 

+ 2 

cos(—2v)sin[2(</> + n/2)\ 


\ sin(2v) ) 

\ sin(—2v) / 


(3.64) 
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where v and </> are the ellipticity angle and azimuthal angle of the polarization ellipse, respectively (see 
Sections 2.2.4 and 3.3.4 for details). 

A partially polarized beam can be decomposed into a completely polarized beam and an unpolarized 
beam: 


(3.65) 


( s °\ 


/so\ 


fys 0 \ 

Si 

= (1 -7) 

0 


Si 

0 

+ 

s 2 


S 2 

\sj 


Vo/ 

\ Si ) 


where 


y = 


\]s\ + s 2 + ^3 


So 


A partially polarized beam can also be decomposed into two oppositely polarized beams: 


(So\ 


(ySo\ 


fys 0 \ 

Si 

_ (1+7) 

Si 

. C 1 — r) 

-Si 

S 2 

2 7 

Si 

2y 

-s 2 

W 

V s 3 J 


\-sJ 


(3.66) 


3.2.3 Mueller matrix 


When the polarization state of a light beam is represented by the Stokes vector, the effect of an optical 
element can be represented by the Mueller matrix M which operates on the Stokes vector, Si, of the 
incident light to generate the Stokes vector, S 0 , of the outgoing light: 

(3.67) 

The Mueller matrix M has the form 


M = 


So 

= M 

■Si 


/ mo 

m 0 i 

mo 2 

"J03 \ 

mo 

mu 

m 2 

mo 

mo 

m 2 l 

m 2 2 

m 3 

\mo 

m 31 

m 32 

m 33 / 


(3.68) 


If the Jones matrix of the optical element is 

G = 


£n 

£21 


£12 

£22 


(3.69) 


the Mueller matrix of the element is 
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(3.70) 
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We first consider the Mueller matrix of an absorber. The transmission coefficients along the x and y 
axes are p x and p y , respectively, namely 



( Px 

°) 

(E x \ 

UJ 

V 0 

Py) 

\Ey) 


If p x = Py = P, the absorber is a neutral density filter. If p x = 0 and p y = p = 1, it is a vertical 
polarizer (transmission axis parallel to the y axis). If p x = p = 1 and p = 0, it is a horizontal 
polarizer. The Mueller matrix of the absorber is 

fp 2 x + p 2 y P 2 P 2 0 0 \ 

r ^- 1 Px~Pv Px+Pv 0 0 


We now consider the Mueller matrix of a rotator. In the xy frame, the electric field vector is 
E = E x x + E y y . In another frame x'y', which is in the same plane but the x' axis makes an angle 0 with 
the x axis, the electric vector is E' = E' x x' + E' y y '. The components of the electric field in the two frames 
are transformed according to Equation (3.9). The Mueller matrix that transform the Stokes vector in the 
xy frame into the Stokes vector in the x'y' frame is 


MrW) = 


0 cos(2 </>) sin(2</>) 0 
0 — sin(2</>) cos(2</>) 0 
0 0 0 1 


The Mueller matrix of an ideal polarizer at the angle </> is 


/ 1 cos(2 (ji) sin(20) 0 

1 cos(2</>) cos 2 (20) sin(20)cos(20) 0 

2 sin(2 0) sin(20)cos(20) sin 2 (2 0) 0 

Vo o oo 


For a retarder with retardation angle T = 2nAnh/l and the slow axis along the x axis, 


e ir ! 2 0 \(E X 

0 e-W ) V E y 


the corresponding Mueller matrix is 


M retarder (■T, 0) — 


10 0 0 

0 10 0 

0 0 cosr —sinr 

0 0 sinr cosr 
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The Mueller matrix of a retarder, whose slow axis makes an angle 0 with the x axis, is 


M r etarder (T, 0 ) — Mr( (j)) • M retarc i er (T',0) • M 

no o o \ 

0 cos 2 ( 20 ) + sin 2 ( 20 )cosr sin( 20 )cos( 20 )(l — cosr) sin( 20 )sinr 
0 sin( 20 )cos( 20 )(l — cosr) sin 2 ( 20 ) + cos 2 ( 20 )cosr —cos( 20 )sinr 
Vo —sin( 20 )sinr cos( 20 )sinr cosr J 


(3.77) 


If there is no absorption element involved, we need to consider the three-component vector 
S T = (Si , 52 , S 3 ). The function of optical elements is described by 3x3 matrices. 


M = 


mu 

mu 

m 13 

m 2 \ 

m 2 2 

m 2 3 

m 3 i 

m3 2 

m3 3 


(3.78) 


3.2.4 Poincare sphere 


For completely polarized light, the normalized Stokes parameters satisfy the condition 
S 2 + S 2 + S 2 = S 2 = 1. Therefore a point with coordinates (Si, S 2 , S 3 ) is on the surface of a unit 
sphere in 3-D space. This sphere is known as the Poincare sphere and is shown in Figure 3.6. 

For completely polarized light, whose Jones vector is 


E = 



(3.79) 


where A x and A y are time-independent positive numbers and S is a time-independent number. Generally, 
it is elliptically polarized. The azimuthal angle 0 of the polarization ellipse is given by (Equation (2.41)) 


tan 20 = 


A^A-yCos S 

jA^Af) 


(3.80) 



Figure 3.6 Poincare sphere 
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The ellipticity angle v is given by (Equation (2.48)) 

. _ 2tanv 2b I a 2 ah 

sin 2 v = --=- Tj = -z - -w 

1 + tan 2 v i + ( b/a) 2 « 2 + b 2 


(3.81) 


where a and b are the lengths of the principal semi-axes of the polarization ellipse. From Equations 
(2.45) and (2.46) we have 


sin2v = 


2 A x A y sin 3 

A x + A y 


(3.82) 


The Stokes parameters are given by 

S 1 = (A 2 -A 2 )/(A 2 X +A 2 ) (3.83) 


S 2 = 2A x A y cosS/(A 2 +A 2 ) 


(3.84) 


S 3 =2A x A y sin5/(A;+A;,) 


(3.85) 


The longitudinal angle a of the point representing the polarization on the Poincare sphere is given 
by 


5*2 2A%Ay cos 3 

tan a = — = 

Si A 2 -A 2 


= tan 2(j) 


(3.86) 


Therefore a = 2 <j>. The latitude angle ji is given by 

sin P = S 3 = 2A x A y sin <5/ (A 2 + A 2 ) = sin 2v (3.87) 

Therefore /? = 2v. If we know the azimuthal angle </> and the ellipticity angle v of the polarization ellipse, 
the Stokes vector is 


( cos(2v)cos(2</>) \ 
cos(2v)sin(20) 
sin(2v) / 


(3.88) 


If we know the angle % = tan 1 (A x /A y ) and the phase difference <5, then the Stokes vector 
is 


S = 


eos(2x) 
sin(2y)cos 3 
sin(2x)sin<5 


(3.89) 
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The points corresponding to some special polarization states are as follows: 


North pole (0,0,1): 
South pole (0,0,-1): 

A point on the equator: 
(1,0,0): 

(-1,0,0): 

(0,1,0): 


right-handed polarized 
left-handed polarized 
linearly polarized 
linearly polarized along the x axis 
linearly polarized along the y axis 
linearly polarized along 45° 


Features of the Poincare sphere 

(1) Two diametrically opposed points on the sphere correspond to states with orthogonal polarization. 

(2) For any point on a half circle connecting the north and south poles (fixed longitude), the inclination 
angle </> of the polarization ellipse is the same, because S 2 /S 1 = constant. 

(3) For any point on a circle with fixed S 3 (fixed latitude) on the sphere, the ellipticity is the same. 

3.2.5 Evolution of the polarization states on the Poincare sphere 

We consider how the three-component Stokes vector S evolves on the Poincare sphere under 
the action of retardation films. The Mueller matrix of a uniform uniaxial retarder with the retardation 
angle T and the slow axis making an angle </> with the x axis is given by (from Equations (3.77) 
and (3.78)) 

( cos 2 ( 2 </>) +sin 2 ( 2 </>) cosr sin( 2 </>)cos( 2 </>)(l — cosr) sin( 2 </>)sinr \ 
sin(20)cos(20)(l — cosr) sin 2 (2</>) + cos 2 (2</>)cosr —cos(2</>)sinr I (3.90) 

—sin( 2 </>)sinr cos( 2 </>)sinr cosr ) 

For a thin retardation film with thickness dz^O, and retardation angle dT = ( 2nAn/ X)dz = 
k o Andz^0, we have the approximations that cos dT = 1 and sin dT = dT, and the Mueller matrix 
becomes 


M(dT, f) 


/ 1 0 sin(20)jr 

0 1 —cos(20)jr 

\ — sin(2</>) dT cos(2</>) dT 1 


(3.91) 


If the Stokes vector of the incident light is Si, the Stokes vector of the outgoing light is 
S 0 = M(r, \jj) • Si. The change in the Stokes vector caused by the retardation film is 


dS = S Q — Si = M(dT , \jj) • % - % = dT 


0 0 

0 0 

—sin(2 </>) cos(2 </>) 


sin(2 <j>) \ 
—cos(2 </>) 

0 / 


■Si 


(3.92) 


This can be rewritten as 


dS = dTQ x Si 


(3.93) 
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Figure 3.7 

retardation 



film 


the action of the 


where Q is 


a unit vector and has the form 


( cos(2</>) \ 
sin(2</>) I 


(3.94) 


From Equation (3.93), we can see that the effect of the retarder is to rotate S around the axis represented 
by Q with the rotation angle of dT as shown in Figure 3.7. From Equation (3.94), it can be seen that the 
rotation axis is on the equator and makes an angle of 2</> with the S) axis, which is twice the angle of the 
slow axis (with respect to the x axis) of the retarder (in the xy frame). 

For a uniform retardation film with retardation angle T, even if its thickness is not small, the Stokes 
vector of the outgoing light can be derived from Equation (3.93) and is 

s 0 **Si + rnxSi ( 3 . 95 ) 

One of the reasons for using the Poincare sphere is that the effect of retardation films and the evolution 
of the polarization state can be easily visualized. We consider polarization conversion in the following 
special cases. 

(1) Polarization conversion using quarter-wave plates 

An elliptical polarization state (with inclination angle </> and ellipticity angle v) can be converted into a 
circular polarization state by using two quarter-wave plates [4]. This can be done in two steps. First, use a 
quarter wave-plate with the c axis parallel to the major axis of the polarization ellipse. The rotation axis is 
at 2 </> and the cone angle of the rotation cone is 2 x 2v. The rotation angle is n/2. After this quarter-wave 
plate, the Stokes vector is on the equator and the longitudinal angle is 2</> — 2v on the Poincare sphere, 
i.e., the light is linearly polarized at an angle (2</> — 2v)/2 = ((/> — v) with respect to the x axis in the xy 
frame. In order to convert the linear polarization into right-handed circular polarization, the rotation axis 
should be at </> — v — n/2 and the rotation angle should be 7i/2 on the Poincare sphere. Therefore the c 
axis of the second quarter-wave plate should be at an angle (0 — v — n/2)/2 with respect to the x axis in 
the xy frame. By reversing this procedure, circularly polarized light can be converted into elliptically 
polarized light by using two quarter-wave plates. By combining the above two procedures, any 
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elliptically polarized light can be converted into any other elliptically polarized light by using four 
properly oriented quarter-wave plates. 

(2) Polarization conversion using two quarter-wave plates and one half-wave plate 
Elliptically polarized light at (</q, vi) can be converted into elliptically polarized light at (</> 2 , V 2 ) [4] as 
follows. First, use a quarter-wave plate with its c axis at an angle </q in the xy frame. The rotation axis is 
at an angle 2</q, the cone angle is 2 x 2vi, and the rotation angle is 7 t/2 on the Poincare sphere. After this 
quarter-wave plate, the light becomes linearly polarized at the angle 2</q — 2 v 2 on the Poincare 
sphere. Secondly, use a half-wave plate whose rotation axis is at an angle [(2 <f 2 — 2 v 2 )+ 
( 2 </q — 2 vi )]/2 = 4> 2 — V2 + 4>\ — vi, which will convert the linear polarization into another linear 
polarization at the angle ( 2 </q — 2 vi) + 2[(</> 2 — ^2 + 4>\ — vi) — ( 2 </q — 2v\)] = 2</> 2 — 2 v 2 on the 
Poincare sphere. In the xy frame, the c axis of the half-wave plate is at an angle (</> 2 — V 2 + (/q — v\)/2 
with respect to the x axis. Thirdly, use another quarter-wave plate whose c axis is at an angle </> 2 with 
respect to the x axis, which will convert the linear polarization into elliptical polarization at (</> 2 , V 2 ). 


3.2.6 Mueller matrix of TN liquid crystals 

We now consider the Mueller matrix of a uniform TN (or cholesteric) liquid crystal. The problem can 
be simplified if we consider the Stokes vector and Mueller matrix in the local frame x'y' in which the 
liquid crystal director lies along the x f axis. We divide the liquid crystal film into N thin slabs. The 
thickness of each slab is dz = h/N , where h is the thickness of the liquid crystal film. The angle between 
the liquid crystal director of two neighboring slabs is dxjj = qdz , where q is the twisting rate. The 
retardation angle of a slab is dT = k 0 Andz. If the Stokes vector (in the local frame) of the light incident 
on a slab is S', then the Stokes vector of the light incident on the next slab is (from Equations (3.73) and 
(3.76)) 

/ 1 2qdz 0 \ /1 0 0 \ / 1 2 qdz 0 \ 

+ = - 2 qdz 1 0 0 1 -k 0 Andz 15' = I - 2 qdz 1 -k 0 Andz 5' (3.96) 

\ 0 0 1/ \0 k 0 Andz 1 / \ 0 k 0 Andz 1 / 


In deriving the above equation, only first order terms are kept when dz —* 0. In component form we have 

f= 2 ^ < 3 - 97 ) 

dS' 

= —2qS\ - k a AnS' 3 (3.98) 

dz 

dV' 

= k 0 AnS f 2 (3.99) 

From Equation (3.98) we get 

fj2 cf JO/ JC/ 

= - [( 2< ?) 2 + (k 0 An) 2 ]S' 2 (3.100) 

We define 

X = [(2 q) 2 + (k 0 An) 2 ] l/2 = 2[0 2 + {T/2) 2 ] l ^ 2 /h (3.101) 
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where ® and T are the total twist angle and retardation angle of the liquid crystal film, respectively. 
The solution of Equation (3.100) is 


S' 2 =A 2 isin(xz) + A 22 cos(xz) 


From Equation (3.97) we get 


s\ = y[-A 21 cos(xz) +A 22 sin(xz)] +A n 


From Equation (3.99) we get 


S ' 3 = 


k n A n 


-A 2 icos(xz) + A 22 sin(xz)] + A 33 


(3.102) 


(3.103) 


(3.104) 


If the Stokes vector of the light incident on the liquid crystal film is S'? = ( S\ 0 S' 20 S 30 ), then we 

have the boundary condition equations (z = 0 ) 


A 22 = 5' 


20 


2 q , 


-A 2 i + An = S [ 0 

X 

k 0 An A A . 

-A 2 i + A 33 - S 30 

X 

Also from Equation (3.98) we get 

— 2qA\\ — k 0 AnA^ = 0 

From the above four equations we can find the four coefficients. The final results are 


(3.105) 

(3.106) 

(3.107) 

(3.108) 




1—21 —) sin z (Oz 


Sin 2 (f Z ) 


5 10 + ^-sin(xz)S' 20 - —sin 2 (§z)^30 
X X 7 


S' 2 = - —5' 10 sin(xz) + S 20 cos(xz) “ ^^y 30 sin(xz) 
X X 


S't = — 


4qk a An 2 fx 


(f 


k 0 An . , . , 

■ —sin(xz)5 20 + 


1 — 21 —) sin z (xZ 


sm 2 (|z) 


(3.109) 

(3.110) 

5 ' 0 (3.111) 


Therefore the Stokes vector S' 0 after the TN film is related to the Stokes vector S' before the film by 


( 


S' = 


(D 


0 > 


X 


1 — 2 sin 2 X — sin( 2 X) -2 
d> 

--sin(2X) 


>!5™sin 2 X A 


X 2 


cos( 2 X) 


-2 


sin 2 X !l^ s in(2X) 1 _ 2 AV|)^ s in 2 X ) 
X X 


®(r/2),„ 2v (r/2) o . 

x 2 


■ S’ 


(3.112) 


X = [€> 2 + ( T / 2) 2 ] 1/2 


where 


(3.113) 
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We know that at the exiting plane the local frame makes an angle ® with the lab frame, and at the 
entrance plane the x' axis is parallel to the x axis and therefore S' t = Si. Therefore in the lab frame we 
have 




cos ( 2 ®) 
sin ( 2 ®) 
0 


—sin ( 2 ®) 0 \ 
cos( 2 ®) 0 I 

0 l) 


0> 2 2 

1 — 2^2 sin 2 X 

0 > 

—sin( 2 X) 

- 2 % / 2 | S „A^ 

0 > 

--sin( 2 Z) 

cos( 2 X) 


o(r/ 2 ) , 

2 y j sin 2 X 


1 2 U J sin 2 */ 


(3.114) 


This equation can also be obtained from Equations (3.34) and (3.70). 

For example, for the normal-black 90° TN liquid crystal where the two polarizers are parallel to each 
other, ® = 7 t/2 and Sf = (1,0,0), so 


t 



<t> z , 

1 — 2 —« sin 2 X 
X z 

® 

--sin( 2 X) 


— sin( 2 X) 
cos( 2 X) 




m, in, 2 X) 


X 2 


X 


X 2 


® z 9 

-1 + 2^2 sin 2 X 

® 

— sin( 2 X) 

2*Sp,i,A 

A > 


The polarizer after the TN liquid crystal is also along the v axis. From the definition of the Stokes vector 
we can get the transmittance 


r = (i + s 0 \)/i 



2 

sin 2 X 


which is the same as that given by Equation (3.46). 

3.2.7 Mueller matrix of non-uniform birefringent film 

In the same way that the Jones matrix can be used to numerically calculate the optical properties of 
non-uniform birefringent films, the Mueller matrix can also be used to numerically calculate the optical 
properties of a non-uniform birefringent film. We divide the film into N slabs as shown in Figure 3.2. 
When the thickness Ah = h/N of the slabs is sufficiently small, within each slab, the slow axis can 
be considered fixed. For layer /, the angle of the slow axis with respect the x axis is P t and the 
phase retardation is T; = 2n[n e (z = iAh) — n Q (z = iAh)\Ah/L In the lab frame, the Stokes vector of 
the incident light on the layer is S„, which is the same as the Stokes vector, S^_^ 0 , of the light exiting 
the layer (i — 1), and the Stokes vector of the light coming out of layer i is 5 ) 0 [9] 

Sio — Mrotator (Pi) ' Mretardar^X i ) * ^rotator (Pi ) * 

— M r otator(Pi) ' Mretardar (I" i) * ^rotator(Pi) ‘ ^(i—l)o 


(3.115) 
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The Stokes vector, S 0 , of the outgoing light is related to the Stokes vector, *S), of the incident light by 

S 0 = [M rotator ( ftv ) ' ^ retarder ( ) * M rotator ( ftv ) ]' 

[Mrotator (Pn~ 1 ) ‘ ^retarder (T'n- 1 ) * M ro tator ( Pn -1 )] * 

\Mrotator(P * Mretarder (Tl) ‘ M ro tator(Pi)] * 

N 

= n [MromtoriPi) ■ M relarder ( r,-) • M~ \ ator (M\ ■ Si (3.116) 

i= 1 

Usually the multiplication of the matrices is carried out numerically. 


3.3 Berreman 4x4 Method 

For stratified optical media (whose refractive indices are only a function of the coordinate normal to the 
film), Berreman introduced a 4 x 4 matrix method (now known as the Berreman 4x4 method) [14-18], 
in which the electric field and magnetic field (the sum of the fields of the light beam propagating in 
forward and backward directions) are considered. When the film is divided into slabs, the reflection at the 
interface between the slabs is taken into account. The Berreman 4x4 method works well for both 
normal and obliquely incident light. Consider an optical film, such as a cholesteric liquid crystal in the 
planar texture (TN), whose dielectric tensor is only a function of the coordinate z, which is perpendicular 
to the film: 


/fill (z) £12(z) £b(z)\ 


*e(z)= £21 (z) £22 (z) £23 (z) 

(3.117) 

\S3l(z) £32 (z) £33 (z) / 


For light incident in the x-z plane with incident angle a with respect to the z axis 
fields of the optical wave are 

(see Figure 3.8), the 

E = E(z)e- , '^ +! ' a " 

(3.118) 

H = H(z)e~ ikxX+i0}> 

(3.119) 

The Maxwell equations for the optical wave are 


V • D = V • (s 0 8 • E) = 0 

(3.120) 

V • B = V • (fiji) = 0 

(3.121) 

dB 

V x E = — — = —i}i o 0 )H 

(3.122) 

-> dD ^ -> 

V x H = —- = is G co s • E 
at 

(3.123) 


Because of Equation (3.120), it is required that 

2,71 

k x = k 0 sin a = — sin a = constant (3.124) 

A 
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Therefore 


Because the light is propagating in the x-z plane, 


From Equation (3.122) we have 


dy dz) X+ \dz dx) y+ \dx dy ) Z 

~lk)* + (!lt +ikxE *)y + ~ ikxE y )2 


—ili g mH = —in 0 a>(H x x + H y y + H z z) 


(3.125) 


(3.126) 


(3.127) 


In terms of components, we have 


0E y . 

—^ = iH 0 a>H x 
az 

dE x 

— = -ik x E z - in 0 (oH y 


(3.128) 

(3.129) 

(3.130) 


From Equation (3.123) we get 


v V ay dz ) X + V & ax J y + ( dx dy ) z 
= f-^V + {-zr+ ik x H z)y + ( -ik x H y )i 


- is n cDs • E 


In components we have 


-iGpW^Gi \E X + 812 Ey + s 13 E z ) 


(3.132) 


—7 = ~ik x H z + ii: 0 oj(i; 2 \ E x + s 2 2E y + &n E z ) 

Ely = — (c 3 | + 032 £> “f £33^z) 

kx 


(3.133) 

(3.134) 


From Equation (3.130) we have 


k x j., k x k 0 _ k x \fEo\Eg ^ k x 1 

[i 0 a> y k a n 0 m y k a n a y k a JJUe c 


f — _ _ f 

y Kn a y 


(3.135) 
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where rj 0 = fi 0 /e 0 = 376.98 Q is known as the resistance of vacuum. Equation ( 3 . 135 ) can be used 
to replace H z in Equation ( 3 . 133 ). From Equation ( 3 . 134 ) we can find 

E z = [( k x / fi 0 (D)Hy + £31 E x + s^Ey) = \{tj Q k x / ko)Hy + e^\E x + £ 32 ^ 7 ] ( 3 . 136 ) 

£33 £33 

which can be used to replace E z in Equation ( 3 . 129 ). Therefore only four components of the electric 
and magnetic fields are needed to specify the light. We define the Berreman vector 


— (E Xl rj 0 Hy, Ey , rj 0 H x ) 


( 3 . 137 ) 


Then we have 


w__ ik 

dz 


/ £31 

' -x — 

£33 

£13 £31 


£33 

0 

£23£31 
£33 


1 


+£11 -1 — 


-X —+ 1 

£33 
£13 

x- 

£33 

0 

£23 
X- 
£33 


£32 

- 1 — 
£33 


£l3 e 32 


+£21 -1 — -xr- 


£33 

0 

£23£32 


+£12 


£33 


o\ 


0 
1 

+£22 0 


i/j= - ikoQ -\j/ 


( 3 . 138 ) 


where % = k x /k Q . Note that Q \3 = Q42, Q\\ = Q22, and 04 1 = 623 because the dielectric tensor is 
symmetric. Equation ( 3 . 138 ) is known as the Berreman equation. If the dielectric tensor does not 
change in the region from z to z + A z, then Q (z) does not change in this region and the solution to 
Equation ( 3 . 138 ) is 


Hz + A Z) = e~ ik °Q^ z ■ Hz) = P (z) • Hz) ( 3 . 139 ) 

This equation can be used to calculate the Berreman vector in the optical film. In the calculation, the 
film is divided into N slabs as shown in Figure 3 . 8 . If the Berreman vector of the incident light is 1/q, the 



Figure 3.8 The coordinate system used to describe light propagation in the Berreman 4 x 4 method 
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Berreman vector i j/ 0 of the outgoing light can be numerically calculated by 

N ^ 

$ 0 = l[P(i\z)->fi (3.140) 

i= 1 

In this method, in order to obtain accurate results, the thickness of the slabs must be much 
thinner than 2/2n and thus the computational time is long. The number of slabs can be dramatically 
reduced and therefore the computation is much faster if the fast Berreman method is used 
[19, 20]. The fast Berreman method utilizes the Cayley-Hamilton theory that states P can be 
expanded as 


— p -ik a QAz _ 


P =e 


= y 0 I +7i (-ik 0 QAz) + y 2 (-ikoQAz) + y 3 (-ik 0 QAz) 


(3.141) 


where I is the identity matrix and y t (i = 0, 1, 2, 3) are the solutions of the following equations: 

y 0 + yi(~ik 0 Azqi) + y 2 (-ik 0 Azqi) 2 + y 3 (-ik Q Azqi) 3 e (~ lk oteqi) ; l ? 2, 3, 4 (3.142) 

where qi(i = 1, 2, 3, 4) are the eigenvalues of the Berreman matrix Q. That is, they are solutions of 
the equation 


\Q-qI \ = q 4 -IQnq 7, - (243 - fill +fil 2 fi 2 l)? 2 -2(fii3fi23 -fi43fill)? 

- (finfi43 + fi2lfii3 +fil2fi23 “2fillfil3fi23 “ fil2fi2lfi43) =0 (3.143) 


For a uniaxial liquid crystal with ordinary and extraordinary refractive indices n e and n a , respectively, 
when the liquid crystal director is n = (n x ,n y ,n z ), the dielectric tensor is 

( £ j_ +A sn^. A m x n y Am x n z \ 

A sn x n y e±-\-Aeriy A m y n z (3.144) 

A m x n z Asn y n z s±_ +Asn^) 


where s± = n 2 0 and Ae = ey — s± =n 2 e —n 2 0 . The Berreman matrix is given by 


Q = 


l 

(e_L +Am 2 ) 


-xAs n x n z 

(e± +A 

-XA en y it z 

0\ 

ex [ex +As(n 2 +« 2 )] 

~xAm x n z 

s±A£n x n y 

0 

0 

0 

0 

1 

s±Asn x n y 

-X&sn y n z (s_l 

~X 2 )(e± + Aen^) +s±Asriy 

V 
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The solutions of Equation (3.143) are 

(71/2 = ±(243 - 2l3223/2ll)^ 2 = ±[e_L “ / 2 ]^ 2 

<73/4 = fill ± (212221 + 2l3223/2ll)^ 2 


~xAsn x n z (£||S±) 1/2 


z i i Ae : 

£ 33 — X 1 - n 

fin ' 


1/2 


e ± + A en| + Aair 
Note that when n T — 0, 2n —^>0 and (2i3 —>0, but not Q\i/Q\ i. It can be derived that [16] 


(3.146) 


(3.147) 


(-ik 0 Az)°y _ 717374^*°^ 

1 ° Z y ° (71 - 72 X 71 - q 3 )(qi - 74 ) (72 ~ 7 l )(?2 ~ qy){qi ~ 74 ) 

q\qiqAe~ ikMqi 7l7273e _! *” Aa?4 

(73 ~ 7l)(73 - qi){q$ ~ 74) (74 - 7l )(74 - 72 )(74 - 73) 

. \ _ (7273 + 7274 + 7374)e~ ,<: ° Aa?1 (7173 + 7174 + 7374)g~ , *‘ ,Azi?2 

Z 71 (7i-72)(7i-73)(7i-74) (72 - 7l)(72 -73)(72 -74) 

| (7172 + 7174 + 7274)e~'^ Az<?3 | (7172 + 7173 + 7273)g~'*° Azi?4 
(73 - 7l)(73 - 72)(73 - 74) (74 - 7l)(74 - 72)(74 “ 73) 

(-ik 0 Az) 2 y 2 = - (72 + 73 + 74)g-^‘ _ (7l+73 +74X~ te 

2 (7l-72)(7l-73)(7l-74) (72 - 7l)(72 - 73)(72 - 74) 

(71 + 72 + q^e- 0 ^ (71 + 72 + q 3 )e~ lk ^* 

(73 - 7l)(73 - 72)(73 “ 74) (74 - 7l)(74 - 72)(74 - 73) 

3 7^-^Azg! _ g2 e-»*° a ^2 _ 

Z T3 (7l -72)(7i -73)(7i - 74) + ( 72 -7l)(72 -73)(72 -74) 

q^-lKteq, qAe -ik„Azqt 

(73 -7i)(73 - 72 X 73 -74) (74 -7i)(74 - 72)(74 - 73) (3.151) 


(3.148) 


(3.149) 


(3.150) 


We consider some special cases below. 

(7) Isotropic medium 

Consider an isotropic medium of dielectric constant e = n 2 , where w is the refractive index. From 
Equation (3.138) we have 


(° 

-X 2 
—+1 

o 

o 


^0 

(nk 0 ) 2 

0 

(0 

£ 

£ 

0 

0 

0 



0 

0 

0 

0 

0 

0 

1 


0 

0 

0 

1 

\0 

0 

-X 2 +£ 0/ 


1° 

0 

k l 

k l 

°y 


In the medium the wavevector is & = From Equations (3.146) and (3.147) we have the eigenvalues 
of the Berreman matrix 


^ 1,3/2,4 


±(n 2 — X 2 ) 1/2 = jp = irccosa 

Kq 


(3.153) 
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The eigenvalues are degenerate and in this case e lk »Q Az can be expanded as 

e -ik„Q Az =y J + y l{ _ iko $ Az) 

where y t (i = 0,1) are the solutions of the following equations: 

?o + lT (~ik z Az) = e~ ,k ‘ Az 

y 0 + yi (+ik z Az)=e +ikzAz 

From these two equations we find 

y a = cos(^Az) 

?i= i sin( ^ Az) 


(3.154) 

(3.155) 

(3.156) 

(3.157) 

(3.158) 


ihQkz _ C0S (^Az) 


( l 

0 

0 



( ° 

k 2 /k 2 

0 

°\ 

0 

1 

0 

0 


n 2 

0 

0 

0 

0 

0 

1 

0 

- l -j^sin(k z Az) 


0 

0 

0 

1 

\0 

0 

0 

1 / 


0 

n 2 k 2 /k 2 

0 / 

z^z) 


- 

'-^MLAz) 

0 


0 



ink . n . . 
- —smfcAz) 


cos(k z Az ) 

0 

0 


ik 

cos(k z Az) — —sin(k z Az) 
_^^sin(k z Az) cos(k z Az) J 


(3.159) 


We also know that Ei(z + A z) = e lkzAz Ei(z) and H((z + A z) = e lkzAz Hi{z){i = x,y). From Equation 
(3.139), in components we have 

E x (z + A z) = e~ lkzAz E x {z) = cos(k z Az)E x (z) - l -^sm(k z Az)t] 0 H y (z) (3.160) 

n 0 Hy{z + A z) = e~ ,kzAz ri 0 Hy(z) = cos(k z Az)t] 0 H y (z) - l -^sm(k z Az)E x (z) (3.161) 

E y (z + Az) = e~ ,kzAz E y (z) = cos(k z Az)E y (z) + ^sm(k z Az)ri 0 H x (z) (3.162) 

n 0 H x (z + Az) = e~ ,kzAz t] 0 H x (z) = cos(k z Az)r\ 0 H x {z) +^sin(k z Az)E y (z) (3.163) 
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Therefore 

(3.164) 

(3.165) 

The Berreman vector in the isotropic medium is 


, nk , . n 
, loHy{z )=- E x{z )=— E x{z ) 

~rio H x{z) = J-Eyiz) = ncosccE y (z) 


ijj T = (E x n E x E y «cosa£ v ) (3.166) 

V cos a 7 / 

From Equation (3.136) we have 

— 1 — l yi sin oc 

E z = — [{t] o k x /k 0 )H y + 8 3 i E x + e 22 E y ] = — (k x /k 0 ) - E x (z) =- E x (z) (3.167) 

£ COS CL COS CL 

The intensity of light is 

I = n (\E p \ 2 + |£s| 2 ) =n [(|£ x | 2 + |£ i; | 2 ) + |£ ) ,| 2 ] = n(|^| 2 /cos 2 a + n|£ y | 2 ) (3.168) 

where E p and E s are the components of the electric vector in and perpendicular to the incident plane, 
respectively. 

(2) Cholesteric liquid crystal 

For a uniaxial cholesteric liquid crystal that has chirality q Q and refractive indices n 0 and n e , when it is in 
the planar state, n x = cos (q 0 z), n y = sin (q 0 z), and n z = 0. The dielectric tensor is 

( fill £12 0 \ / +Aecos 2 (q 0 z) A£sm(q 0 z)cos(q 0 z) 0 \ 

£12 £22 0 = As sin(q 0 z)cos(q 0 z) £_l +Aecos 2 (g 0 z) 0 (3.169) 

0 0 £33 / \ 0 0 £_l / 

The Berreman matrix is 


0 1 — Z 2 / e J- 0 o\ 

8 _l + Agn 2 0 Ag n x n y 0 

0 0 0 1 1 ' j 

Ag n x n y 0 (sx-X 2 )+Ag« 2 0J 


From Equations (3.146) and (3.147) we get the eigenvalues of the Berreman matrix 


<h/2 = ±[s± - Z 2 ] 1/2 


(3.171) 



(3.172) 
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Outside the cholesteric cell, the medium is an isotropic medium with refractive index n g . On top of the 
cholesteric film (incident side), there is incident light and reflected light, and the actual Berreman 
vector is the sum of the Berreman vectors of the incident light and reflected light. From Equation 
(3.166) we know that for the incident light, the Berreman vector is 

\pi = ^ E x i ^ E x i Eyi ?ig cos (xEyi ^ (3.173) 

For the reflected light, because it propagates in the reverse direction, the Berreman vector 
is 


Z = (e. 


- E xr Eyr — n g COS OiEyr 


(3.174) 


At the bottom of the cholesteric film, there is only the transmitted light whose Berreman vector is 


= (E xt — 
V cos c 


E xt E yt n e cos a E, 


<yt 


(3.175) 


We divide the cholesteric film into N slabs with thicknesses A z. The Berreman vectors at the 
boundaries between the slabs are 


l/'(0) = '/'( + ir 

tf ( l ) = P(z i )-^( 0 ) 

^(2) = P(z 2 )-$(l)=P(zi)-P(zi)-$(0) 


N ^ N <-+ <-+ 

= = Y[ p (zi)(zN)-HO) = Y[P(zi)(z N )-(>fi + h)= B ■$i + 'l'r) 


(3.176) 


i=l 


i= 1 


where the P for each slab can be numerically calculated by using the fast Berreman method. In 
components, Equation (3.176) contains four equations: i/q is given; \j/ r and i j/ t have two unknown 
variables each and can be found by solving equation (3.176). We define a new vector ij/ t / r : 


'I't/r = ( 


- ( E, X E[y E rx Ely J 


The Berreman vectors of the transmitted and reflected light are related to \jj t j r by 


(3.177) 


= 


(l 0 0 0\ 

n g /cos a 0 0 0 

0 10 0 
Vo n g cos a 0 0 / 


‘^t/r= A t^ t /r 


(3.178) 


t = 


(0 0 1 

0 0 —w^/cosa 

0 0 0 

Vo 0 0 


0 \ 

0 

1 

—n g cos a ) 


■ 'I't/r = A r ■ it/r 


(3.179) 
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From Equation (3.176) we have 

A,■ {ifi+A r -ift /r ) (3.180) 

$ t/r = (A,+ B -A r )~ l B (3.181) 

The reflectance can be calculated by 

R = [{E xr / cos a) 2 + E 2 yr \/[(E xi / cos a) 2 + E 2 ] (3.182) 

Therefore the transmittance can be calculated by 

T = \(E xt j cos a) 2 + £ 2 ]/[(£^/cos a) 2 + E yi ] (3.183) 


The reflection of a cholesteric liquid crystal in the planar texture depends on the polarization state of 
the incident light and how the reflected light is measured. As an example, we consider a cholesteric liquid 
crystal with the following parameters: P Q = 338 nm, cell thickness h = 5070 nm, n 0 = 1.494, and 
n e = 1.616. The incident angle is 22.5°. The refractive index of the glass substrates is 1.5. On the surface 
of the glass substrates there are an indium-tin-oxide (ITO) conducting film and a polyimide alignment 
layer. The thickness of the ITO film is 25 nm and its refractive index is n(X) = 2.525 — 0.0012712, 
where 2 is the wavelength of light in units of nanometers. The thickness of the polyimide is 98 nm and its 
refractive index is 1.7. The reflection spectra are shown in Figure 3.9 [21]. In Figure 3.9(a) and (b), the 
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Figure 3.9 The reflection spectra of the cholesteric liquid crystal, (a) Incident light: a polarization 
and parallel to the liquid crystal director on the entrance plane; detection: o polarization, (b) Incident 
light: a polarization and perpendicular to the liquid crystal director on the entrance plane; detection: a 
polarization, (c) Incident light: a polarization; detection: n polarization, (d) Incident light: unpolarized; 
detection: unpolarized [21] 
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incident light is linearly polarized perpendicular to the incident plane and the component of the reflected 
light in the same direction is measured. In Figure 3.9(a), the polarization of the incident light is parallel to 
the liquid crystal director in the entrance plane, while in Figure 3.9(b) the polarization is perpendicular to 
the liquid crystal director in the entrance plane. The spectra are very different because of the interference 
between the light reflected from the liquid crystal and the light reflected from the interfaces between the 
glass substrate, the ITO electrode, the alignment layer, and the liquid crystal. In Figure 3.9(a) the 
components interfere destructively and therefore there is a dip in the middle of the reflection band. In 
Figure 3.9(b) they interfere constructively and therefore the reflection is higher in the middle of the 
reflection band. In Figure 3.9(c), crossed polarizers are used. The light reflected from the interfaces 
cannot go through the analyzer and is not detected. The linearly polarized incident light can be 
decomposed into two circularly polarized components, and one of them is reflected. The reflected 
circularly polarized light can be decomposed into two linearly polarized components, and one of them 
passes through the analyzer. Therefore the maximum reflection is 25%. In Figure 3.9(d) the incident light 
is unpolarized and ah the reflected light is detected. The reflection in the band is slightly higher than 50% 
because of the light reflected from the interfaces. The fringes are due to the finite thickness of the liquid 
crystal. They exist even when the substrates have a refractive index that matches that of the liquid crystal, 
but disappear for infinitely thick samples. These simulated results agree very well with experimental 
results. 


Homework Problems 

3.1 Use the Jones matrix method to numerically calculate the transmittance of a 90° twisted nematic 
display in the field-off state as a function of the retardation u = 2A nh/L The polarizers are 
parallel to each other and are also parallel to the liquid crystal director at the entrance plane. 
Compare your result with Figure 3.4. 

3.2 Consider a 90° twisted nematic cell sandwiched between two polarizers. Use Equation (3.45) to 
calculate and plot the transmittance as a function of u = 2Anh/X in the following case. The 
polarizers are parallel to each other and the transmission axis of the polarizer at the entrance plane 
is parallel to the liquid crystal director. 

3.3 Using the definition of the Stokes vector, derive the Mueller matrix given by Equation (3.70) of an 
optical element whose Jones matrix is given by Equation (3.69). 

3.4 Linearly polarized light is normally incident on a homogeneously aligned nematic liquid crystal 
that acts as a half-wave plate. The polarization is along the x direction. The liquid crystal director 
is at an angle of 22.5° with respect to the x axis. Sketch the polarization trajectory on the Poincare 
sphere when the light propagates through the liquid crystal. 

3.5 Derive the Mueller matrix given by Equation (3.77) of a retarder whose retardation is T and its 
slow axis makes an angle </> with respect to the x axis. 

3.6 Use Equations (3.34) and (3.70) to derive Equation (3.114). 

3.7 In the Berreman 4x4 method, using V • D = 0, prove that k x = constant. 

3.8 Using the Q given by Equation (3.145), prove that the q given by Equations (3.146) and (3.147) 
are solutions of Equation (3.143). 

3.9 Cell thickness dependence of the reflection of a cholesteric liquid crystal in the planar state. The 
pitch of the liquid crystal is P = 350 nm. The refractive indices of the liquid crystal are n e = 1.7 
and n 0 = 1.5. The liquid crystal is sandwiched between two glass plates with refractive 
index n g = 1.6. The incident light is circularly polarized with the same helical handedness as 
the liquid crystal. Neglecting the reflection from the glass-air interface, calculate the reflection 
spectrum of the liquid crystal with cell thicknesses P, 2 P, 5P, and 10P using first the Berreman 
4x4 method and second a method using Equation (2.176). Compare the results from the two 
methods. 
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3.10 Use the Berreman 4x4 method to calculate the reflection spectra of the cholesteric film under 
the polarization conditions specified in Figure 3.9. The parameters of the cholesteric liquid crystal 
are also given in Figure 3.9. 

3.11 A uniaxial birefringent film is sandwiched between two crossed polarizers. The transmission axis 
of the polarizer at the entrance plane is along the v axis. Use the Jones matrix method and the 
Berreman matrix method separately to calculate the transmittance pattern in the following two 
cases as a function of the polar and azimuthal angles 6 and </> of the incident light. (1) An a plate 
has retardation And = A and its slow axis makes an angle of 45° with respect to the x axis. (2) A c 
plate has retardation And = A. If the results obtained by the two methods are different, explain the 
difference. Neglect reflection in the Berreman method. 
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4 

Effects of Electric Field 
on Liquid Crystals 


One of the main reasons, if not the only reason, that liquid crystals are of great importance in display 
applications is their ready response to externally applied electric fields [1, 2]. Their direction can be 
easily changed by electric fields produced by applications of a few volts across the liquid crystal cells. 
They are either dielectric or ferroelectric materials with high resistivities and thus consume little energy. 
When the liquid crystals reorient, their optical properties change dramatically because of their large 
birefringences. In this chapter, we will first discuss how liquid crystals interact with externally applied 
electric fields, and then consider their applications. 


4 .1 Dielectric Interaction 

Uniformly oriented uniaxial nematic liquid crystals of rod-like molecules are non-polar because of the 
intermolecular interaction and the resulting symmetry of D^ (i n Schoenflies notation) [3]. The 
continuous rotational symmetry axis is parallel to the liquid crystal director n. A uniformly oriented 
nematic liquid crystal is invariant for a rotation of any angle around n. It is also invariant for the 
reflectional symmetry operation about the plane perpendicular to n. In the absence of an external electric 
field, it has non-polar cylindrical symmetry. If the liquid crystal molecules have a permanent dipole 
along the long molecular axis, the dipole has the same probability of pointing up and pointing down with 
respect to the liquid crystal director n. If the permanent dipole is perpendicular to the long molecular 
axis, it has the same probability of pointing in any direction perpendicular to the director. There is no 
spontaneous polarization and therefore uniformly aligned nematic liquid crystals are dielectrics. 


4.1.1 Reorientation under dielectric interaction 

When an electric field is applied to a nematic liquid crystal, it induces polarization. As discussed in 
Chapter 1, the induced polarization depends on the orientation of the liquid crystal director with 
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n 


Figure 4.1 Schematic diagram showing the field decomposed into components parallel and 
perpendicular to the liquid crystal director 


respect to the applied field because the permittivity in the direction parallel to n is different from that 
in the direction perpendicular to n. When the applied field is parallel to n, the permittivity is x\\ when 
the applied field is perpendicular to n, the permittivity is x±- When the applied field is neither parallel 
nor perpendicular to n, as shown in Figure 4.1, the applied electric field can be decomposed into a 
component parallel to n and another component perpendicular to n. The induced polarization is given 
by 


P = £oX\\{E ■ n)n + s 0 Xj_[E - ( E-n)n\ = s a [x±E + A/{E ■ n)n\ (4.1) 

The dielectric constants S|| and are related to the permittivities by sy = 1 + X\\ and £_l = 1 + Xj_- 
Therefore Ax = X\\ ~ X± = e || — £_l = As. The electric energy of the liquid crystal per unit volume is 
approximately given by (a detailed discussion will be presented in Chapter 7) 

f electric \p-E= o[x ± E + A x(E ■ n)n] ■ E = ~^e 0 X±E 2 ~ ^« 0 Ae(£ • n) 2 (4.2) 

When the applied field is low, As can be approximately considered as a constant independent of the field. 
The first term on the right hand side of Equation (4.2) is independent of the orientation of the director 
with respect to the applied field, and thus can be neglected in consisdering the reorientation of liquid 
crystals in electric fields. The second term depends on the orientation of the director with respect to the 
applied field. When n is perpendicular to E, (E • n) 2 = 0. When n is parallel or anti-parallel to E\ 
(.E • n) 2 = E 2 . If the liquid crystal has a positive dielectric anisotropy (As > 0), the electric energy is 
minimized when the liquid crystal director is parallel or anti-parallel to the applied field; therefore the 
liquid crystal tends to align parallel (or anti-parallel) to the applied field. Conversely, if the dielectric 
anisotropy is negative (As < 0), then the electric energy is low when the liquid crystal director is 
perpendicular to the applied field; therefore the liquid crystal tends to align perpendicular to the applied 
field. The dielectric responses of liquid crystals to DC and AC electric fields are the same (except the 
dielectric constants may be frequency dependent). For most nematic liquid crystals, the dielectric 
anisotrpoy is in the region from —5 to +30. For example, when As = 10 and the applied electric 
field is 1 V/pm = 10 6 V/m, the electric energy density is ^c 0 AsE 2 = 44.2 J/m 3 . The reorientation of 
liquid crystals under dielectric interactions will be discussed in more detail in Chapters 5 and 7. 

4. 1.2 Field-induced orientational order 

Besides aligning liquid crystals, external electric fields can also change the orientational order and thus 
the electro-optical properties of liquid crystals. When the long molecular axis of a liquid crystal 
molecule, whose anisotropy of polarizability is positive, is parallel to the applied field, the potential of 
the molecule is low. Thus the applied field suppresses the thermal fluctuation and increases the order 
parameter. Now we discuss how the orientational order of a nematic liquid crystal changes with applied 
fields. Using the Landau-de Gennes theory, the free energy density of a liquid crystal in an electric field 
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(when the liquid crystal director is parallel to the field) is [4] 

/ = - \z 0 z\\E 2 + \a{T - T*)S 2 -^bS 3 + IcS 4 (4.3) 

As discussed in Section 1.5.2, £||+2e^ = constant, i.e., 3s|| — 2Ag = constant and therefore 
£II = (2/3)(Ae + constant). Equation (1.114) shows that the dielectric anisotropy Ae is a linear function 
of the order parameter S. At a temperature below the nematic-isotropic transition temperature and under 
zero applied field, when the order parameter is S 0 , the dielectric anisotropy is (A s) 0 . Approximately we 
have 


2(A s) 0 n 2 

By = S + - x constant 


(4.4) 


In the calculation of the order parameter by minimizing the free energy, the constant term can be 
neglected. The free energy density becomes 


/ = - ^ 0 aE 2 S + l -a{T - T*)S 2 - l -bS 3 + ^cS 4 (4.5) 

where a = 2(As) 0 /3S 0 . The first term on the right hand side of Equation (4.5) is negative and decreases 
with increasing order parameter, provided the dielectric anisotropy is positive. Therefore the applied 
field tends to increase the order parameter. Even in the isotropic phase at temperatures above the 
nematic-isotropic phase transition temperature, nematic order is induced by the applied electric field. 
This phase with field-induced order parameter is referred to as the paranematic phase. 

We define the normalized field e = £ 0 ocE 2 /2c, the normalized temperature t = a(T — T*)/c, and 
P = b/c. The normalized free energy density becomes 

-= -eS + ltS 2 -lps 3 +I 5 4 (4.6) 

c 2 3 4 

The order parameter S as a function of the applied field E can be found by minimizing the free energy: 


d(//c) = _ e + tS _ ps 2 + S 3 = 0 (4.7) 

OS 

There are three solutions to Equation (4.7). At a given temperature, the real order parameter is one 
that minimizes the free energy. When the applied field is low, the induced order parameter in the 
paranematic phase is small. When the temperature is lowered, there is a paranematic-nematic phase 
transition. At the phase transition, the order parameter changes discontinuously. As the applied field 
is increased, the paranematic-nematic phase transition temperature t PN increases, as shown in 
Figure 4.2(a), and the jump in the order parameter at the transition becomes smaller, as shown in 
Figure 4.2(b). When the applied field is increased above a critical field E c , the jump in the order 
parameter becomes zero. The phase transition temperature, the jump in the order parameter AS at the 
transition, and the critical field E c can be derived without explicitly calculating the order parameter. 
Let the order parameter in the paranematic phase be S 1 and the order parameter in the nematic phase 
be S 2 . At the transition temperature t PN , we have 


£ + tpjsfS\ — f3S 2 + S j = 0 


(4.8) 
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Figure 4.2 Schematic diagram showing how the transition temperature changes with the applied field 


-e + t PN S 2 - r>S\ + S\=() (4.9) 

Also at the transition temperature t PN , the free energies corresponding to these two solutions are the 
same, namely 


-eS\ +-tpNS\ - + -S^ — — -eS2 + 2 tpN $ 2 ~ 3^2 + 4^2 

which gives 


— 4 e + 2 tp^(S 2 + S2) — — P(S\ + S1S2 + ^ 1 ) + ($2 + ^ 2 X ^2 + S2) — 0 (4.10) 

In Equations (4.8), (4.9), and (4.10), there are three variables Si, S 2 , and t PN . By solving these 
three equations we can find these three variables. For example, we can take the following approach 
to find them. Subtracting Equation (4.8) from Equation (4.9) give 

tp N (S 2 - Si) - I3(sj - sj) + (S 3 2 -sj)= 0 


or 


tpN — P(S 2 + Si) + (S 2 + S 2 S{ + Sj) — 0 


(4.11) 


S 2 x Equation (4.9) — Si x Equation (4.8) gives 

-e(S 2 - Si) + tp N (S\ - 5?) - / 3(S 3 2 - Sj) + (S% - Sf) = 0 


or 


-e + t PN (S 2 + Sj) - P{Sj + S X S 2 + Sj) + (Sj + Sj)(S 2 + S 2 ) = 0 (4.12) 

Equation (4.12) - Equation (4.10) gives 


3e — tpjy ($2 + S\) + + ^ 1^2 + •S'i) — 0 


(4.13) 
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4 x Equation (4.12) — 3 x Equation (4.10) gives 

8 c - 2 t PN (S 2 + Si) + (S\ + S\){S 2 + Si) = 0 (4.14) 

P x Equation (4.11) — 3 x Equation (4.13) gives 


Substituting Equation (4.15) into Equation (4.11) we have 

S\ + S\S 2 +S\ = fib - tpN = j' ~ (4.16) 

(/) -3 tpN) 

Substituting Equation (4.15) into Equation (4.14) we have 


8e _ 2(Ptp N + 3 et PN - 4 ep 2 ) 
h (PtpN ~ 9e) 


(4.17) 


Because 2(^2 + S 2 S 1 + S\) — (5^ + S 2 ) = (S 2 + S 1 ) 2 , from Equations (4.15), (4.16), and (4.17) we 
have 


6(tp N - 3eP) 2 (P$ n + 3_etm - 4cff 2 ) [pt PN - 9c) 2 
{p 2 - 3 t PN ) {Ptp N - 9c) (p 2 - 3 t PN ) 2 

From Equation (4.18) the transition temperature is found to be 

2 p 2 3c 

tNP= ^~ + J 

The unnormalized transition temperature is 


Tpn 


* 2b 1 3 cs 0 olE 2 3c8 0 olE 2 

r 9ac 2a£> = 2afc 


(4.18) 


(4.19) 


(4.20) 


where T NI is the nematic-isotropic phase transition temperature under zero field. At the paranematic- 
nematic transition 


62 + S \ 



(4.21) 


which is a constant independent of the applied field. The jump in the order parameter at the transition is 
given by 


AS = S 2 -S X = [2{S 2 2 + S 2 ) - (S 2 + Si) 2 ] 1/2 = 




1/2 


(4.22) 
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At the critical field e c , the jump in the order parameter becomes zero, i.e., AS = 0. Therefore the critical 
field is 



(4.23) 


The unnormalized critical field is 



(4.24) 


For example, for a liquid crystal with b = 1.6 x 10 6 J/m 3 , c = 3.9 x 10 6 J/m 3 , and a = 10 (the 
dielectric anisotropy in the nematic phase at zero field is about 10), the critical field 
is E c = 15 V/pan. The induced order parameter at the critical point about is 0.15. This has been 
confirmed experimentally [5]. At such a high field, attention must be paid to avoiding the heating effect 
of the field on the liquid crystal cell and the electrical breakdown of the material. 

4.2 Flexoelectric Effect 

4.2.1 Flexoelectric effect in nematic liquid crystals 

Uniformly oriented uniaxial nematic liquid crystals have non-polar cylindrical symmetry in the absence 
of an external electric field. If the liquid crystal molecules have a permanent dipole along the long 
molecular axis, the potential for the orientation of the dipole has reflectional symmetry about the 
plane perpendicular to the director n and the dipole has the same probability of being parallel and 
anti-parallel to the director, as shown in Figure 4.3(a). If the permanent dipole is perpendicular to the 
long molecular axis, the potential for the orientation of the dipole is cylindrically symmetric around 
the director and the dipole has the same probability of pointing in any direction perpendicular to the 
director, as shown in Figure 4.3(c). 

If the orientation of the liquid crystal is not uniform and the constituent molecules are not cylindrical, 
the properties discussed in the previous paragraph are no longer true [1,2]. For pear-shaped molecules, 
because of the stero-interaction, splay deformation of the liquid crystal director will destroy the 
reflectional symmetry about the plane perpendicular to the director, as shown in Figure 4.3(b). The 
permanent dipole along the long molecular axis has a higher probability of pointing in one direction than 



^ ^ Polar 


A Polar axis 
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Figure 4.3 Schematic diagram showing the deformation of the liquid crystal director and induced 
spontaneous polarization 
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the opposite direction, and therefore spontaneous polarization along if becomes possible. For banana¬ 
shaped molecules, bend deformation will destroy the rotational symmetry around the director, as shown 
in Figure 4.3(d). The permanent dipole perpendicular to the long molecular axis has a higher (or lower) 
probability of pointing in the direction of n x V x n than in other directions perpendicular to the director 
n, and spontaneous polarization along the direction of n x V x n may occur. This director deformation- 
induced polarization was first pointed out by Meyer and was called the ‘piezoelectric’ effect in analogy 
to induced polarization in solid crystals by strain under externally applied pressure [6]. Because the 
director deformations in nematics are usually not produced by pressure, ‘flexoelectric’ is more popularly 
used in order to avoid confusion. 

In the case of pear-shaped molecules, the value of the induced polarization is proportional to the splay 
deformation V • n and its direction is along n. In the case of the banana-shaped molecules, the induced 
polarization is proportional to the bend deformation n x V x n. Including both cases, the induced 
polarization is given by 


Pf = e s (n\7 • n) + e b (n x V x n) (4.25) 

where e s and e b are the flexoelectric coefficients and have the dimension of electric potential 
(volt). The magnitude of the flexoelectric coefficients depends on the asymmetry of the molecule’s 
shape and the permanent dipole moment and their sign could be either positive or negative. The 
energy of the induced polarization in an electric field E is —Pf • E. 

In liquid crystals with the capability of the flexoelectric effect, in the absence of external electric 
fields, the state with uniform director configuration, which has no induced polarization, is the ground 
state and is stable. When an electric field is applied to the liquid crystal, the uniform orientation 
becomes unstable, because any small orientational deformation produced by thermal fluctuations or 
boundary conditions will induce a polarization which will interact with the electric field and result in 
a lower free energy. The torque on the molecules due to the applied field and the induced 
polarization tends to make the deformation grow. Of course, the deformation costs elastic energy 
which is against the deformation. The electric energy of the induced polarization, which is linearly 
proportional to the deformation, dominates in the beginning where the deformation is small. The elastic 
energy, which is proportional to the square of the deformation, dominates when the deformation is large. 
In the end, the system reaches the equilibrium state in which the electric torque and the elastic torque 
balance each other. 

Now we consider the experiments which can be used to study the flexoelectric effect and can also 
be used in electro-optical applications. Figure 4.4 shows the geometry for studying the flexoelectric 
effect in bend deformation [2, 7]. The substrates are coated with a homeotropic alignment layer with 
very weak anchoring strength. The liquid crystal used has a small negative dielectric anisotropy Ae. In 
the absence of external electric fields, the liquid crystal is in the uniform homeotropic state as shown 
in Figure 4.4(a). When an electric field is applied along the —v direction, bend deformation occurs, as 
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Figure 4.4 Schematic diagram showing the flexoelectric effect in the bend deformation 
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shown in Figure 4.4(b), due to the flexoelectric effect. The dielectric energy in the field is neglected as 
an approximation because As is very small. The free energy density is 

/ = x n x Viz) 2 Pj • E = -K^(n x n x Viz) 2 — e b (n x n x Viz) • E (4.26) 

The components of the liquid crystal director are 

n x = sin0(z), n y = 0, n z = cos 0(z) (4.27) 

When the applied voltage is low, the deformation is very small and 6 is very small. The divergence 
V • iz = —sin 606/Oz is a 2 nd order small quantity and the splay elastic energy is so small as to be 
negligible. The curl of iz is 


V 


,06, 
x n = cosO—y 
dz 


(4.28) 


and that of the bend is 


V6 


06 _ 


06, 


iz x V x iz = —cos z 6—x + sin0cos0— -z ~ — —v 


Oz 


Oz 


Oz 


(4.29) 


Equation (4.26) becomes 





Minimizing the free energy 


Sf 

56 


d_( Of 

dz \06 




Because 06 /Oz = 0 when E = 0, 


(4.30) 


(4.31) 


06 _ e b E 
~0z ~ ^33 


(4.32) 


If the anchoring of the liquid crystal at the cell surface is very weak, the solution to Equation (4.32) is 



(4.33) 


It is worthwhile pointing out two characteristics of the flexoelectric effect. First, there is no threshold 
for the applied field, which is different from the Freedericksz transition where there is a threshold 
below which no deformation occurs. Deformation of the director configuration occurs under any 
field. Secondly, the direction of the bend depends on the polarity of the applied field, which is also 
different from the Freedericksz transition where the deformation is independent of the polarity of the 
applied field. 
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One of the experimental methods for studying the orientation of the liquid crystal 
under the flexoelectric effect is to measure the retardation of the liquid crystal cell, which is given by 

h/2 h/2 

A nd = J [n e ff(z) - n 0 \dz = 2 J \n e jf(z) - n Q \dz (4.34) 

-h/2 0 

where n e is the effective refractive index of the liquid crystal and is given (for normal incident light 
with linear polarization along the x direction) by 


n eff=- 


n e n 0 


yjn 2 cos 2 6 + n 2 sin 2 0 yjn 2 — (n 2 — n 2 ) sin 2 0 

For small 6 we have the approximation n e ff = n 0 [l + (l/2)(l — n 2 /n 2 )0 2 ]. Thus 


h/2 


And = 


n 0 [ 1 - -4 ) 9 2 dz = n () [ 1 - % 


0(z=h/2) 


i) i 


9 2 [l/f)dd 
dz 


n 2 j24\K 33 


E 2 h 3 


(4.35) 


(4.36) 


In the Freedericksz transition, when the applied field is slightly above the threshold E c , the tilt is 
proportional to y/E — E c and the retardation is proportional to (E — E c ) (see Chapter 5 for details). 

In the experiment performed by Schmidt et al. on the liquid crystal MBBA [ 8 ], for a field of 0.3 V/pm, 
the variation rate d6/dz was about 1 x 10 -4 pm -1 . The elastic constant was K 33 =7.5 x 10“ 12 N. The 
flexoelectric coefficient e b has a value of about 2.5 x 10“ 15 V. 

If Ae were negative but not very small, the dielectric interaction would prevent the deformation of the 
director configuration. We estimate the dielectric anisotropy Ae, which will make the flexoelectric effect 
disappear, in the following way. The dielectric energy is —(l/2)e 0 A ,e(E • n ) 2 = — (l/2)e o Aeii 2 sin 2 0, 
which operates against the deformation. The average tilt angle is (dQ/dz)(h/ 4). The average dielectric 
energy is approximately — (l/2)s 0 A£E 2 [(d6/dz)(h/4)] 2 . The flexoelectric energy is — e b E{d6/dz ), 
which favors the deformation. If both energies were the same, the deformation would be hindered: 
— (1/2)£ 0 AsE 2 [(06/dz)(h/4)] 2 = e b E(dO/dz), which gives Ae = — 8eb/[£ o E(d0/dz)h 2 ]. Using the 
values in the previous paragraph, we get Ae = —0.75. Moreover, because the flexoelectric energy is 
linearly proportional to E while the dielectric energy is proportional to E 2 , the dielectric effect will 
become dominant at high fields. Therefore, only when | Ae| 0.75 and at low fields do we have a pure 
flexoelectric effect. If Ae were positive and not very small, the liquid crystal would be aligned parallel to 
the applied field under the weak anchoring condition. Therefore, in order to have the flexoelectric effect 
described in the previous paragraph under a field of 0.3 V/pm, the dielectric anisotropy should be 
negative and its absolute value should be much smaller than 0.75. 

The geometry shown in Figure 4.4 can be used for an electrically controlled birefringence device. 
For normal incident light with polarization parallel to the x axis, it encounters the refractive index n 0 
in the field-off state. When an electric field is applied along the v direction, the liquid crystal 
molecules tilt and the light will encounter the refractive index n e ff. Therefore the retardation of the 
liquid crystal cell is changed. The flexoelectric effect can also be used in the switching of bistable 
nematic displays with asymmetrical anchoring conditions [9]. 

Figure 4.5 shows the geometry for studying the flexoelectric effect in splay deformation [2]. The 
substrates are coated with a homogeneous alignment layer with very weak anchoring strength. The 
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Figure 4.5 Schematic diagram showing the flexoelectric effect in the splay deformation 


liquid crystal used has a small positive dielectric anisotropy As. In the absence of external electric 
fields, the liquid crystal is in the uniform homogeneous state as shown in Figure 4.5(a). When an 
electric field is applied along the v direction, a splay deformation occurs due to the flexoelectric effect, 
as shown in Figure 4.5(b). The director configuration in the equilibrium state can be calculated in a 
similar way as in the bend case. 


4.2.2 Flexoelectric effect in cholesteric liquid crystals 

The flexoelectric effect also exists in cholesteric liquid crystals because the orientational order is 
locally the same as in nematic liquid crystals. Here we consider the cell geometry shown in Figure 4.6 
[2, 10-12]. The cholesteric liquid crystal is sandwiched between two parallel substrates with a 
transparent electrode. A homogeneous alignment layer is coated on the inner surface of the substrates. 
When the liquid crystal is cooled down from the isotropic phase under an external electric field, the 
helical axis h of the liquid crystal is parallel to the substrate and uniformly aligned along the v axis by 
the alignment layer, as shown in Figure 4.6(a) and (b). The liquid crystal with undistorted helical 
structure behaves like an optically uniaxial medium (when the pitch is much smaller than the 
wavelength of light) with uniaxis o coincident with the helical axis. The dielectric anisotropy As is 
very small and the dielectric interaction is negligible. When an electric field is applied across the cell 
along the z axis, the helical structure is preserved and the pitch is unchanged, and the helical axis 
remains parallel to the substrate. Because the helical structure is incompatible with the planar 
boundary condition, there are director deformations near the surface and thus there is induced 
polarization. The applied field interacts with the induced polarization and makes the in-plane 
component of the liquid crystal director tilt, as shown in Figure 4.6(c). This tilting will produce 
more distortion and therefore induce more polarization. 


1- 

r z 

-1 

— 1 

i ■ ■ • ■ 111 

lllallll i 

| | 1 1 " 1 1 | | * 

1 


(a) 



Figure 4.6 Schematic diagram showing the flexoelectric effect in the cholesteric liquid crystal 
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The components of the liquid crystal director in the distorted state are 

n x = sim/f sin(g 0 v), n y = — cosi/f sin(q 0 x), n z = cos (q 0 x) (4.37) 

where \)/ is the tilt angle of the in-plane component of the director. Now the uniaxial optic axis o is also 
tilted by the same angle. The induced polarization is 

Pf = e s (H V • n) + eb(n xVxh) 

= e s q Q sin i/r sm(q 0 x)cos(q 0 x) [sim/a: - cosily] + e s q Q sin ^ cos 2 (q 0 x)z 

? (4.J8J 

+ e^qo sin i/r sin {q 0 x) cos (q 0 x) [—sin xj/x + cosily] + ^g 0 sini^ sirr(q 0 x)z 
= e s q 0 siml/z 

where the approximation e s = ej, is used. The free energy density is 

/ = ^li^sin 2 '/' + ^ k 22 {q 0 ~ q 0 cos<l/) 2 - e s q a E sini j> (4.39) 

where the approximation K\ \ = K 33 is used. For small {[f, sim // (1 — cosi/f) « 0, and then we have 

the approximation 


f = ^K n q 2 J 2 - e s q 0 E\l/ 
Minimizing / with respect to \/j, we get 


(4.40) 


xjj = e s E/K n q 0 (4.41) 

The tilt angle is linearly proportional to E. When the polarity of the applied voltage is reversed, the optic 
axis will be tilted in the opposite direction. In the rotation, the torque due to the elastic and electric 
energies is balanced by the viscosity torque: 

dil/ df 9 

= ~d l j / = ~ Knq ^ + eq ° E (4 - 42) 

where y is an effective viscosity coefficient. If the applied field is turned off from a distorted state with tilt 
angle \j/ 0 , the solution to Equation (4.42) is i/f = The relaxation time is t = y/K\\q^. For short- 

pitch cholesteric liquid crystals, z can be as small as 100ps [13]. This flexoelectric effect of the 
cholesteric liquid crystal can be used to modulate light intensity when the liquid crystal cell is placed 
between two crossed polarizers because the optic axis can be tilted by applying an electric field. 

4.3 Ferroelectric Liquid Crystals 

4.3 . / Symmetry and polarization 

We have mentioned that it is impossible for uniformly oriented nematic liquid crystals to have 
spontaneous polarization because of their Dhoc symmetry. Now let us consider the possibility of 
spontaneous polarization in other liquid crystal phases. For rod-like molecules, it is impossible in any 
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liquid crystal phase to have spontaneous polarization along the liquid crystal director because n and —n 
are equivalent. 

Cholesteric liquid crystals consist of chiral molecules and therefore do not have reflectional 
symmetry. The symmetry group of cholesteric liquid crystals is D 2 [1,3]. A cholesteric liquid crystal is 
invariant for the two-fold (180°) rotation around n, which rules out the possibility of spontaneous 
polarization perpendicular to n. It is also invariant for the two-fold rotation around an axis that is 
perpendicular to the n—h (the helical axis) plane, which rules out the possibility of spontaneous 
polarization parallel to n. Therefore there is no ferroelectricity in the cholesteric phase. 

Smectic-A liquid crystals, besides having orientational order as nematics, possess 1-D positional 
order. They have a layered structure. The liquid crystal director n is perpendicular to the smectic 
layers. The symmetry of smectic-A crystals is D 0Q h if the constituent molecule is achiral or D 00 if the 
constituent molecule is chiral. It is invariant for any rotation around n. It is also invariant for the two¬ 
fold rotation around any axis perpendicular to n. The continuous rotational symmetry is around n and 
therefore there is no spontaneous polarization in any direction perpendicular to n. Hence it is 
impossible to have spontaneous polarization in smectic-A crystals even when the constituent molecule 
is chiral. 

Smectic-C liquid crystals are similar to smectic-A liquid crystals except that the liquid crystal director 
is no longer perpendicular to the layer but tilted. For the convenience of our symmetry discussion, let us 
introduce a unit vector a which is perpendicular to the layer. The symmetry group is C 2 h • The two-fold 
rotational symmetry is around the axis that is perpendicular to the n—a plane (which contains both n and 
a). This implies that there is no spontaneous polarization in the n—a plane. The reflectional symmetry is 
about the n—a plane, and therefore there is no spontaneous polarization perpendicular to the n—a plane 
either. This rules out the possibility of spontaneous polarization in smectic-C liquid crystals. 

As pointed out by Meyer [14], the reflectional symmetry of smectic-C liquid crystals can be 
removed if the constituent molecules are chiral, and thus it becomes possible to have spontaneous 
polarization. This phase is called the chiral smectic-C or smectic-C* phase and its structure is shown 
in Figure 4.7. Within a layer, the structure is the same as in the smectic-C phase. The liquid crystal 
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Figure 4.7 Schematic diagram of the structure of chiral smectic-C phase 
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Figure 4.8 Schematic diagram showing the spontaneous polarization in smectic-C* crystals 

director n is, however, no longer oriented unidirectionally in space but twists from layer to layer as in 
the cholesteric phase [15]. The symmetry group is C 2 . The two-fold rotational symmetry axis is 
perpendicular to both the layer normal a and the director n. Now it is possible to have spontaneous 
polarization along the two-fold rotational symmetry axis. 

In order to illustrate the spontaneous polarization in smectic-C* liquid crystals, the liquid crystal 
molecule can be regarded as a parallelepiped with an attached arrow as shown in Figure 4.8. The 
parallelepiped does not have reflectional symmetry: its top differs from its bottom, its front differs from 
its back, and its left differs from its right. The arrow represents the lateral permanent dipole and is 
perpendicular to the director n. Because of the C 2 symmetry, the parallelepiped has equal probability of 
pointing up (parallel to n) and down (anti-parallel to n), but in both cases the dipole points out of the 
paper. When the dipole points into the paper, it does not belong to the same domain because the tilt angle 
is —6. If the tilt angle 0 is zero, as in smectic-A liquid crystals, then the dipole has equal probability of 
pointing out and pointing in. This explains why it is impossible to have spontaneous polarization in 
smectic-A crystals even if the constituent molecule is chiral. In smectic-C liquid crystals, when the 
constituent molecules are a racemic mixture (equal amounts of left- and right-handed molecules), if the 
left-handed molecule has its permanent dipole pointing out, then the right-handed molecule has its 
dipole pointing in. They cancel each other and thus there is no spontaneous polarization. 

4.3.2 Tilt angle and polarization 

We first consider the temperature dependence of the tilt angle 6 of a liquid crystal that exhibits smectic-A 
and smectic-C phases. In the smectic-A phase, the tilt angle is zero. The transition from smectic-A to 
smectic-C phase is a second-order transition. Below the transition, the tilt angle increases gradually with 
increasing temperature. The tilt angle, 0, can be used as the order parameter. Near the transition, the free 
energy density of the system can be expressed in terms of the Landau expansion in powers of 0 [15]: 


/= fo + \a(T-T c )8 2 +^be 4 (4.43) 

where a and b are temperature-independent positive coefficients, and T c is the smectic A-C transition 
temperature. The equilibrium value of 9 can be obtained by minimizing the free energy: 

% = a ( T ~ T cW + be 3 = o 

The stable solution for temperatures below T c is 

9 = (a/b) l/2 (T c - T) l/2 (4.44) 

This result is also valid for the smectic-C* phase. 
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We now consider the relation between the tilt angle and the spontaneous polarization. In the 
smectic-A phase, the director n is normal to the smectic layers, and the rotation around the long 
molecular axis is not biased at zero applied field. If the constituent molecule has a lateral dipole, the 
dipole has equal probability of pointing in any direction perpendicular to the director, independent of 
whether the constituent molecule is chiral or not. The average direction of the long molecular axis is 
along n , and therefore there is no spontaneous polarization perpendicular to n. In the smectic-C phase, 
the tilt angle is no longer zero, and the rotational symmetry around the long molecular axis is broken. 
The rotation along the long molecular axis is biased. The molecule, however, has equal probability of 
pointing up and down with respect to n because of the symmetry that n and —n are equivalent. This 
rules out the possibility that net polarization adds up in the a—n plane. If the constituent molecule is 
achiral, the lateral dipole has equal probability of pointing out of and into the plane of the paper (the 
a—n plane), therefore no net polarization can add up in the direction perpendicular to the a—n plane. 
When the constituent molecule is chiral, the reflection symmetry about the a—n plane is broken; it 
becomes possible for net polarization to add up in the direction perpendicular to the a—n plane. 
Whether the spontaneous polarization is out of the plane or into the plane is determined by the 
molecular structure. 

When the tilt angle changes from 6 to —6, which is the same as the rotation of the system around the 
layer normal by 180°, P s points in the opposite direction and the polarization changes sign. Therefore the 
spontaneous polarization must be an odd function of the tilt angle. For small 6 , we must have 

P s = c • 6 (4.45) 

where c is a constant. The larger the tilt angle is, the more biased the rotation around the long molecular 
axis becomes, and therefore the larger the spontaneous polarization is. 

4.3.3 Surface-stabilized ferroelectric liquid crystals 

In electro-optical devices, it is usually required that the liquid crystal director is unidirectionally 
oriented. In the smectic-C* phase, however, the liquid crystal director twists from layer to layer. This 
problem was overcome by Clark and Lagerwall in their invention of the surface-stabilized ferroelectric 
liquid crystal (SSFLC) device [16], shown in Figure 4.9. The liquid crystal is sandwiched between two 
parallel substrates with the cell gap, h, thinner than the helical pitch, P, of the liquid crystal. The inner 
surface of the substrates is coated with alignment layers which promote parallel (to the substrate) 
anchoring of the liquid crystal on the surface of the substrate. The smectic layers are perpendicular to 
the substrate of the cell while the helical axis is parallel to the substrate. Now the helical twist is 
suppressed and unwound by the anchoring. There are only two directions, A\ and A 2 , on the helical 
cone, which are compatible with the boundary condition at the substrate surface. The cone angle is 26, 
and therefore the angle between A\ and ^2 is 26. The two orientational states can be further selected 
by applying a DC electric field across the cell. For example, an electric field in the direction selects 
the orientational state A\ where the spontaneous polarization, P s , is pointing up and parallels the field. 
Then an electric field in the — z direction will select the orientational state A 2 where the spontaneous 
polarization, P s , is pointing down. Once the liquid crystal is switched into state A\ (or A 2 ) by an 
externally applied electric field, it will remain in that state after the field is removed, because there is 
an energy barrier between these two states. Therefore the SSFLC is ideally bistable, which is a very 
useful property in multiplexed display applications. In reality, it is difficult to make a large-area truly 
bistable SSFLC display because of surface irregularities. 

In the SSFLC display, the polarizer is chosen to be parallel to one of the stable orientational states, 
say A\, and the analyzer is perpendicular to the polarizer. When the liquid crystal is in state A\, the 
polarization of the incident light is parallel to the liquid crystal director, and remains in this direction 
when propagating through the cell. When the light comes out of the cell, its polarization is 
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Figure 4.9 Schematic diagram of the bookshelf cell structure of the surface-stabilized ferroelectric 
liquid crystal display, (a) The director is along the direction A\ when the applied field is up. (b) The 
director is along the direction A 2 when the applied field is down, (c) Directions of the polarizer and 


perpendicular to the analyzer and therefore the display is black. When the liquid crystal is switched 
into state A 2 , the polarization of the incident light makes the angle 20 with respect to the liquid 
crystal director, and therefore when light propagates through the liquid crystal, its polarization is 
rotated. The transmittance of the display is 


T = 


sin 2 (40) sin 2 


1 2nAnh\ 

2 2 ) 


(4.46) 


where 2nAnh/2 is the retardation angle. The maximum transmittance of 100% can be achieved if 
20 = n/4 and 2nAnh/2 = n. 

For a ferroelectric liquid crystal with the spontaneous polarization P s , the electric energy density in an 
electric field E is — P s • E. A typical value of the spontaneous polarization of ferroelectric liquid crystals 
is 100nC/cm 2 = 10 -3 C/m 2 . When the strength of the applied field is 1 V/pm = 10 6 V/m and P s is 
parallel to E , the electric energy density is | —PE \ = 10 3 J/m 3 , which is much higher than the electric 
energy density of the dielectric interaction of non-ferroelectric liquid crystals with the electric field. This 
is one of the reasons for the fast switching speed of ferroelectric liquid crystal devices. 

Now we consider the dynamics of the switching of the SSFLC. We only consider rotation around 
the cone (Goldstone mode), as shown in Figure 4.10. The electric torque is 


T e = P s x E = P S E sin (j)x 


(4.47) 


The viscosity torque is 


r v = 


_ An . sin0A</> . . - 

— yn± x — = — ysm 0 —^-v = —ysin 0——x 

At At dt 


(4.48) 
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Figure 4.10 Schematic diagram showing the switching process in the SSFLC 


where y is the rotational viscosity coefficient. These two torques balance each other and the dynamic 
equation is 



(4.49) 


The solution is 


<Kt) = 2tan- 1 [tan(^ 0 /2)e'/^ sin2(, / p ^] 


(4.50) 


The response time is 



The rotation around the (small) cone is another reason for the fast switching speed. For 
P s — 10 2 nC/cm 2 , E = 1 Y/pm, y = 0.1 poise, and 0 = 22.5°, 10 ps. 

The fast switching speed is a merit of ferroelectric liquid crystal devices. Regarding the bistability, 
on the one hand, it is good because it enables multiplexed displays of the ferroelectric liquid crystal on 
passive matrices; on the other hand, the bistability is a problem because it makes it difficult to produce 
gray scales. Another issue with the SSFLC is that it is more challenging to achieve uniform orientation 
in the SSFLC than in nematic liquid crystals. 

4.3.4 Electroclinic effect in chiral smectic- liquid crystals 

As discussed in Section 3.1, there is no ferroelectricity in chiral smectic-A liquid crystals (smectic-A 
consisting of chiral molecules, denoted as smectic-A*). In the cell geometry of smectic-A* liquid crystals 
shown in Figure 4.11(b), at zero applied field, the liquid crystal director is perpendicular to the smectic 
layers. The transverse dipole moment has equal probability of pointing in any direction in the smectic 
layer plane because of the unbiased rotation of the molecule along its long molecular axis. When the 
temperature is lowered toward the smectic-A*-smectic-C* transition, short length-scale and time-scale 
domains with smectic-C* order form because the tilt of the director away from the layer normal direction 
does not cost much energy. This is known as the pretransition phenomenon, which was experimentally 
demonstrated and theoretically explained by Garoff and Meyer [17]. Within each domain spontaneous 
polarization occurs. The macroscopic polarization, however, is still zero because the polarizations of 
the domains are random through the cell and fluctuate with time. When an electric field is applied across 
the cell, the temporal domains are stabilized and reorient such that their polarizations become parallel 
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Figure 4.11 Schematic diagram showing the electroclinic effect in smectic-A crystals 


to the applied field. Thus uniform macroscopic smectic-C* structure is established and the tilt angle 
becomes non-zero. This effect of field-induced tilt of liquid crystal molecules in the smectic-A* structure 
is known as the electroclinic effect. Similar to the smectic-C* care, the spontaneous polarization is 
perpendicular to the plane formed by the liquid crystal director n and the smectic layer normal a. 
Therefore in the induced smectic-C* structure, the n—a plane is perpendicular to the applied field. When 
a DC electric field pointing down is applied, the smectic-C* structure, say, with positive tilt angle is 
induced as shown in Figure 4.11(a). When a DC electric field pointing up is applied, the smectic-C 
structure with negative tilt angle is induced as shown in Figure 4.11(c). 

As shown in Section 4.3.2, when the tilt angle is 6 , the spontaneous polarization P s is given by 
Equation (4.45), and the electric energy density is — P s • E = —cE6. The free energy density is [15] 

f=fo+\a(T-T c )e 2 P-b^-cEe (4.52) 

The tilt angle as a function of the applied electric field E can be found by minimizing the free energy: 

% = a(T - T c )6 + bd 3 - cE = 0 (4.53) 

ou 

When the applied field is low, the tilt angle is small, and the cubic term in Equation (4.53)(4.53) can be 
neglected. The tilt angle is 


6 = 


cE 

a{T -T *) 


(4.54) 


The induced tilt angle is linearly proportional to the applied field. The tilt angle can be larger than 10° at 
an electric field of lOV/pm for some liquid crystals. 

In the tilting of the liquid crystal molecule, the torque produced by the electric field and the elastic 
force is —df /dO = —a(T — T c )6 + cE , which is balanced by the viscosity torque —yd6/dt: 


—a(T - T c )6 + cE- ydO/dt = 0 


(4.55) 


The solution is 


m 


cE 

a(r- r*) 


(1-2 e-'/ T ) 


(4.56) 
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Figure 4.12 


where t = y/a(T — T*) is the response time. It is found by experiment that the response time is fast and 
on the order of a few tens of microseconds. The advantages of the electroclinic effect of smectic-A* 
crystals are that the tilt angle, and thus the electro-optical effect, is a linear function of the applied field 
and the response time is fast. The disadvantage is that the electro-optical effect is temperature dependent. 


Homework Problems 

4.1 The electric field-induced orientational order in a nematic liquid crystal is given by Equation (4.7). 
The liquid crystal has the parameter /? = 0.3. Numerically calculate the order parameter S as a 
function of the normalized temperature t in the region from —0.1 to 0.1 under various normalized 
electric fields e = 0.0, 0.5(/? 3 /27), 0.8(yS 3 /27), (/? 3 /27), and 1.2(/? 3 /27). 

4.2 Consider the flexoelectric effect in the splay geometry as shown in Figure 4.5. The cell thickness h is 
5 microns. The splay elastic constant K u of the liquid crystal is 10“ 11 N. The flexoelectric 
coefficient e s is 2.0 x 10“ 15 V. Calculate the tilt angle 6 at the cell surface when the applied field is 
IV/pm. 

4.3 Flexoelectric effect in hybrid cell. On the top of the cell (z = h ) the liquid crystal is aligned 
homogeneously along the v direction, while on the bottom (z = 0) of the cell the liquid crystal is 
aligned homeotropically (Figure 4.12). There is an induced polarization P due to the director 
deformation. When a DC electric field E is applied along the y direction, the liquid crystal is 
twisted in the y direction due to the interaction between E and P. Under the one elastic constant 
approximation, show that the maximum twist angle (at z = 0) is given by 
^(0) = -{e s -e b )Eh/nK. 
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5 


Freedericksz Transition 


Liquid crystals reorient in externally applied electric fields because of their dielectric anisotropies. The 
electric energy, a part of the free energy, of a liquid crystal depends on the orientation of the liquid crystal 
director in the applied electric field. Under a given electric field, the liquid crystal will be in the 
equilibrium state where the total free energy is minimized. 


5.1 Calculus of Variations 

In a liquid crystal cell, under a given boundary condition and an externally applied field, the liquid 
crystal is in a director field configuration n(f) that minimizes the total free energy of the system. 
The free energy density has two parts: (1) the elastic energy, which depends on the spatial 
derivatives of and (2) the dielectric electric energy, which depends on n. The total free energy is 
given by 

F = J/[»(r), n'(r),r]d 3 r (5.1) 


Mathematically F is referred to as the functional. In order to search for the director configuration n(f) 
that minimizes the total free energy, we need the calculus of variations [1]. 


5.7.7 One dimension and one variable 

(1) Fixed boundary condition 

We start with the simplest case in which the liquid crystal is sandwiched between two parallel plates 
located at z = 0 and z = /z, respectively, as shown in Figure 5.1(a). The director n is described by an 
angle 9 which is only a function of z, as shown in Figure 5.1(b). The anchoring of the liquid crystal at 
the substrate surface is infinitely strong so that the orientation of the liquid crystal at the top and 
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Figure 5.1 Schematic diagram of the 1 -D liquid crystal director configuration 


bottom surface is fixed. The boundary conditions are 


0 _ f 01 at z = 0 
1 02 at z = h 

In this case, the total free energy (free energy per unit area) is given by 


(5.2) 


h 

f = ^f(e,e', z )dz (5.3) 

0 

If the configuration given by the function 6 = 9(z) has the minimum or maximum free energy Frrh 
i.e., F is stationary under 6 = 0(z ), then for a small variation otrj(z), where a is a constant and 
infinitely small and rj(z) is a function, the change of the free energy is zero to first order of a [2]. 
Because of the fixed boundary condition, it is required that rj(z = 0) =0 and rj(z = h) =0. Thus 


n 

F( a) = j/[0 + ocri(z), 9' + ■v.i/(z). z]dz 


df r „„^, , Of 2n 


= || f{0,9',z) + ^N(z)] +^7 N'(z)] + °(“ 2 ) (■* 


: J/(0, 0', z)dz + a| [J^ >/(*)+ V(z) 


+ 0(a 2 


(5.4) 


= F( a = 0) + aj ||^(z) + Jjp'Az) 


+ 0 (a 2 ) 


Therefore it is required that 


5F = F(a)-F(a = 0) 



'01 

89 


V(z) + 



0 


dz = 0 
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Using partial integration, we have 


SF = “ j [I" (z) + I^' (z) ] * : = “ j [Te~ I (JQ ] n{z)dz + “ [" (z) L = ' 0 


The last term is zero because of the boundary condition for rj(z). Therefore it is required that 


W_±(df_ 
30 dz \d6' 


j'j t\{z)dz = 0 


This should hold for any function rj(z) which satisfies the boundary condition. Hence it is required 
that 


5f_df dfdf 


36 86 dz \d6' 


This is the Euler-Lagrange equation. The solution 9(z) of this equation minimizes or maximizes 
the total free energy F. 

Next we consider how to minimize the total free energy F under a constraint G = Jog(^ 5 O',z)dz = a, 
where a is a constant. Now, besides 

h 

6F= 30 dz = 0 (5.7) 

ou 


it is also required that 


\56dz = 0 


because G is a constant. Therefore (Sf/S9)/(Sg/S6) must be a constant X independent of z. X is 
called the Lagrange multiplier. To minimize F under the constraint is equivalent to minimizing 
Jo[/■($, 0',z) + Xg(9, 6',z)\dz without the constraint. The solution found from S(f + Xg)/S6 = 0 will 
depend on X. The value of X can be found by substituting the solution into G = Jq g(9 , 6',z)dz = o. 

(2) Unfixed boundary condition 

If the anchoring of the liquid crystal at the substrate surface is not infinitely strong but weak, the 
value of 0 at the boundary is not fixed. The surface energy varies with the director configuration, and 
therefore must be included in the total free energy of the system: 


n 

F = f(9, 6 l ,z)dz + f s [6{z = 0)] + f s [6(z = h)\ 
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Under a small variation cnr\(z), the variation of the total free energy is 

( h 


SF = 


J/[0 + arj (z), 6' + ocrjf(z) ,z]dz+ f s [0(z = 0) + at] (z = 0)] +f s [(9(z = h) + ocri(z = h)\ 
|/[0, 6 1 , z]dz+f s [6(z = 0)] +f s [9(z = h)\ j 


dl_±(df_ 

dd dz \d0' 


ri(z)dz + a 




+ a [rj 


} dfs_ 
' 06 


+ a [rj 


z =0 


] 06 


= 0 


06 dz \06' 


( w , / Qfs df 

rj^dz + ani--- 7 




£=/* 


= 0 


Z=h 


(5.10) 


If F is stationary under the director configuration 6(z), then besides Equation (5.6), it is also required that 


df_ % 
06' 06 


dJi %*_ 

06' 06 


= 0 


z =o 


= 0 


(5.11a) 

(5.11b) 


Z=h 


5.7.2 One dimension and multiple variables 

If n is described by two angles 6 and </> which are functions of z, the total free energy of the system is 
given by 


h 

0 

When the free energy is minimized or maximized, it is required that 


and 


V = %L_d_(df\ =0 

56 86 dz\86j 


V = ty_±(Qf\ =0 

(50 0(j) dz / 


(5.12) 


(5.13a) 


(5.13b) 


5.7.3 Three dimensions 

If n is described by the angle 6 which is a function of more than one coordinate, say, x, y, and z, the total 
free energy is given by 


F = 


f(6,6' x ,6'6' v x,y,z) 


(5.14) 
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When the free energy is minimized or maximized, it is required that 

bf df d fdf\ d (df\ d (df\ n 

36~ dd dx \d()'J dy (d0j, J dz yao', J “ 


(5.15) 


When n is described by multiple variables which are a function of more than one coordinate, each 
variable must satisfy the Euler-Langrage equation as Equation (5.15). 


5.2 Freedericksz Transition: Statics 

When a nematic liquid crystal is confined, such as when it is sandwiched between two parallel substrates 
with alignment layers, in the absence of external fields, the orientation of the liquid crystal director is 
determined by the anchoring condition. When an external electric field is applied to the liquid crystal, it 
will reorient because of the dielectric interaction between the liquid crystal and the applied field. If the 
dielectric anisotropy is positive (As > 0), the liquid crystal tends to align parallel to the applied field. If 
As < 0, it tends to align perpendicular to the field. This field-induced reorientation of the liquid crystal is 
referred to as the Freedericksz transition [3-5]. 

5.2. J Splay geometry 

The cell structure of the bend geometry is shown in Figure 5.2, which is popularly used for electrically 
controlled birefringent (ECB) devices. The liquid crystal is sandwiched between two parallel plates of 
cell thickness h. The easy axis of the anchoring of the top and bottom alignment layers is parallel to 
the plates (the x axis). In the absence of fields, the liquid crystal director is uniformly aligned along 
the x axis, as shown in Figure 5.2(a). When a sufficiently high electric field is applied across the cell 
(in the z direction), the liquid crystal director will be tilted toward the cell normal direction, as shown in 
Figure 5.2(b). Because of the anchoring at the surface of the plates, the liquid crystal director in the 
distorted state is not uniform. This costs elastic energy and works against the transition. The liquid 
crystal director is always in the v—z plane, provided Ae > 0, and is given by 

n = cos 6(z)x + sin 6(z)z (5.16) 

The divergence of n is V • ft = cos 66' and the curl is V x n = — sin 66'y , where 6' = 86/dz. The elastic 
energy is positive and given by 


/elastic = ^11 COS 2 ee a + ^33 sin 2 Of/ 2 (5.17) 



Figure 5.2 Schematic diagram of Freedericksz transition in splay geometry 
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When the tilt angle is small, the splay elastic energy dominates and the cell geometry is called splay 
geometry. The electric energy is negative and is approximately given by 


f electric — ^ s. Q As(E • n) — ^s 0 AsE sin 0 


(5.18) 


This is a good approximation when 0 is small. The free energy density is 


/ = ^ (K\ i cos 2 0 + K 33 sin 2 0)6 ' 2 — ^ s 0 AsE 2 sin 2 0 


(5.19) 


The total free energy (per unit area) of the system is 


F = 


- (K\ 1 cos 2 0 + K 33 sin 2 6 ) 6' 2 — sE 2 sin 2 0 


dz 


(5.20) 


Using the Euler-Lagrange method to minimize the free energy, we obtain 


6£ = d^_^(df\ 

50 dO dz\dO'J 

= — s 0 AsE 2 sin 6 cos 0 — (K 33 — Kn)sin0cos00 ' 2 — (K\\ cos 2 0 + ^33 sin 2 0)0" = 0 (5.21) 

When 0 is small, we use the approximations sin 0 = 0 and cosd = 1. Neglecting second-order terms, 
Equation (5.21) becomes 


-s o AsE 2 0-K n 0" = 0 


The general solution is 


0 = A sin 



+ 5 cos 



(5.22) 


(5.23) 


Now let us look at the boundary condition. Under infinitely strong anchoring, the boundary conditions 
are 0(z = 0) = 0(z — h) = 0. Therefore B = 0 and 



h = mn, 


m 


1,2,3,... 


(5.24) 


When the applied field is low, it can only produce distortion with the longest wavelength n/h, and thus 
the threshold field E c can be found using \Js () As,E^/K\ \h = n. Therefore 
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which is inversely proportional to the cell thickness, because the elastic energy is higher with thinner cell 
thickness. The threshold voltage is 


V c = hE c = 7i 



(5.26) 


which is independent of the cell thickness. In order to see the physical meaning of the existence of the 
threshold, let us consider the free energy when the tilt angle is small. Because of the boundary condition 
that 6 = 0 at z = 0 and z = h, 6 = A sin(nz/h). For small amplitude A, the free energy is approximately 
given by 


/ = ; 


1 (K n n 2 


h 2 


— s 0 AsE 2 A 


(5.27) 


When 


h V £ 0 As 

in the reorientation of the liquid crystal, the decrease of the electric energy cannot compensate for the 
increase of the elastic energy. The free energy of the distorted state is positive and higher than the free 
energy of the undistorted state, which is zero, and therefore the transition cannot occur. When the applied 
field is increased, the electric energy decreases (becomes more negative). When E>E C , the decrease of the 
electric energy can compensate for the increase of the elastic energy. The free energy of the system 
decreases as the transition takes place. 

In the approximation discussed above, when E <E C , the amplitude of the distortion is A = 0. When 
E>E C , A suddenly explodes because larger A gives lower free energy. This will not happen in reality 
because it is not consistent with the assumption that 6 is small. Now we calculate the precise solution. 
From Equation (5.21) we have 


(^33 — K \\)sin 6 cos 66' 2 + (K u cos 2 6 + K 22 sin 2 6 )6" = —s 0 AsE 2 sin 6 cos 6 
Multiplying both sides by d6/dz, we obtain 


d 

dz 


1 

2 


(*1 1 cos 2 6 + K33 sin 2 



d 

dz 



Integrating, we get 


(K\ \ cos 2 6 + K 22 sin 2 6 ) = C — £ 0 AeE 2 sin 2 6 

where C is the integration constant which can be found by considering the fact that the distortion must be 
symmetric about the middle plane, 


f(z = „/2) = 0 
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The tilt angle at the middle plane is also the maximum angle 6 m [4]. Therefore 


d9 \ 2 2 sin 2 9 m — sin 2 0 

_I == g AbE _ 

dz) ° (K\\ cos 2 9 + ^33 sin 2 9) 


a/ 8oAsE 2 dz = 


K\ i cos 2 9 + K 33 sin 2 9\ 
sin 2 6 m — sin 2 6 


d9 


(5.28) 


Using Equation (5.25) and integrating Equation (5.28) from 0 to z, over which 6 changes from 0 to 
0 (z), we have 


9(z) 1 

(U)(T) = I f ( cos^ +(^ 33/^11 )sin cc \ ^ 

\E C J \hJ 7 i J \ sin 2 0 m — sin 2 a J 

0 

The maximum angle 6 m is given by 

f E\ /1\ _ 1 f /cos 2 a + (^ 33/^1 i)sin 2 a\ 1/2 , 
U/W“UV sin 2 9 m — sin 2 a J ** 


(5.29) 


(5.30) 


For a given field E(> E c ), 6 m can be found by numerically solving this integration equation. In the 
calculation of 6 m as a function of E , instead of calculating 6 m for each given E , it is much easier to 
calculate E for each given 0 m . Once 6 m is known, 6 as a function of z can be calculated by using 
Equation (5.29). Instead of calculating 9 for a given z, it is much easier to calculate z for a given 
9 (< 9 m ). The solution is symmetrical about the middle plane, 6 (z) = 9(h—z) for h/2 < z < h. 

We can obtain some information on how the tilt angle depends on the applied field even without 
numerical calculation. For the purpose of simplicity, we assume that K\\ = K 33 , and then Equation 
(5.30) becomes 



0 


Using a new variable i// defined by sin a = sind m sin i/r, we have 



n/2 

2 f 1 


3/1 — sin 2 9 m — sin 2 i// 


dxjj 


(5.31) 


When the applied field is not much higher than the threshold, the tilt angle 9 m at the middle plane is 
small, and approximately we have 



7t/2 
2 1 

71 

0 



1 2 

dip = 1 + - sin 0 „ 


(5.32) 
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Figure 5.3 The tilt angle at the middle plane vs. the applied field in splay geometry. 
K u = 6.4 x 1(T 12 N and K 33 = 10 x 1CT 11 N are used 


Therefore 


sin 9 m = 2y/(E - E c )/E c (5.33) 

which indicates that when the applied field is increased above the threshold, the increase of the 
tilt angle with the field is rapid at the beginning, and then slows down. The numerically calculated 
tilt angle at the middle plane of the cell vs. the normalized field is shown in Figure 5.3. The 
numerically calculated tilt angle as a function of position at various applied fields is plotted in 
Figure 5.4. 

5.2.2 Bend geometry 

The cell structure for bend geometry is shown in Figure 5.5 where the liquid crystal is sandwiched 
between two parallel substrates with an homeotropic alignment layer. In the field-off state, the liquid 
crystal is uniformly aligned perpendicular to the cell substrate because of the homeotropic anchoring 
condition of the alignment layer, as shown in Figure 5.5(a). When a sufficiently high electric field is 
applied parallel to the cell (in the x direction), the liquid crystal (with As > 0) will be tilted toward 
the v direction, as shown in Figure 5.5(b). The liquid crystal director is always in the x—z plane and is 
given by 


ft = sin 0 (z)x + cos 6 (z)z 


(5.34) 



Figure 5.4 The tilt angle as a function of position at various fields in splay geometry. 
K n = 6.4 x 1(T 12 N and K 33 = 10 x 1CT 11 N are used 
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Figure 5.5 Schematic diagram of Freedericksz transition in bend geometry 


The elastic energy is given by 


telastic = sin 2 ee 12 +1. k 33 cos 2 ee 12 (5.35) 

When the tilt angle is small, the bend elastic energy dominates and the cell geometry is called bend 
geometry. The electric energy is negative and is approximately given by 

/ electric = ~ ^ s 0 As(E ■ n ) 2 = - ^ s 0 AsE 2 sin 2 6 (5.36) 


The free energy density is 


/ — (K\ 1 sin 2 6 + K 33 cos 2 0)6 ' 2 — sE 2 sin 2 6 
In a similar way as in the splay geometry, the threshold can be found to be 


(5.37) 


E c 


71 

h 



(5.38) 


The tilt angle 6 as a function of z under an applied field E (>E C ) can be calculated in a similar way as 
in the bend geometry. 

The same phenomenon occurs if the liquid crystal has a negative dielectric anisotropy and the 
applied field is along the z direction (known as the vertical alignment (VA) mode), where the electric 
energy is 


/ electric = ~ ^e 0 (-\Ae\)(E • ft) 2 = ^£ 0 |Ae| E 2 cos 2 0 = constant - ^e 0 |Ae| E 2 sin 2 0 

The calculated transmittance vs. applied voltage of a VA mode liquid crystal display is shown in 
Figure 5.6. Light is incident normally on the liquid crystal cell. The parameters of the liquid crystal are 
*11 = 6.4 x 10“ 12 N, ^33 = 10 x 10“ 12 N, As = -3, n e = 1.57, and n a = 1.50. The thickness of the 
cell is 5.0pm. The liquid crystal is sandwiched between two crossed polarizers. In the voltage- 
activated state, the plane that the liquid crystal director lies in makes an angle of 45° with respect to 
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Figure 5.6 Transmittance of the VA mode liquid crystal display: R, 650 nm; G, 550 nm; B, 450 nm 
the polarizers. The retardation is 


r 


2 n 

T 


^Jn 2 e cos 2 0 (z) + n 2 sin 2 0 (z) 


- 1 \dz 


The transmittance is T = sin 2 (r/2). In the voltage-off state, the retardation is zero and the 
transmittance is zero for any wavelength. The retardation of the voltage-activated states is wavelength 
dependent and therefore the voltages for R, G, and B light to reach maximum transmittance are 
different. 


5.2.3 Twist geometry 

The twist geometry is shown in Figure 5.7 where the liquid crystal is sandwiched between 
two parallel plates with a homogeneous alignment layer. In the absence of an external field, the 
liquid crystal director uniformly orients parallel to the cell surface in the y direction because of the 
homogeneous anchoring condition of the alignment layer, as shown in Figure 5.7(a). When a 
sufficiently high electric field is applied along the x direction, the liquid crystal (with As > 0) is tilted 
toward the field direction, as shown in Figure 5.7(b). The liquid crystal director is in the x—y plane 



x 


y x 



(a) 


(b) 


Figure 5.7 Schematic diagram of Freedericksz transition in bend geometry 
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and is given by 

n = sin 0(z)x + cos 6 (z) y (5.39) 

In this geometry, only twist elastic energy is involved and the elastic energy is given by 

1 


felastic — ^ ^22^ 


The electric energy is negative and is approximately given by 

f electric — — • n) = — — £ 0 AsE sin 6 


The free energy density is 


/ = \K2 2 e a ~\e 0 AeE 2 sin 2 6 


(5.40) 


(5.41) 


(5.42) 


In a similar was as in the splay geometry, the threshold can be found to be 


E c = n -A^ 

c h V SoAe 


(5.43) 


5.2.4 Twisted nematic cell 

One of the most important liquid crystal displays is the twisted nematic (TN) display shown in 
Figure 5.8. The liquid crystal is anchored parallel to the cell surface by the alignment layers. The 
angle between the two alignment directions is ®, referred to as the total twist angle, which can be any 
value in general. In the particular case shown in Figure 5.8, <J> = 90 and the twisting is counter¬ 
clockwise when looking down from the top. In the absence of external electric fields, the liquid 
crystal is in the planar twisted state, where the liquid crystal director twists at a constant rate from 
the bottom to the top of the cell, as shown in Figure 5.8(a). The boundary conditions can also be 
satisfied if the director twists the complementary angle to <D in the opposite twisting direction. If the 
liquid crystal is nematic, domains with the director twisting in both directions coexist in the cell. In 
order to achieve a single domain, usually a chiral dopant is added to the nematic host to select one 



Figure 5.8 Schematic diagram of Freedericksz transition in the twisted nematic cell 
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twisting direction. The chirality of the mixture is q Q = 2n(HTP)x c , where ( HTP ) and are the 
helical twisting power and concentration of the chiral dopant, respectively. When a sufficiently high 
electric field is applied across the cell, the liquid crystal (As > 0) is tilted toward the field direction 
as shown in Figure 5.8(b). The liquid crystal director is described by the polar angle 6 and the 
azimuthal angle </>. Both angles are a function of z. The components of the director n are given by 

n x = cos 6(z) cos 4>(z), n y = cos 6{z) sin (/>(z), n z = sin 6(z) (5.44) 

We consider the case where the anchoring is finitely strong and the boundary conditions are 


where 4> 2 — 4>\ = O, and 


4>(z = 0) = (/>!, <j)(z = h) = (j> 2 


6(z = 0) = 0, 6(z = h) = 0 


The divergence of n is 


V • n = cos 66' 


(5.45) 


(5.46) 


(5.47) 


where 6' = 06/dz. The curl is 

V x n = (sin 6 sin cf)6' — cos 6 cos 4>(/)')x + (—sin 6 cos cf>6' — cos 6 sin </><//) (5.48) 

The free energy density is 


/ = 1^11 cos 2 ee ' 2 + ^K 22 {qo - cos 2 dll ) 1 ) 2 

+ ^^33 sin 2 9(9' + cos 2 9cj>' 2 ) — ^ A es a E 2 sin 2 9 (5.49) 

Using the Euler-Lagrange method to minimize the total free energy, 

-%=(K n cos 2 9 + K 33 sin 2 9)9" + [(K 33 - K n )9' 2 
oU 

+ (2K 2 2 cos 2 6 — K 22> cos 20)<// 2 + A &e 0 E 2 — 2K 22 q 0 (j)']sm 6 cos 6 = 0 (5.50) 

— ^7 = (K 22 cos 2 6 + K 22 sin 2 6) cos 2 6(j)" + 2 \(—2K 22 cos 2 6 + K 22 cos 26) ft 

0(p 

+ K 2 2 qo\ 6 'sin 6 cos 6 = 0 (5.51) 

When the applied field is slightly above the threshold, 6 is very small, and we have the approximations 
sin 6^6 and cos 6 & 1. Keeping only first order terms, Equation (5.51) becomes —Sf /b§ = K 22 <\>" = 0, 
whose solution is 


</> = 


zO 

h 


(5.52) 
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Equation (5.50) becomes 


36 


= K U 6" + 


(2K 22 -K 33 ) 



+ A ss 0 E 2 - 2K 22 q Q 



6 = 0 


(5.53) 


Because of the boundary condition given in Equation (5.59), the solution is 


(Tl \ 

6 = A sin -z 
\h / 


The dynamics of the transition is governed by 


d6 Sf 

y di~ so 


(5.54) 


(5.55a) 


The physical meaning of this equation is that the viscosity torque, which is the product of the 
rotational viscosity coefficient y and the angular speed 36/dt, is balanced by —Sf/S6 which is the 
sum of the elastic and electric torques. Using Equations (5.53), (5.54), and (5.55a), it can be 
obtained that 


3A 

y & = 


(2K 21 - K 33 -K n Q 2 + Ase 0 E 2 - 2K 22 q 0 


A =0 


(5.55b) 


Initially 6 = 0, and therefore A = 0. If the applied field is low, the coefficient on the right hand side of 
Equation (5.55b) is negative, meaning that A cannot grow and remains at zero. When the applied field 
is sufficiently high, the coefficient becomes positive, meaning that A grows and therefore the transition 
takes place. Hence the field threshold can be found by setting 

(2K 22 - K 33 ) Q -K n Q 2 + A ee 0 E 2 c - 2 K 22 q 0 Q = 0 


which gives [ 6 , 7] 


E c 


n 

h 



(K 33 - 2K 22 ) 

Kn 



,^22 

- *11 




(5.56) 


The polar and azimuthal angles as a function of z under an applied field higher than the threshold can 
only be numerically calculated and will be discussed in Chapter 7. 


5 . 2.5 Splay geometry with weak anchoring 

If the anchoring of the liquid crystal at the boundary is not infinitely strong, the tilt angle 6 at the 
boundary is no longer fixed but changes with the applied field. Now we must consider the surface 
energy in determining the equilibrium director configuration. The total free energy of the system is 
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given by [5, 8 ] 


F - fdz + fs\ z =o + fs\ z =h 


= cos 2 0 + ^33 sin 2 6 ) 6' 2 — ^ 8 0 AeE 2 sin 2 0 dz + ^ ITsin 2 0\ + ^ ITsin 2 02 (5.57) 


where W is the anchoring strength, and S\ and 62 are tilt angles at the bottom and top surfaces, 
respectively. The boundary conditions at the bottom and top surfaces are respectively 


<#_ % 

dO' <90 


= —(^11 cos 2 6 \ + A 33 sin 2 0i)0 r + ITsin0i cos0i = 0 (5.58) 


df_ %' 

do' de 


= {K\ \ cos 2 02 + ^33 sin 2 62 ) 6 ' + IT sin 02 cos 02 = 0 (5.59) 


When the applied field is low, the liquid crystal director is homogeneously aligned along the x axis and 
the tilt angle is zero. When the applied field is increased above a threshold, the liquid crystal director 
begins to tilt. When the applied field is only slightly above the threshold, the tilt angle is small. 
Approximately we have cos 0^ 1 and sin 0^0. Equations (5.58) and (5.59) become 

-^n0'| z=o + W0i =0 (5.60) 

KnO'\ z =h + W0 2 = 0 (5.61) 

The Euler-Lagrange equation for the minimization of the total bulk free energy is (Equation (5.22)) 

-SoA sE 2 6 - Ki 1 0" = 0 (5.62) 

We define the surface extrapolation length 


L = K n /W 


and also the field coherence length 


whose physical meaning is that the applied field can produce a significant reorientation of the liquid 
crystal director over the distance When K\\ = 10“ n N, Ae = 10, and E = IV/pm, the field 
coherence length is £ = 0.3 pm. Because the solution of Equation (5.62) must be symmetric about 
z = h/ 2 , the solution is 


0 = B cos 


z - h /2 
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Note that this is the solution for an applied field slightly above the threshold. The boundary condition 
(5.60) becomes 


B . 




i.e., 


tan 



L 


(5.66) 


When the anchoring is infinitely strong, W = oo and thus L = 0; the solution of Equation (5.66) is 
h/ 2£ = 7c/ 2, which gives the field threshold E c = (n/h)y/Kn/s 0 As. When the anchoring is weak, 
e.g., W=10~ 5 J/m 2 , the surface extrapolation length is L = 10 -11 N/(10 -5 J/m 2 ) = 10 _1 pm. 
When the applied field is low, £ is large and £/L^> 1. At the field threshold, h/ 2£ is close to n/2, 
and thus we have the approximation 


tan 





1 



I 

L 


which gives l/£ = n/(h + 2L). Therefore the field threshold is 


E c 


n / K n 

(h T 2T) V StfAs 


(5.67) 


This result is the same as the one when the anchoring is infinitely strong and the cell gap is 
increased from h to h + 2L. 


5.2.6 Splay geometry with pretilt angle 

In ECB liquid crystal devices, alignment layers with non-zero pretilt angle are usually used in order 
to avoid poly-domain structures resulting from opposite tilting of the liquid crystal director under 
externally applied fields. The rubbing directions of the bottom and top alignment layers are anti¬ 
parallel. Now we consider how the pretilt angle affects the reorientation of the liquid crystal under 
externally applied fields. The Euler-Lagrange equation for the minimization of the total free energy 
is (Equation (5.21)) 


— = — SqAbE 2 sin 6 cos 6 — (^33 — K \ \ )sin 6 cos 66' 2 
M (5.68) 

— (^n cos 2 9 + K 33 sin 2 9)9" = 0 

When the pretilt angle is 0 o , we define a new variable /3 = 0 — 0 o . When the applied field is 
low, [I is very small, and approximately we have and sin(/i + 0 o ) mficosOo + sin 0 o and 
cos(P + 0 o ) p^cos 0 o — fisin 0 o \ 6" = ft". Neglecting higher order terms, Equation (5.68) becomes 


£ o AeE 2 (^sin 20 o + /?cos 2 0 o ) — (Kn cos 2 0 o +^33 sin 2 0 O )P" = 0 


(5.69) 
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The general solution is 


P — B cos 


s 0 AsE 2 cos (2 0 o ) f h 

(K u cos 2 0 o + K 33 sin 2 0 o ) \ 2 


--tan( 20 o ) 


(5.70) 


where B is a constant which can be found from the boundary condition. Under infinitely strong 
anchoring, the boundary conditions are P(z = 0 ) = p(z = h) = 0 . Therefore 


B cos 


s 0 AeE 2 cos(2 0 o ) h 

(K\ i cos 2 0 o + K 33 sin 2 0 o ) 2 


= -tan (2 0 o ) 


Equation (5.70) becomes 


P = ^tan( 20 o ) | 


cos 


cos 


z -: 


8 0 AsE 2 cos(2 0 o ) 

(Ku cos 2 e o + K 33 sin 2 6„) 

,A sE 2 cos(2 0 o ) h 


y (K\ \ cos 2 0 o + K 33 sin 2 0 o ) * 


- 1 


(5.71) 


P is not zero for any non-zero applied field E. The pretilt angle breaks the reflection symmetry of 
the anchoring and eliminates the threshold. When E is very small, we have 


p = - 


s 0 AeE 2 sin(2 0 o ) 


-z(h — z) 


4(Kn cos 2 0 O + K 33 sin 2 0 o ) 

The maximum tilt angle (at the middle plane) is (when K\ \ =^ 33 ) 

8 0 AeE 2 sin(2 0 o )h 2 


(5.72) 




16 K n 


(5.73) 


When 


71 / K] 1 

E = Ec = E\Mr 

h V £ 0 A8 

(the threshold field when the pretilt angle is zero), the maximum tilt angle is P m = P mc = sin (2 0 O )/ 16, 
which is small for small pretilt angle 0 o . For an applied field below E c , p m = P mc (E/E c ) 2 . For an applied 
field slightly above E c , p m = P mc + 2 y/(E-E c )/E c . 

5.3 Freedericksz Transition: Dynamics 

The dynamics of the rotation of liquid crystal molecules is very complicated in general because of the 
coupling between the rotational motion and the translational motion. A rotation of the liquid crystal 
molecules may generate a translational motion of the molecules. A gradient of the velocity of the 
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translational motion produces a torque which in term affects the rotation of the molecules. In this section 
we will proceed from some simple cases to complicated ones. 


5 . 3 . 7 Dynamics of the Freedericksz Transition in Twist Geometry 

In the twist geometry, the rotation of the liquid crystal director is not coupled to the translational 
motion of the molecules. The rotation of the liquid crystal director is governed by the overdamped 
dynamics: the elastic and electric torques are balanced by the rotational viscosity toque and the 
inertial term can be neglected [4]. Mathematically we have 


09 5f 
yr ~di~~Je 


(5.74) 


where 9 is the twist angle as discussed in Section 2.3, and y r is the rotational viscosity coefficient whose 
dimension is Ns/m 2 . Using the free energy given by Equation (5.42), we obtain 


Tr 


06 0 2 6 

— = K 22 + s 0 AsE 2 sin 9 cos 6 

at 0 z z 


(5.75) 


We first consider the turn-off time when the applied field is turned off from the distorted state. The 
anchoring is infinitely strong and the twist angle at the boundary is zero. The initial twist angle can be 
expanded in terms of all the possible modes: 


0 o (z) = y>sin (^) 

777=1 


(5.76) 


The solution of the dynamic equation is 

OO 

0(O = £ A » sinf^)^ 


(5.77) 


777=1 


where x m is the relaxation time of the mth mode and is given by 


7r (hV 1 


K22 W m2 

The turn-off time T OJ y is approximately equal to the relaxation time t\ of the slowest mode (m = 1) 


(5.78) 




(5.79) 


Now we consider the turn-on time. When the applied field is not much higher than the threshold, the twist 
angle is small and m = 1 is the only mode excited because it costs the least energy. The solution to the 
dynamic equation is 


0(t) = A\e^ x sin^^ 


( 5 . 80 ) 
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Using the approximations sin 6^0 and cos 9=1 and substituting Equation (5.80) into Equation (5.75), 
we have 


y_r 

Z 


= -K 22 


/7l \ 2 0 /7t \ 2 

/ E\ 2 

(i) +«.^ 2 **“(*) 

\Ej 


(5.81) 


The turn-on time is 


TV (hV 1 

K 22 W (E/E c ) 2 - 1 


(5.82) 


Although the dynamics of the Freedericksz transition in splay geometry, bend geometry, and twisted 
geometry is more complicated, the response time is still on the same order and has the same cell thickness 
dependence. The rotational viscosity coefficient is of the order 0.1 N s/m 2 . When the elastic constant is 
10“ 11 N and the cell thickness is 10 pm, the response time is of the order 100 ms. Faster response times can 
be achieved by using thinner cell gaps. 


5.3.2 Hydrodynamics 

Now we consider the hydrodynamics of nematic liquid crystals [4, 9, 10]. For most phenomena in 
liquid crystals, it is reasonable to assume that liquid crystals are incompressible fluids. We first 
consider viscosity in isotropic fluids. The viscosity of a fluid is the internal friction that hinders 
neighboring layers of the fluid from sliding with respect to each other. Consider a steady shear whose 
velocity is only a function of z, as shown in Figure 5.9. Then consider a fluid element with area S and 
thickness dz. There are particle exchanges between the fluid element and the fluid above and below it. 
If the velocity is uniform, the net momentum transfer between the fluid element and the fluid above 
and below it is zero, and thus there is no force acting on it. If the velocity is not uniform but has a 
gradient, say A(z) (= dv/dz ), the particles moving in the fluid above have a smaller momentum than 
the particles moving from the fluid above into the element, provided A > 0. The fluid element gains 
momentum from the fluid above [11]. This momentum gain can be described as a force acting on the 
surface of the element toward the right side, which is proportional to the area of the element and the 
velocity gradient (known as a Newtonian fluid): 


h = nA 2 S 


(5.83) 



Figure 5.9 The viscosity is the force acting on the surface of the fliud element due to the velocity gradient 
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where rj is the translational viscosity coefficient, which has the dimension N/[(m s _1 /m)(m 2 )] = [N s/m 2 ]. 
The commonly used unit is poise which is equal to 0.1 Ns/m 2 . The viscosity coefficient of water 
at room temperature is about 10 _ 3 Ns/m 2 . In the same way, the particles moving into the fluid 
below have a larger momentum than the particles moving from the fluid below into the element. The 
fluid element loses momentum to the fluid below. This momentum loss can also be described as a 
force acting on the surface of the element toward the left side: f\ = rjA\S. The net force acting on the 
fluid element is 

dA 

f=fi ~f\ = (A 2 - A^rjS = [A(z + dz/2) - A(z ~ dz/2)]rjS = —rjS-dz (5.84) 

dz 

If dA/dz = 0, the net force is zero. The torque acting on the element, however, is not zero and is 
given by 


t = y]AS • dz (5.85) 

This torque plays an important role in the dynamics of liquid crystals. A non-uniform translational 
motion will cause the liquid crystal to rotate. 

Now we consider the hydrodynamics of an incompressible isotropic fluid. The velocity of the fluid is 
v = v(r, t). Applying Newton’s law to a unitary volume of the fluid, we have [12] 



dv 

dt 


+ (v- V)v 


-\7p +f v 


(5.86) 


where p is the mass density,/? is the pressure, and f v is the viscosity force. Equation (5.86) is known as the 
Navier-Stokes equation and can be rewritten as 


P 


'dv 

dt 


+ (v • V)v 


= V- o 


(5.87) 


where a is the stress tensor defined by 


o = —pi + o' (5.88) 

o' is the viscous stress tensor which arises from the velocity gradient. In order to find the relation 
between the viscous stress tensor and the velocity gradient, we consider a special case where the fluid 
rotates as a whole. When the angular velocity of the rotation is Q the velocity is v = Q x r. We introduce 
two new tensors: the symmetric part of the velocity gradient tensor A whose components are defined 
by [9] 


Ay = 


1 

2 


dvt <M\ 

dxi dxj) 


(5.89) 


where /, j = 1 , 2 ,3, x\ = v, X 2 = y, and X 3 = z, and the anti-symmetric part of the velocity gradient 
tensor W whose components are defined by 
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In this special case where the fluid rotates as a whole, Ay = 0, W xy = £2 Z , W yz = and W^ 
There should be no viscous stress. Therefore the viscous stress tensor must be proportional to A: 


, _ . f dvj dvi 

^■ = 2 ^ = ^- + - 


(5.91) 


where rj is the translational viscosity coefficient. The vorticity of the flow (the angular velocity of the 
rotation of the fluid as a whole) is related to W by 




(5.92) 


Now we consider the viscous stress tensor of a nematic liquid crystal. The translational viscous stress 
depends on the orientation of the liquid crystal director, the flow direction, and the gradient direction. 
First we assume that the liquid crystal director is fixed. Consider a special case of shear flow as shown in 
Figure 5.10(a). The velocity is along the z axis and the gradient of the velocity is along the v direction, 
namely, v = u(x)z. The two non-zero components of the viscous stress are 

<4 = <4 = , /(M)|^ (5.93) 

where rj( 0 , </>) is the viscosity coefficient which depends on the orientation of the liquid crystal director 
and is given by 


rj(6 , </>) = (rj l +rj 12 cos 2 d)sin 2 6 cos 2 4 > + rj 2 cos 2 6 + rj 3 sin 2 6 sin 2 0 (5.94) 

r\ 2 = rj(6 = 0) is the smallest viscosity coefficient, corresponding to the geometry shown 
in Figure 5.10(b). y\ x =rj(6 = 90°, <fi = 0°) is the largest viscosity coefficient, corresponding to the 
geometry shown in Figure 5.10(c). rj 3 = rj (90°, 90°) is the intermediate one, corresponding to the 
geometry shown in Figure 5.10(d). rj l2 contributes most when 6 = 45° and (j) = 0°. At room temperature 
rj t (i = 1,2,3) is about 10 -2 Ns/m 2 . rj l2 may be very small and can be neglected. 



"I 

(b) (c) (d) 

Figure 5.10 Diagram defining the orientation of the liquid crystal director with respect to the flow of 
the liquid crystal and special geometries of shear flows 
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Now we consider the rotational motion of the liquid crystal director. The variation of the director n 
associated with a fluid element with respect to time is given by 


dn dn 

— = —+(v-V » 
dt dt 


(5.95) 


The second term of this equation is due to the flow of the liquid crystal. As shown in Figure 5.11, the local 
angular velocity, Q, of the director is related to dn/dt by Q.dt x n = dn. Therefore 


n x 


- .. -* dn 

(Q x n) = Q = n x — 
dt 


The dynamic equation of the rotation of the director per unit volume is 


(5.96) 


dn 

dt 


= f 


(5.97) 


where I is the moment of inertia per unit volume and f is the torque. The torque has three parts: 


r — T' mo i T'yis -f r fi ow 

T mo l is the molecular torque which is given by 


Tmol = n x h = n x 



(5.98) 


(5.99) 


where h = —Sf/Sn is the molecular field due to elastic distortion and the applied field. r vi - 5 is the 
rotational viscosity torque which is given by 


f vis = -y x n x N (5.100) 

where y x is the rotational viscosity coefficient and N is the net rotational velocity of the director, which 
equals the local angular velocity minus the angular velocity, d3, of the liquid crystal rotating as a whole: 

^ dyi 

N = (Q — oj) x n = — — co x n (5.101) 



Figure 5.11 


Schematic diagram showing the rotation of the liquid crystal director 
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Tflow is the torque produced by the viscosity of the translational motion as discussed above. Because only 
the component of the velocity gradient parallel to the liquid crystal director can produce the torque to 
cause the director to rotate, therefore 


f flow = -?2« X (A • n) (5.102) 

where y 2 is referred to as the second rotational viscosity coefficient. y 2 has a negative value with 
a magnitude comparable to that of y x . In many liquid crystal phenomena, the dynamics is over¬ 
damped and the inertia term is negligible. Then the dynamic equation of the rotation of the director 
becomes 


n x [h - y x N - y 2 (A • ft)] = 0 (5.103) 

This equation generally means that [h — y^N — y 2 ( A • n)\, not necessarily zero, is parallel to n. The 
translational motion may induce a rotational motion of the liquid crystal molecules. 

Now we consider how a rotational motion of the liquid crystal molecules induces a translational 
motion. As an example, initially the liquid crystal molecules are aligned vertically as shown in 
Figure 5.12(a). The average distance between the neighboring molecular centers in the vertical direction 
is larger than that in the horizontal direction. When the molecules rotate to the horizontal direction, as 
shown in Figure 5.12(b), the average distance between the neighboring molecular centers in the 
horizontal direction becomes larger than that in the vertical direction. This means that the molecules 
move translationally. 

In the Ericksen-Leslie theory, the viscous tress tensor is given by 


o = cl\ (nn)(n A • n) + cc 2 nN + (x^Nn + 04 A + OL$n{n • A ) + oc^ (n ■ A )r 


(5.104) 



m 

r 




a 

fKl 


Figure 5.12 Schematic diagram showing how rotation of the liquid crystal molecules induces 
translational motion 
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The components are 

— ainiUjUkriiAki + + cn^rijNi + 04 Ay + + rj^njn^A^i (5.105) 

where otj (1 = 1,2,3,4,5, 6 ) are Leslie viscosity coefficients. The second and third terms describe the 
effect of director rotation on the translational motion. The relationships between the Leslie coefficients 
and the translational and rotational viscosity coefficients are [9] 


Vi =2 ( -a 2 + 0C 4 + a 5 ) 

(5.106) 

rj 2 = ^(oc3+oc 4 + oc 6 ) 

(5.107) 

1 

% = 2 a4 

(5.108) 

>712 = ai 

(5.109) 

7i= a 3 - 

(5.110) 

72 = a 6 - a 5 

(5.111) 

a 6 = a 2 + a 3 + a 5 

(5.112) 


5.3.3 Backflow 

We consider the dynamics of the Freedericksz transition in the splay geometry upon removal of the 
applied field [13-16]. Initially the liquid crystal director is aligned vertically by the applied field as 
shown in Figure 5.13(a). When the applied field is removed, the liquid crystal relaxes back to the 
homogeneous state. The rotation of the molecules induces a macroscopic translational motion known as 
the backflow. The velocity of the flow is 


v = [w(z), 0 , 0 ] 


(5.113) 




Figure 5.13 Schematic diagram showing the relaxation of the liquid crystal in the splay geometry 
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The y component of the velocity is zero because of the symmetry of the cell. The z component is zero 
because of the mass conservation and incompressibility of the liquid crystal. The boundary condition of 
the velocity of the translational motion is 


u(z = —h/ 2 ) = u(z = h/ 2 ) = 0 

The liquid crystal director is in the x—z plane and is given by 

n = n x x + n z z = cos 0 (z, t)x + sin 0 (z, t)z 

The elastic energy density is 


(5.114) 


(5.115) 


1 (dn 7 \ z 1 , (dn 


f = 2 K “la? + 2^U 


(5.116) 


The molecular field is 


h = 


d f 


x + 


dn x dz\d(dn x /dz)J \ [ dn z dz\d(dn z /dz)J \ 


_K + 1( d f 


„ d 2 n x d 2 n z „ 

= X K 11 ~q ~ z 2 z 


= -K 33 


dz 2 


( de Y 


\dz) 

x + K\\ 


a d 2 e . fde\ 2 ' 

cosd W~ sm [d~z) 


(5.117) 


The rate of change of the director is 

dn 

— = 6(— sin Ox + cos Oz) 
dt v y 

where 6 = dO/dt. The velocity gradient tensor is 

/0 0 b\ 

A = 0 0 0 

\b 0 0/ 

where b = (l/2)du/dz . Thus 

/0 0 b\ /cos 6 \ /b sin 6 \ 

A • n = I 0 0 oil 0 = 0 

\b 0 O/\sin0/ \b cos 6 ) 

The angular velocity of the liquid crystal rotating as a whole is 

co = - V x v = (0, b, 0) 


(5.118) 


(5.119) 


(5.120) 


(5.121) 



7 52 FREEDERICKSZ TRANSITION 


The net rotation velocity of the director is 

dn 

N = —— co x n = 0 (—sin Ox + cos Oz) — by x (cos Ox + sin Oz) 

dt V ' ( 5 . 122 ) 

= (0 + b) [—sin Ox + cos Oz] 

The dynamic equation of the rotation of the liquid crystal director is 


Therefore 


n x [h — y x N — 7 2 ( A • n)\ = 0 


/z — 7 ^ — 7 2 ( A • n) = cn 
where c is a constant. In components we have 


(5.123) 


(5.124) 


-*33 


sin 0 —-7T + cos 0 
oz 1 



+ y x (0 + &)sin 0 — y 2 b sin 0 = c cos 0 


(5.125) 


*ii 


n d 2 0 . 
cos 0 -— sin 
oz 1 



2 


7 ! (0 + &)cos 0 — y 2 b cos 0 = c sin 0 


(5.126) 


Under the isotropic elastic constant assumption (K\ i = K 22 = K), multiplying Equation (5.126) by cos 0 
and Equation (5.125) by sind, and subtracting, we get 


fin f) 2 0 

7 i -Q t = - [ri + 72 (cos 2 9 - sin 2 9)]b (5.127) 

Using Equations (5.110), (5.111), and (5.112), we then have 

q/d ffia 

y x — = K — 2 (a 3 cos 2 0 — a 2 sin 2 0)b (5.128) 

Comparing Equation (5.127) to Equation (5.75), we can see the extra term which is from the translational 
motion. For the translational motion, there is only motion in the x direction. Using the dynamic equation 
(Equation (5.87)), we have 


du d 
p ~dt = dz^ 

When the pressure gradient is small and can be neglected, we have 

®zx & l ftz/tx {W'xW'zAxz + n z n x A zx ) + cc 2 n z N x + oc 2 n x N z + c/^A zx + (y^n z n z A zx + (x^n x tt x A xz 
= [ ( 2 a i cos 2 0 — oc 2 + 0 C 5 ) sin 2 0 + 04 + (a^ + < 23 ) cos 2 0 ] b + (■— oc 2 sin 2 0 + oc 2 cos 2 0 ) ^ 


(5.129) 


(5.130) 
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Figure 5.14 The profiles of the liquid crystal director and velocity in the relaxation of the bistable 
TN liquid crystal 


It is difficult to calculate the hydrodynamics involved analytically. We present a qualitative discussion 
here. If the applied field E is sufficiently high, the liquid crystal is aligned in the cell normal direction, 
except very near the cell surfaces. In the equilibrium state under the field, the tilt angle 6 is 7i/2 in most 
parts of the cell, as is shown in Figure 5.14(a). We also have 


q2q 

K 22 — —SoAcE 2 sin 6 cos 6 

dz 1 


which is shown in Figure 5.14(b). Right after the applied high voltage is turned off (t = 0), there is no 
flow. The variational rate of 6 with respect to time is given by 


d6 d 2 e 

y ^ =K w <0 


The angle decreases with time. The non-zero components of the stress tensor are 

, . 2m de k. . 2n 2 m d 2 e 

(T zx = (j xz = {-(X 2 sm 6 + oiicos 9) — = —(—a2Sin ft + o^cos ft)—-y 


dt y x 


dz 2 


From Equation (5.129) we have 


du dtJzx 

p oi = ~di 


K d 
7i dz 


(— 0 L 2 sin 2 6 + 0 C 3 cos 2 0 ) 


<Pff 

dz 2 


Kt d 
Pl\ & 


(—a2 sin 2 9 + 0(3 cos 2 6 ) 


dH 
dz 2 



(5.131) 


(5.132) 


(5.133) 

(5.134) 


Consider the case a3 > 0 (the final result is the same for negative 0C3). At a time slightly later (t = t\), 
the profile of the velocity of the developed translational motion is as shown in Figure 5.14(c). In the 
top half of the cell, v x = u > 0, i.e., the flow is in the direction. In the bottom half of the cell, 
v x = u< 0, i.e., the flow is in the —v direction. The translational motion will affect the rotation of the 
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liquid crystal. From Equation (5.128) we have 


96 , 2 R 

y ^ =K w- {a3COS 9 

q2 q 

~ K —- 7 T — (0C3 cos 2 6 

dz z 


0 C 2 sin 2 6 ) 


f Kt d 2 
\py l dz 2 


(— 0 C 2 sin 2 6 + o<3 cos 2 0) 



o<2 sin 2 0) 2 


Kt d 4 e 
P7i 


(5.135) 


The second term on the right hand side of this expression will make the angle increase in the middle 
of the cell. The translational motion makes the liquid crystal rotate in the opposite direction, which is 
known as the backflow effect. The strength of the backflow depends on the initial director 
configuration, which in turn depends on the initially applied field. If the applied field is high, the 
effect of the backflow is stronger. 

In TN and ECB displays, the backflow slows the relaxation of the liquid crystal director from the 
distorted state under an applied field to the undistorted state at zero field, and may even make the 
relaxation non-monotonic. The transmittance of a normal-white TN crystal as a function of time is 
shown in Figure 5.15 after the applied voltage is turned off [16]. When the applied voltage is 5V, the 
liquid crystal is not well aligned homeotropically. When the applied field is removed, the backflow is 
not strong and the transmittance increases monotonically as shown in Figure 5.15(a). When the 
applied voltage is 8V, the liquid crystal is well aligned homeotropically. When the applied field is 
removed, the backflow is strong and the transmittance does not increase monotonically as shown in 
Figure 5.15(b). The dip at 6 ms after the removal of the applied voltage is due to the reverse rotation 
of the liquid crystal caused by the backflow. 

Backflow can also be utilized in liquid crystal devices. The bistable TN crystal is such an example 
[13-15], where the display cell has homogeneous alignment layers. Chiral dopant is added to the 
liquid crystal in such a way that the intrinsic pitch P is twice the cell thickness h. Initially a high 
voltage is applied across the cell and the liquid crystal is switched to the homeotropic state where there 
is no twist. If the applied voltage is removed slowly, the tilt angle of the liquid crystal director 
decreases slowly with time, and the backflow is small. The liquid crystal relaxes to the state where the 
liquid crystal director is aligned homogeneously, known as the 0° twist state. The free energy of this 
state is a local minimum and the liquid crystal remains in this state for quite a long period. If the 
applied voltage is removed quickly, the tilt angle of the liquid crystal director decreases rapidly with 
time, and the backflow is large. The liquid crystal in the middle of the cell rotates in the direction 
opposite to the rotation direction of the director near the cell surfaces. The liquid crystal transforms 
into a state where the director twists 360° from the bottom to the top of the cell. The free energy of 
this state is also a local minimum and the liquid crystal remains in this state for a long period. 




Time (ms) Time (ms) 


Figure 5.15 Transmittance vs. time of the normal-white TN crystal after the applied voltage has been 
removed: (a) 5V; (b) 8Y [16] 
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Velocity profile 



Figure 5.16 


Homework Problems 

5.1 Freedericksz in the twist geometry shown in Figure 5.7. The cell thickness is h. The free energy is 
given by Equation (5.42). Use the Euler-Lagrange equation for the minimization of the total 
free energy to derive the twist angle as a function of the normalized position z/h when the applied 
field E is above the threshold E c . The anchoring is infinitely strong and the twist angle at the 
bottom and top surfaces is zero. 

5.2 Explain why the voltage threshold in the Freedericksz transition is cell thickness independent. 

5.3 Freedericksz in splay geometry. Use the parameters in Figure 5.3 and Equation (5.30) to calculate 
and plot the tilt angle at the middle plane as a function of the normalized field E/E c . 

5.4 Freedericksz in splay geometry. The cell thickness is h. Use the parameters in Figure 5.4 to calculate 
and plot the tilt angle as a function of the normalized position z/h at the following various fields: 
E/E c = 1.2, E/E c = 3.0, and E/E c = 10. 

5.5 Calculate the transmittance of the VA mode liquid crystal display for R, G, and B light. The 
parameters of the liquid crystal are K\ \ =6.4x 10 _12 N,X33 = 10 x 10~ 12 N, As = —3 ,n e = 1.57, 
and n 0 = 1.50. The thickness of the cell is 5.0 pm. The wavelengths of the R, G, and B light are 
650 nm, 550 nm, and 450 nm, respectively. 

5.6 Flow alignment angle. Consider a shear as shown in Figure 5.16. The shear rate dv/dx = constant 
and the liquid crystal director is uniformly oriented in the v—z plane. Show that when |yi/y 2 | < 1, 
the tilt angle is given by cos 2 6 = —71/72 in the steady state. 

5.7 Show that in the twist geometry, it is possible to have director motion without any flow. 
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6 

Liquid Crystal Materials 


6.1 Introduction 

Liquid crystal (LC) material, although only occupying a small portion in a display or photonic device, 
makes a decisive contribution to device performance. For instance, the device contrast ratio, response 
time, viewing angle, and operating voltage are all related to the LC material and how they are aligned. 
The refractive indices and cell gap determine the phase retardation or phase change of the LC device 
employed for either amplitude or phase modulation. The dielectric constants and elastic constants jointly 
determine the threshold voltage. The viscosity, cell gap, and temperature determine the response time. 

Absorption is another important factor affecting the physical properties of LC material. Most of the 
conjugated LC compounds have strong absorption in the ultraviolet (UV) region due to allowed 
electronic transitions. These UV absorption bands and their corresponding oscillator strengths play 
important roles in affecting the LC refractive indices and photostability. In the visible region, the 
electronic absorption tail decays rapidly so that the absorption effect is small and can be ignored. 
However, molecular vibrations appear in the mid- and long-infrared (IR) regions. The overtones of 
these vibration bands extend to the near IR (~1 pm). The material absorption affects the optical 
transmittance and especially the power handling capability of a LC-based optical phased array for 
steering a high-power IR laser beam. 

In this chapter, we will first describe the origins of the LC refractive indices and their wavelength and 
temperature dependencies, and then extend our discussion to dielectric constants, elastic constants, and 
viscosity. 


6.2 Refractive Indices 

The classic Clausius-Mossotti equation [1] correlates the permittivity (a) of an isotropic media with 
molecular polarizability (a) as follows: 


g — 1 

£ T 2 



( 6 . 1 ) 
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In Equation (6.1), N is the molecular packing density, or number of molecules per unit volume. In the 
optical frequency regime, we substitute £ = n 2 and obtain the Lorentz-Lorenz equation [2]: 


n 2 - 1 
n 2 + 2 



( 6 . 2 ) 


For anisotropic LC media, there are two principal refractive indices, n e and n 0 , which are the refractive 
indices for the extraordinary ray and ordinary ray, respectively. In principle, each refractive index is 
supposedly related to the corresponding molecular polarizabilities, oc e and cc a . An earlier approach 
replaced both n 2 in Equation (6.2) by n 2 0 and a by a e ^ 0 . However, this model does not fit the 
experimental results well. In 1964, Yuks made an assumption that the internal field in a crystal is the 
same in all directions [3]: 


Ei = 



(6.3) 


where E t is the internal field, the average field that acts on a molecule, and E is the macroscopic electric 
field. With this assumption, Vuks derived the following equation for anisotropic media: 


»«,<> - 1 
(» 2 ) + 2 



(6.4) 


where 


(n 2 ) = (n 2 + 2nl)/3 (6.5) 

Equation (6.4) is different from Equation (6.2) in two aspects: (1) the n 2 term in the denominator of 
Equation (6.2) is replaced by ( n 2 ), while the n 2 term in the numerator is replaced by n 2 eo \ and (2) a is 
replaced by a^ 0 . The Vuks equation (6.4) has been validated experimentally using the refractive index 
data of several LC compounds and mixtures [4]. 

6.2 .7 Extended Cauchy equations 

In Equation (6.4), n e and n Q are coupled together through the (n 2 ) term. By substituting Equation (6.5) 
into (6.4) and through a series of expansion of the Vuks equation, n e , n 0 , and birefringence 
A n(= n e — n 0 ) can be expressed as follows [5]: 


n e {A,T)z 

, N k 2 k* 2 


y ’ A 2 -A* 2 

(6.6) 

n 0 (k,T)z 

GS A 2 A* 2 


U ; 2 A 2 -A* 2 

(6.7) 


A n(k, T) 


3 GS 2 2 2* 2 

~i~ ^ - r 2 


(6.8) 


where ni{X) is the LC refractive index in the isotropic phase, (a) is the average molecular 
polarizability, G = (2y/2/3) ngNZ(f* -/*)/( 1 - 4/3 %N{ol)) is a proportionality constant, and S 



REFRACTIVE INDICES 159 


is the order parameter. In the isotropic state, rii(X) can be expressed by the traditional Cauchy 
equation: 


/ g \ _ a Bi Ci 

n iW — A i + -J2 + J4 


(6.9) 


where A h B h and Q are the Cauchy coefficients for the isotropic state. The temperature effect of N 
(molecular packing density) and /* —/* (differential oscillator strength) is much smaller than that of 
S. Thus, we can assume that G is insensitive to the temperature. Equation (6.8) is identical to the 
single band birefringence dispersion model [6]. 

In the off-resonance region, the terms on the right of Equations (6.6) and (6.7) can be expanded by a 
power series to the A~ 4 term and then combined with Equation (6.9) to form the extended Cauchy 
equations for describing the wavelength-dependent refractive indices of anisotropic LCs: 


A , B eo C e , 0 

n e,o = A eo + —y + ~7a~ 

A L r 


( 6 . 10 ) 


In equation (6.10), A ej0 , B ej0 , and C e , 0 are three Cauchy coefficients. By measuring the refractive indices 
of a LC material at three wavelengths, these Cauchy coefficients can be determined. Afterward, the 
refractive indices at any particular wavelength can be extrapolated. 

Although the extended Cauchy equation fits the experimental data well [7], its physical origin is not 
clear. A better physical meaning can be obtained by the three-band model which takes three major 
electronic transition bands into consideration. 


6.2.2 Three-band model 

The major absorption of a LC compound occurs in two spectral regions: namely, UV and IR. The o —> <7* 
electronic transitions take place in the vacuum UV (100-180 nm) region whereas the 7r —> 7r* electronic 
transitions occur in the UV (180^100 nm) region. 

Figure 6.1 shows the measured polarized UV absorption spectra of 5CB [8]. To avoid saturation, 
only 1 wt% of 5CB was dissolved in a UV transparent nematic LC mixture, ZLI-2359. A quartz cell 
without an indium-tin-oxide (ITO) conductive coating was used. To produce homogeneous align¬ 
ment, a thin Si0 2 layer was sputtered onto the quartz substrate. The cell gap was controlled at 6 pm. 
The A\ band which is centered at ~200nm consists of two closely overlapped bands. The 2 2 band 
shifts to ~282nm. The Ao band should occur in the vacuum UV region (2o ~ 120nm) which is not 
shown in Figure 6.1. 

If a LC compound had a longer conjugation, its electronic transition wavelength would extend to a 
longer UV wavelength. In the near-IR region, some overtone molecular vibration bands appear [9]. The 
fundamental molecular vibration bands, such as CH, CN, and C=C, occur in the mid- and long-IR 
regions. Typically, the oscillator strength of these vibration bands is about two orders of magnitude 
weaker than that of the electronic transitions. Thus, the resonant enhancement of these bands to the LC 
birefringence is localized. 

The three-band model takes one o —> <7* transition (the Ao band) and two 7r —> 7r* transitions (the A\ and 
2 2 bands) into consideration. In the three-band model, the refractive indices ( n e and n 0 ) are expressed as 
follows [10, 11]: 


— 1 + gOe.c 


A 2 Aq 


+ gle 


A 2 A 2 

? A^A 2 ' 


' g2e,o 


A 2 Aj 

F^aI 


( 6 . 11 ) 
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Figure 6.1 Measured polarized UV absorption spectra of 5CB using a homogeneous quartz cell 
without ITO. || and _L represent the e-ray and o-ray, and the middle curve is for the unpolarized light. 
Sample: 1 wt% 5CB dissolved in ZLI-2359 (a UV transparent nematic mixture). Cell gap is 6 pm. 
T = 23 °C. X\ — 200 nm and X 2 = 282 nm 


In the visible region, X > Xo (~120nm) and the Xq band’s contribution in Equation (6.11) can be 
approximated by a constant n 0e ^ o so that Equation (6.11) is simplified as 


n e,o 


, ^i 

1 + n 0e,o + gle,o 72 - 7 ^ 

X X ^ 


+ g2e,o 


44 

x 2 — 4 


( 6 . 12 ) 


The three-band model clearly describes the origins of refractive indices of LC compounds. However, 
a commercial mixture usually consists of several compounds with different molecular structures in 
order to obtain a wide nematic range. The individual Xi are therefore different. Under such 
circumstances, Equation (6.12) would have too many unknowns to describe the refractive indices 
of a LC mixture. 

To model the refractive indices of a LC mixture, we could expand Equation (6.12) into a power series 
because in the visible and IR spectral regions, X > X 2 . By keeping up to X~ 4 terms, the above extended 
Cauchy equation (6.10) is again derived. 

Although Equation (6.10) is derived based on a LC compound, it can be extended easily to include 
eutectic mixtures by taking the superposition of each compound. From Equation (6.10), if we measure 
the refractive indices at three wavelengths, the three Cauchy coefficients (A e o , B e o , and C e>0 ) can 
be obtained by fitting the experimental results. Once these coefficients are determined, the refractive 
indices at any wavelength can be calculated. From Equations (6.8) and (6.10), both refractive indices 
and birefringence decrease as the wavelength increases. In the long-wavelength (IR and millimeter 
wave) region, n e and n 0 are reduced to A e and A a , respectively. The coefficients A e and A 0 are 
constants; they are independent of wavelength, but dependent on temperature. That means that, in the 
IR region, the refractive indices are insensitive to wavelength, except for the resonance enhancement 
effect near the local molecular vibration bands. This prediction is consistent with much experimental 
evidence [12]. 
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Equation (6.10) applies equally well to both high- and low-birefringence LC materials in the 
off-resonance region. For low-birefringence (An < 0.12) LC mixtures, the A~ 4 terms are insignificant 
and can be omitted. Thus, n e and n 0 each have only two fitting parameters. The two-coefficient Cauchy 
model has the following simple form [13]: 


n e,o — A eo + 2 (6.13) 

By measuring the refractive indices at two wavelengths, we can determine A e o and B e o . Once these two 
parameters are found, n e and n 0 can be calculated at any wavelength of interest. 

For most LC displays [14], the cell gap is controlled at around 4 pm so that the required birefringence 
is smaller than 0.12. Thus, Equation (6.13) can be used to describe the wavelength-dependent refractive 
indices. For IR applications, high-birefringence LC mixtures are required [15]. Under such circum¬ 
stances, the three-coefficient extended Cauchy model (Equation (6.10)) should be used. 

Figure 6.2 shows the fittings of experimental data of 5CB using the three-band model (solid lines) and 
the extended Cauchy equations (dashed lines). The fitting parameters are listed in Table 6.1. In the 
visible and near-IR regions, both models give excellent fits to the experimental data. In the UV region, 
the deviation between these two models becomes more apparent. The three-band model considers the 
resonance effect, but the extended Cauchy model does not. Thus, in the near-resonance region the results 
from the three-band model are more accurate. 

6.2.3 Temperature effect 

The temperature effect is particularly important for projection displays [16]. Due to the thermal effect 
of the lamp, the temperature of the display panel could reach 50°C. It is important to know beforehand 
the LC properties at the anticipated operating temperature. The thermal non-linearity of LC refractive 
indices is also very important for some new photonic applications, such as LC photonic bandgap fibers 
[17, 18] and thermal solitons [19, 20]. 



Figure 6.2 Wavelength-dependent refractive indices of 5CB at T = 25.1 °C. Open and solid circles 
are experimental data for n e and n 0 , respectively. The solid line represents the three-band model and 
dashed lines are for the extended Cauchy model. The fitting parameters are listed in Table 6.1. 
Reprinted with permission from J. Li and S.-T. Wu, ‘Extended Cauchy equations for the refractive 
indices of liquid crystals’, Journal of Applied Physics , February 1, 2004, Volume 95, Issue 3, pp. 896, 
Figure 2, © 2004, American Institute of Physics 
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Table 6.1 Fitting parameters for the three-band model and the extended Cauchy equations. LC: 5CB 
at T = 25.1°C. The units of Cauchy’s B and C coefficients are pm 2 and pm 4 , respectively 


Model 


n e 



n Q 


Three-band 

ftOe 

gle 

§2e 

^0 o 

glo 

g2o 

model 

0.4618 

2.1042 

1.4413 

0.4202 

1.2286 

0.4934 

Cauchy 

A, 

B e 

C e 

A. 

B 0 

C 0 

model 

1.6795 

0.0048 

0.0027 

1.5187 

0.0016 

0.0011 


Birefringence An is defined as the difference between the extraordinary and ordinary refractive 
indices, A n = n e — n Q , and the average refractive index (n) is defined as (n) = (n e + 2n 0 )/3. Based on 
these two definitions, n e and n 0 can be rewritten as follows: 


2 

(n) + - An 

(6.14) 

(«) ~l An 

(6.15) 


To describe the temperature-dependent birefringence, the Haller approximation has been commonly 
employed when the temperature is not too close to the clearing point [21]: 

A n(T) = (An) a {\ - T/T c f (6.16) 

In Equation (6.16), (A ri) Q is the LC birefringence in the crystalline state (or T = 0 K), the exponent /? is a 
material constant, and T c is the clearing temperature of the LC material under investigation. On the other 
hand, the average refractive index decreases linearly with increasing temperature as [22]: 

(n) = A — BT (6.17) 

because the LC density decreases with increasing temperature. 

Figure 6.3 plots the temperature-dependent density of 5CB [23]. At room temperature, the density 
of 5CB is around 1.02 g/cm 3 , slightly heavier than that of water because of its higher molecular 
weight. As the temperature increases, the density decreases almost linearly. Due to the second-order 
phase transition, a disrupt density change occurs at T ~ 35.3°C. In the isotropic state, the 5CB density 
continues to decrease linearly as the temperature increases. 

By substituting Equations (6.16) and (6.17) back into Equations (6.14) and (6.15), the four-parameter 
model for describing the temperature dependence of the LC refractive indices is derived [24]: 


n e (T)^A -BT + 


2 (A n) 0 
3 



n 0 (T) — BT 



(6.18) 

(6.19) 


The parameters [A, B] and [(A n) Q , /?] can be obtained respectively by two-stage fittings. To obtain 
[A, B], we fit the average refractive index (n) = (n e + 2n 0 )/3 as a function of temperature using 
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Figure 6.3 Temperature-dependent density of 5CB. Reprinted Figure 1 with permission from 
H. R. Zeller, ‘Dielectric relaxation in nematics and Doolittle’s law’, Physical Review A, Volume 26, 
Issue 3, pp. 1785, February 4, 1982, © 1982 by the American Physical Society 


Equation (6.15). To find [(A n) 0 , /?], we fit the birefringence data as a function of temperature using 
Equation (6.14). Therefore, these two sets of parameters can be obtained separately from the same set of 
refractive indices but in different forms. 

Figure 6.4 plots the temperature-dependent refractive indices of 5CB at 2 = 546, 589, and 633nm. 
As the temperature increases, n e decreases, but n 0 gradually increases. In the isotropic state n e = n Q 
and the refractive index decreases linearly with increasing temperature. 



Figure 6.4 Temperature-dependent refractive indices of 5CB at 2 = 546, 589, and 633 nm. Squares, 
circles, and triangles are experimental data for refractive indices measured at 2 = 546, 589, and 
633nm, respectively 
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6.2.4 Temperature gradient 

Based on Equations (6.18) and (6.19), we can derive the temperature gradient for n e and n 0 , respectively: 


dn e 

n) 0 

i n 

( 6 . 20 ) 

dT ~ 

3T c (i - r/r c ) 1_ p 

dn Q 

b+ ^ A " )o 

( 6 . 21 ) 

dT ~ 

3T C {\ - T/T c y p 


In Equation (6.20), both terms on the right hand side are negative, independent of temperature. This 
implies that n e decreases as the temperature increases throughout the entire nematic range. However, 
Equation (6.21) consists of a negative term ( —B ) and a positive term which depends on the temperature. 
In the low-temperature regime ( T < Tc ), the positive term could be smaller than the negative term 
resulting in a negative dn 0 /dT. As the temperature increases, the positive term also increases. As T 
approaches T c , dn 0 /dT jumps to a large positive number. In the intermediate region, there exists a 
transition temperature where dn 0 ldT = 0. Let us define this temperature as the crossover temperature T 0 
for n 0 . To find T 0 , we simply solve dn 0 /dT = 0 from Equation (6.21). 

Figure 6.5 depicts the temperature-dependent values of —dn e /dT and dn 0 /dT for two Merck LC 
mixtures, MLC-9200-000 and TL-216. In Figure 6.5, the values of —dn e /dT for both LC mixtures 
remain positive throughout their nematic range. This means that n e , the extraordinary refractive index, 
decreases monotonously as the temperature increases in the entire nematic range. However, dn 0 /dT 



Figure 6.5 Temperature gradient for n e and n Q of MLC-9200-000 and TL-216 at X = 546 nm. 
Black and gray solid lines represent the calculated dn 0 /dT curves for MLC-9200-000 and 
TL-216, respectively, while the dashed lines represent the calculated —dn e ldT curves. The 
crossover temperatures for MLC-9200-000 and TL-216 are around 80.1 and 52.7 °C, respectively. 
Reproduced with permission from J. Li et al. , ‘High temperature-gradient refractive index liquid 
crystals’, Optical Express , Volume 12, pp. 2002-2010 (May 3, 2004), Figure 6.5, © 2004, Optical 
Society of America 
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changes sign at the crossover temperature T 0 . The values of dn 0 /dT are negative when the temperature is 
below T 0 , but becomes positive when the temperature is beyond T 0 . This implies that n 0 , the ordinary 
refractive index, decreases as the temperature increases when the temperature is below T 0 , but increases 
with temperature when the temperature is above T 0 . 


6.2.5 Molecular polarizabilities 

Since the Vuks equation correlates the macroscopic refractive index with the microscopic molecular 
polarizability, if we know the refractive index, then we can calculate the molecular polarizability, or 
vice versa. For instance, if we know the n e and n 0 data of a LC, then we can calculate its a e and oc 0 
values at different temperatures and wavelengths. 

In Equation (6.4), there is still an unknown parameter N, the number of molecules per unit volume. 
However, N is equal to pA^/M, where p is the LC density, M is the molecular weight, and Na is the 
Avogadro number. Rearranging Equation (6.4), we find 


3 M n 2 e - 1 
AnpNA (n 2 ) + 2 

3 M n 2 0 - 1 

AnpNA {n 2 ) +2 


( 6 . 22 ) 

(6.23) 


Let us use 5CB (cyano-biphenyl) as an example to calculate the molecular polarizabilities. For 5CB, the 
molecular weight is M = 249.3 g/mol and the density p(T) is taken from Figure 6.3. Using the measured 
refractive indices at 2 = 589 nm, we can calculate the a e and a 0 of 5CB from Equations (6.22) and 
(6.23). 

Figure 6.6 plots the temperature-dependent a e ,a 0 , and (a) of 5CB at 2 = 589 nm. In the isotropic 
state, (x e and oc 0 are equal. From Figure 6.6, a e decreases while a 0 increases as the temperature 
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Figure 6.6 Temperature-dependent molecular polarizabilities a e and a 0 of 5CB at 2 = 589 nm. Open 
and filled circles are the results for oi e and a 0 , respectively. Triangles represent the average 
polarizability (a). In the isotropic phase, oc e = oc 0 
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increases. However, the average polarizability (a) is quite insensitive to the temperature. The average 
polarizability for 5CB at X = 589 nm is found to be (a) ~3.3 x 10 -23 cm -3 , which agrees very well 
with the calculated value ((a) ~ 3.25 x 10 -23 cm -3 ) published by Sarkar et al. [25]. 

6.3 Dielectric Constants 

The dielectric constants of a LC affect the operation voltage, resistivity, and response time. For example, 
in a vertical alignment (VA) cell the threshold voltage (V th ) is related to the dielectric anisotropy 
(Ae = ay — £j_) and bend elastic constant (. K 33 ) as [26]: 


V th = ny/soK 33 /As (6.24) 

Thus, low threshold voltage can be obtained by either enhancing the dielectric anisotropy, or reducing 
the elastic constant, or a combination of both. However, a smaller elastic constant slows down the 
response time because of the weaker restoring torque. 

Dielectric constants of a LC are mainly determined by the dipole moment (ji), its orientation angle ( 6 ) 
with respect to the principal molecular axis, and order parameter (S), as described by the Maier and 
Meier mean field theory [27]: 


fiy =Mf|(a ||) + (Fn 2 /3kT)[l - (1 -3cos 2 0)S]| 

(6.25) 

e ± = + (Fn 2 /3kT)[l + (1 - 3cos 2 0)S/2]j 

(6.26) 

Ae = MiF j«a||} - (ax)) - (F/x 2 /2kT)(l - 3cos 2 0)s] 

(6.27) 


Here, N stands for the molecular packing density, h = 3e/(2e+ \ ) is the cavity field factor, 
£ = (fiy + 2£_l) /3 is the averaged dielectric constant, F is the Onsager reaction field, and (ay) and (aj_) 
are the principal elements of the molecular polarizability tensor. 

From Equation (6.27), for a non-polar compound, /i ~ 0 and its dielectric anisotropy is very small 
(As < 0.5). In this case, As is determined mainly by the differential molecular polarizability, i.e., the first 
term in Equation (6.27). For a polar compound, the dielectric anisotropy depends on the dipole moment, 
angle 6 , temperature (7), and applied frequency. If a LC has more than one dipole, then the resultant 
dipole moment is their vector summation. In a phenyl ring, the position of the dipole is defined as 



From Equation (6.27), if a polar compound has an effective dipole at 6 < 55°, then its As will be positive. 
On the other hand, As becomes negative if 6 > 55°. 

Fluoro (F) [28], cyano (CN) [29], and isothiocyanato (NCS) [30] are the three commonly employed 
polar groups. Among them, the fluoro group possesses a modest dipole moment (/r ~ 1.5 debyes), high 
resistivity, and low viscosity. However, its strong negativity compresses the electron clouds and, 
subsequently, lowers the compound’s birefringence. As a result, the fluorinated compounds are more 
suitable for visible display applications where the required birefringence is around 0.1. 
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For IR applications, a higher birefringence (An >0.3) compound is needed in order to compensate 
for the longer wavelength. To obtain a higher birefringence, two approaches can be taken to enhance 
the electron conjugation length: (1) by elongating the core structure, e.g., tolane and terphenyl; and (2) 
by attaching an electron acceptor polar group, such as CN and NCS. The CN group has a larger dipole 
moment (/i ~ 3.9 debyes) than NCS (fi~ 3.7 debyes) because of its linear structure. However, due to 
the very strong polarization of the carbon-nitrogen triple bond, the Huckel charges of carbon and 
nitrogen are high and well localized. Accordingly, dimers are formed by the strong intermolecular 
interactions between the nitrile group and phenyl ring. Thus, a relatively high viscosity is observed in 
the cyano-based LC mixtures. On the other hand, the Huckel charges of nitrogen, carbon, and sulfur 
are smaller in the NCS group. The predicted intermolecular interactions by the NCS group in the 
isothiocyanato-benzene systems are smaller than those in the nitrile-based systems. The dimers are not 
formed and, therefore, the viscosity of such molecular systems is lower than that of nitrile-based ones. 
Due to the longer 7i-electron conjugation, the NCS-based LC compounds exhibit a higher birefrin¬ 
gence than the corresponding CN compounds. 


6 . 3 . 7 Positive As LCs active matrix LC displays 

Positive As LCs have been used in twisted nematic (TN) [31] and in-plane switching (IPS) [32, 33] 
displays, although IPS can also use negative As LCs. For displays based on the thin-film-transistor 
(TFT), the employed LC material must possess a high resistivity [34]. Fluorinated compounds exhibit a 
high resistivity and are the natural candidates for TFT LCD applications [35, 36]. A typical fluorinated 
LC structure is shown below: 


(F) 



(F) 


From Equation (6.27), to obtain the largest As for a given dipole, the best position for the fluoro 
substitution is along the principal molecular axis, i.e., in the 4 position. The single fluoro compound 
should have As ~ 5. To further increase As, more fluoro groups can be added. For example, compound 
(I) has two more fluoro groups in the 3 and 5 positions [37]. Its As should increase to ~10, but its 
birefringence would slightly decrease (because of the lower molecular packing density) and its 
viscosity increases substantially (because of the higher moment of inertia). Besides fluoro, the OCF 3 
group is found to exhibit a fairly low viscosity. Low-viscosity LC is helpful for improving response 
times [38]. 

The birefringence of compound (I) is around 0.07. If a higher birefringence is needed, the middle 
cyclohexane ring can be replaced by a phenyl ring. The elongated electron cloud will increase the 
birefringence to about 0.12. The phase transition temperatures of a LC compound are difficult to 
predict beforehand. In general, the lateral fluoro substitution would lower the melting temperature of 
the parent compound because the increased molecular separation leads to a weaker intermolecular 
association. Thus, a smaller thermal energy is able to separate the molecules. That means that the 
melting point is decreased. 

6 . 3.2 Negative As LCs 

For VA [39], the LC employed should have a negative dielectric anisotropy. From Equation (6.27), in 
order to obtain a negative dielectric anisotropy, the dipoles should be in the lateral (2, 3) positions. 
Similarly, in the interests of obtaining high resistivity, the lateral difluoro group is a favorable choice. 
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A typical negative Ac LC compound is shown below [40]: 



Compound (II) has two lateral fluoro groups. Their dipole components in the horizontal axis are 
perfectly cancelled. On the other hand, the vertical components add up. As a result, Ae is negative. The 
neighboring alkoxy group also contributes to enhance the negative Ae. However, its viscosity is 
somewhat larger than that of an alkyl group. The estimated Ae of compound is about —4. To further 
increase Ae, more fluoro groups need to be substituted. That would increase the viscosity unfavorably. 
This is a common problem of negative LCs. It is not easy to increase Ae value without tradeoffs. 

6.3.3 Dual-frequency LCs 

Dual-frequency LC (DFLC) [41,42] exhibits a unique feature where its Ae changes from positive at low 
frequencies to negative as the frequency passes the crossover frequency (f c ), as Figure 6.7 shows. The 
frequency when Ae = 0 is called the crossover frequency. The major attraction of a DFLC device is its 
fast response time. During the turn-on and turn-off processes, AC voltage bursts with low and high 
frequencies are applied. As a result, rapid rise and decay times can be achieved [43]. 

In practice, a DFLC mixture is composed of some positive (with an ester group) and negative Ae 
LC compounds and its crossover frequency is around a few kilohertz, depending on the molecular 
structures and compositions [44]. The Ae of the ester compounds is frequency dependent, as shown 
by the top gray line in Figure 6.7. As the frequency increases, Ae decreases gradually. However, Ae 
for the negative components of the DFLC mixture remains fairly flat, as depicted by the bottom 
dashed line. The resultant Ae is frequency dependent, as plotted by the middle solid line. In this 
example, the crossover frequency occurs at about 9.2 kHz. 



Figure 6.7 Frequency-dependent dielectric anisotropy of a positive LC mixture whose Ae is 
frequency dependent (top), a negative Ae LC mixture (bottom), and a DFLC mixture (middle) 
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6.4 Rotational Viscosity 

Viscosity, especially rotational viscosity (}q), plays a crucial role in the LCD response time. The 
response time of a nematic LC device is linearly proportional to y x [45]. The rotational viscosity of an 
aligned LC depends on the detailed molecular constituents, structure, intermolecular association, and 
temperature. As the temperature increases, viscosity decreases rapidly. Several theories, rigorous or semi- 
empirical, have been developed in an attempt to account for the origin of the LC viscosity [46, 47]. 
However, due to the complicated anisotropic attractive and steric repulsive interactions among LC 
molecules, these theoretical results are not completely satisfactory [48, 49]. 

A general temperature-dependent rotational viscosity can be expressed as 

yi=bS- exp (E/kT) (6.28) 

where b is a proportionality constant which takes into account the molecular shape, dimension, and 
moment of inertia, S is the order parameter, E is the activation energy of molecular rotation, k is the 
Boltzmann constant, and T is the operating temperature. When the temperature is not too close to the 
clearing point ( T c ), the order parameter can be approximated as follows: 


s= (1 - T/T c f (6.29) 

In Equation (6.29), /? is a material parameter. Generally, rotational viscosity is a complicated function of 
molecular shape, moment of inertia, activation energy, and temperature. Among these factors, activation 
energy and temperature are the most cmcial ones [50]. The activation energy depends on the detailed 
intermolecular interactions. An empirical rule is that for every 10 degrees of temperature rise, the rotational 
viscosity drops by about two times. 

From the molecular structure standpoint, a linear LC molecule is more likely to have a low viscosity 
[51]. However, all the other properties need to be taken into account too. For instance, a linear structure 
may lack flexibility and lead to a higher melting point. Within the same homologues, a longer alkyl chain 
will in general (except for the even-odd effect) have a lower melting temperature. However, its moment 
of inertia is increased. As a result, the homologue with a longer chain length is likely to exhibit higher 
viscosity. 

6.5 Elastic Constants 

There are three basic elastic constants (splay K n , twist K 2 2, and bend K 33 ) involved in the electro-optics 
of a LC cell depending on the molecular alignment [52]. Elastic constants affect a LC device through 
threshold voltage and response time. For example, the threshold voltage of a VA cell is expressed in 
Equation (6.24). A smaller elastic constant will result in a lower threshold voltage; however, the response 
time, which is proportional to the visco-elastic coefficient, the ratio of y\/K ih is increased. Therefore, 
proper balance between threshold voltage and response time should be taken into consideration. 

Several molecular theories have been developed for correlating the Frank elastic constants with 
molecular constituents. The commonly employed one is mean field theory [53, 54]. In the mean field 
theory, the three elastic constants are expressed as: 

Ku = ciiS 2 (6.30) 


where a t is a proportionality constant. 

For many of the LC compounds and mixtures that have been studied, the magnitude of elastic 
constants has the following order: K 33 >K n >K 22 . Therefore, LC alignment also plays an essential role in 
achieving a fast response time. For example, a VA cell ( K 33 effect) should have a faster response time 
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than an IPS cell ( K 2 2 effect) due to the elastic constant effect, provided that all the other parameters such 
as cell gap and viscosity remain the same. Usually, the lateral difluoro substitutions increase viscosity to 
a certain extent because of the increased molecular moment of inertia. 


6.6 Figure-of-merit (FoM) 

To compare the performance of different LC materials, a figure-of-merit (FoM) has been defined as [55]: 

FoM = K(An) 2 /fi (6.31) 

In Equation (6.31), K is the elastic constant for a given molecular alignment. For example, K = K 33 for a 
VA cell, and K = K n for a planar (homogeneous) cell. K , An, and 7 ! are temperature dependent. Using 
Equations (6.16), (6.28), (6.29), and (6.30) for the corresponding temperature dependency, the FoM is 
derived as follows: 


FoM = (cii/b)(An 0 ) 2 (l - T/T^ ■ exp(-E/kT) (6.32) 

Equation (6.32) has a maximum at an optimal operating temperature T op : 

Top = A-lx/l + vm^TjE - 1] (6.33) 

O/jKo 

The quantity 12 /3k 0 T c /E in Equation (6.33) is small, and the square root term can be expanded into a 
power series. Keeping the lowest order terms, we find: 

T op - T c (l - 3 pk 0 T c /E + ...) (6.34) 

Figure 6.8 shows the temperature-dependent FoM of Merck MLC-6608, a negative As LC mixture. 
The results were measured using a He-Ne laser with 2 = 633 nm. The clearing temperature of 



Figure 6.8 Temperature-dependent FoM of MLC-6608. 2 = 633 nm. The solid circles are 
experimental data and the solid line is fitted using Equation (6.32) with /? = 0.272 and E = 325 meV 
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MLC-6608 is T c = 92.1°C. From fitting to Equation (6.32), /3 = 0.272 and E = 325 meV are 
obtained. At room temperature, the FoM is about 0.8. As the temperature increases, the FoM 
increases gradually and reaches a peak (~1.6) at T op ~ 70°C and then drops sharply. The optimal 
operating temperature is about 20°C below T c . For a LCD TV application, about 50% of the backlight 
is absorbed by the polarizer, which is laminated onto the glass substrates. The absorbed light will be 
converted to heat. As a result, the LC temperature could reach about 35-40 °C. From Figure 6.8, the 
FoM at T ~ 40°C is about 60% higher than that at room temperature. 


6.7 Index Matching Between LCs and Polymers 

Polymer-dispersed LC (PDLC) [56] and polymer-stabilized LC have been used for displays [57] and 
photonic devices [58]. In a PDLC, the refractive index difference between the LC droplets and 
polymer matrix plays an important role in determining the voltage-off and voltage-on state transmit¬ 
tance. In a normal-mode PDLC, the droplet size is controlled at ~l|jim, which is comparable to the 
wavelength of visible light. In the voltage-off state, the droplets are randomly oriented. The index 
mismatch between the LC (whose average refractive index is given by (n) = (n e + 2n 0 )/?> and 
polymer matrix (n p ) affects the light-scattering capability. For a given droplet size, the larger the 
index mismatch, the higher the light scattering. Conversely, in the voltage-on state the LC directors 
inside the droplets are reoriented along the electric field direction so that the refractive index becomes 
n Q , the ordinary refractive index. If n Q ~ n p , then the PDLC becomes isotropic and will have an 
excellent transmittance. Therefore, the preferred LC material for PDLC is not only of high 
birefringence (An = n e — n 0 ) but also a good index match between n 0 and n p . In a polymer-stabilized 
LC system, polymer networks help to improve the response time. A good index match would reduce 
light scattering. 


6.7.7 Refractive index of polymers 

NOA65 (Norland Optical Adhesive 65) is a commonly used photocurable polymer because 
its refractive index (n p ~ 1.52) is close to the n 0 of many commercial LC mixtures. Before UV 
curing, NOA65 is a clear and colorless liquid. The measurement of the monomer is fairly simple. 
However, in a practical device, such as a PDLC, all the monomers are cured to form a polymer matrix. 
Therefore, it is more meaningful to measure the refractive index of the cured polymers than the 
monomers. 

To prepare a polymer film, the monomer is infiltrated into an empty cell with a 1 mm gap using 
capillary flow [59]. During the experiment, the cells were placed on a hot plate at a constant 
temperature (T ~ 50°C) and then illuminated with a uniform UV light (/ = 14 mW/cm 2 , 
2 ~ 365 nm) for 40 minutes because of the large cell gap. Afterward, the glass substrates were 
peeled off and the thick polymer film was removed under a high temperature (T ~120°C). The film 
was kept in a stove at a constant temperature of 50°C for 12 hours to age completely. The cured 
polymer film of NOA65 was quite flexible. In order to get an accurate measurement, the films were cut 
into rectangular parallelepipeds 15 mm long, 9 mm wide, and 1 mm thick. The bottom surface of the 
samples was polished so that it completely contacted the main prism surface of the Abbe refract- 
ometer. First, a small drop of contact liquid (monobromonaphthalene) was placed on the main prism 
before the sample. It is essential to spread the contact liquid evenly between the sample and the main 
prism and get rid of any dust or bubbles between the solid sample and the main prism. A lighting glass 
was used to compensate for the weak light because the samples are thin. Similarly, a small amount of 
the contact liquid was spread on the top surface of the sample and the lighting glass was placed on top 
of the contact liquid. The thin contact liquid should be spread evenly between the sample and the 
lighting glass. At this stage, the contact liquid is sandwiched as films between the main prism and the 
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Table 6.2 The measured refractive index (n) of cured NOA65 film at A = 450, 486, 546, 589, 633, 
and 656 nm at different temperatures 


T(°Q 



2 (nm) 



450 

486 

546 

589 

633 

656 

20 

1.5396 

1.5352 

1.5301 

1.5275 

1.5255 

1.5243 

25 

1.5391 

1.5347 

1.5296 

1.5270 

1.5250 

1.5239 

30 

1.5386 

1.5343 

1.5292 

1.5266 

1.5246 

1.5235 

35 

1.5377 

1.5335 

1.5282 

1.5254 

1.5233 

1.5225 

40 

1.5363 

1.5324 

1.5272 

1.5245 

1.5222 

1.5214 

45 

1.5352 

1.5311 

1.5261 

1.5235 

1.5211 

1.5204 

50 

1.5340 

1.5305 

1.5248 

1.5223 

1.5202 

1.5192 

55 

1.5330 

1.5298 

1.5243 

1.5217 

1.5194 

1.5187 


sample, and between the sample and the lighting glass. The incident light entered the sample slightly 
aslant from the upside. 

Table 6.2 lists the measured refractive indices of NOA65 at various wavelengths and temperatures. 

The refractive index of NOA65 was also measured in the monomer state. After UV curing, the 
refractive index of the cured polymers increases by 1.7% for NOA65. This slight refractive index 
increase originates from the increased density of the polymer after cross-linking. 

For a normal-mode PDLC, the light scattering in the voltage-off state depends on the 
LC birefringence: the higher the birefringence, the higher the scattering efficiency. In the voltage- 
on state, the transmittance depends on the refractive index match between the LC ( n 0 ) and the polymer 
matrix ( n p ). If n 0 ~ n p , then the on-state will be highly transparent. After measuring the n p of NOA65, 
two commercial high-birefringence LC series are selected with their n Q close to n p . The two LC series 
are the BL-series (BL038, BL006, and BL003) and E-series (E48, E44, and E7). To measure the 
refractive indices, the LCs are aligned perpendicular to the main and secondary prism surfaces of 
the Abbe refractometer by coating these two surfaces with a surfactant consisting of 0.294 wt% 
hexadecyletri-methyle-ammonium bromide (HMAB) in methanol solution. 

6.7.2 Matching refractive index 

For a linearly conjugated LC, a high n 0 often leads to a high A n. Most of the commercially available 
high-birefringence (A n ~ 0.20-0.28) LCs have n 0 ~ 1.50-1.52. These are mixtures of cyano-biphe- 
nyls and cyano-terphenyls, e.g., the Merck E-series and BL-series. Only a few high-birefringence 
(A n ^ 0.4) LCs have n Q > 1.55. These are mainly isothiocyanato-tolane mixtures. Thus, let us focus 
on the index matching phenomena of some Merck E-series (E7, E44, and E48) and BL-series (BL003, 
BL006, and BL038) LC with NOA65. 

Figure 6.9 shows the measured refractive index of the UV-cured NOA65 and the ordinary refractive 
index of E48, E44, and E7, as a function of wavelength at T — 20°C. The fitting parameters A, B , and C 
are listed in Table 6.3. From Figure 6.9, E48, E44, and E7 all have a reasonably good index matching 
with NOA65. The mismatch is within 0.005 at X = 550 nm. More specifically, E44 has the best match in 
the red spectral region while E7 and E48 have the best match in the blue region. In the green region 
(2 = 546 nm) where the human eye is most sensitive, E44 has a slightly higher index, while E7 and E48 
are slightly lower than NOA65, but the difference is in the third decimal. 

Figure 6.10 shows the refractive index of the cured NOA65 and the ordinary refractive indices of 
BL038,BL006, andBL003 as a function of wavelength at T = 20°C. In Figure 6.10, BL038,BL006, and 
BL003 have a similar trend in n 0 (2). The index matching with NOA65 is quite good in the green and red 
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Figure 6.9 Wavelength-dependent refractive index of NOA65 and the ordinary refractive indices of 
E48, E44, and E7 at T = 20°C. The open squares and triangles, and the solid circles and triangles, are 
the measured refractive indices of E48 and E44, and NOA65 and E7, respectively. The solid lines 
represent the fittings using the extended Cauchy model (Equation (6.10)). The fitting parameters are 
listed in Table 6.3 



Figure 6.10 Wavelength-dependent refractive index of NOA65 and the ordinary refractive indices of 
BL038, BL006, and BL003 at T = 20 °C. The open squares and triangles, and the solid circles and 
triangles, are the measured refractive indices of BL038 and BL006, and NOA65 and BL003, 
respectively. The solid lines represent the fittings using the extended Cauchy model (Equation (6.10)). 
The fitting parameters are listed in Table 6.3 
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Table 6.3 The fitting parameters for the refractive index (Equation (6.10)) of NOA65 and the 
ordinary refractive indices of E48, E44, E7, BL038, BL006, and BL003 at T — 20°C 


Cauchy 

coefficients 

NOA65 

E48 

E44 

E7 

BL038 

BL006 

BL003 

A 

B (pm 2 ) 

C (pm 4 ) 

1.5130 

0.0045 

1.8 x 10~ 4 

1.5027 

0.0055 

5.6 x 10- 4 

1.5018 

0.0089 

1.0 x 10~ 4 

1.4995 

0.0068 

4.1 x 10~ 4 

1.5042 

0.0065 

4.7 x 10~ 4 

1.5034 

0.0085 

1.9 x 10~ 4 

1.5056 

0.0057 

5.9 x 10~ 4 


spectral regions. A larger deviation is observed in the blue region, but the difference is still in the third 
decimal (see Table 6.3). 

In a PDLC system, good index matching (n 0 ~ n p ) between the employed polymer and LC helps 
to improve the transmittance in the voltage-on state. On the other hand, a larger index mismatch 
((«) >n p ), i.e., a higher birefringence LC, enhances the light-scattering efficiency in the voltage-off 
state. However, refractive index match or mismatch is not the only factor deciding the PDLC 
performance. UV stability of LC and miscibility between polymers and LC also play important roles 
affecting the PDLC properties. From the above discussion, the E-series and BL-series LC all have a 
good index match with NOA65. All of them are good candidates for PDLC applications when NOA65 
is used. In the visible spectrum, E48 and E7 have very similar ordinary refractive indices at T = 20°C, 
as do BL038 and BL003. However, E48 has a higher birefringence than E7 and BL038 has a higher 
birefringence than BL003. Therefore, E48 and BL038 are somewhat better choices than E7 and BL003 
for NOA65-based PDLC systems. 

Homework Problems 

6.1 The following building blocks are given: two alkyl chains C 3 H 7 , C 5 Hn; three polar groups F, CN, 
andNCS; a cyclohexane ring; and a phenyl ring. Assuming that each alkyl chain and polar group can 
be used only once in each compound, except for the rings: 

(1) Construct a two-ring compound with the largest positive dielectric anisotropy. 

(2) Construct a two-ring compound with the largest negative dielectric anisotropy. 

(3) Construct a three-ring compound with An ~ 0.05 which is suitable for reflective TFT LCDs. 

6.2 Compare the physical properties (at the same reduced temperature) of the following compounds: 


C 3 H 7 



(a) 


C 3 H 7 



NCS 


(b) 


C 3 H 7 



(c) 


(1) Dielectric anisotropy: ( ) X )>( ) 

(2) Birefringence: ( ) X )>( ) 

(3) Rotational viscosity: ( )>( )>( ) 

6.3 Prove that the extended Cauchy equations (Equation (6.10)) derived from LC compounds can be 
applied to LC mixtures. Hint: See Ref. 13. 
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6.4 A TFT LC mixture has An = 0.090 at 2 = 589nm and 0.085 at 2 = 633nm. What is the 
extrapolated birefringence at 2 = 550 nm? 

6.5 Prove that n e , n a , and An reach saturation values beyond the near-IR region. 
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7 


Modeling Liquid Crystal 
Director Configuration 


Liquid crystal director configuration and optical modeling methods are well developed and reliable and 
widely used in the design of liquid crystal devices [1-7]. In the modeling, the equilibrium director 
configuration is obtained by minimizing the total free energy of the system (elastic energy plus electric 
energy). The popular numerical methods used in liquid crystal modeling are th g finite-difference method 
(FDM) [1,8] and finite-element method (FEM) [7, 9, 10]. FDM is simple and easy to understand while 
FEM is versatile in modeling arbitrary liquid crystal device structures. We will only discuss FDM in this 
chapter. 


7.1 Electric Energy of Liquid Crystals 

In order to model the liquid crystal director configuration, we first must know how liquid crystals interact 
with externally applied electric fields. Many liquid crystal devices make use of uniaxial nematic liquid 
crystals which are dielectrics. We consider the electric energy of nematic liquid crystals in externally 
applied electric fields through dielectric interaction. A typical liquid crystal device cell is shown in 
Figure 7.1, where the liquid crystal is sandwiched between two parallel substrates with transparent 
electrodes. The electric energy of the liquid crystal is given by [11-13] 


U e 


j l -E-Dd\ 

V 


(7.1) 


where the volume integration is over the liquid crystal. The internal energy (including the electric 
energy) of the system is U. The change of internal energy dU in a process is equal to the sum of the heat 
absorbed dQ , the mechanical work dW m done on the system, and the electric work dW e done on the 
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Figure 7.1 Schematic diagram of the liquid crystal cell connected to a voltage source 
system by external sources: 


dU = dQ + dW m + dW e (7.2) 

When the liquid crystal undergoes a change in its director configuration, the electric field may change 
and the electric work dW e depends on whether the liquid crystal cell is connected to a voltage source or 
not. We will consider several cases in the following sections. 


7.1.1 Constant charge 

In the first case, the liquid crystal cell is disconnected from the voltage source. The free charge on the 
interface between the liquid crystal and the electrode is fixed, and this case is called fixed charge. The 
external voltage source does not do electric work, i.e., dW e = 0. At constant temperature and pressure, 
the Gibbs free energy 


G = J (/elastic +^E D^jd 3 r (7.3) 

is minimized in the equilibrium state. As an example, we consider a 1-D case where the liquid crystal 
director n is confined in the x-z plane and is only a function of the coordinate z that is parallel to the cell 
normal. Inside the electrode, E — 0. The tangential boundary condition gives E x = E y = 0 everywhere. 
Therefore E = E(z)z. From Figure 7.2 the electric displacement is found to be 

D — e 0 {e\\(E • n)n + e±[E — (E • n)n]\ = e 0 [e±E + A e(E • n)n] 

(7.4) 

= s 0 [s±E + A sE cos On] 

The surface free charge density o\ = D z (z = 0) = a on the bottom surface and the surface free charge 
density <72 = —D z (z = h) on the top surface are fixed. In the 1-D case here, D = D(z) and 



Figure 7.2 Schematic diagram showing the field decomposed into components parallel and 
perpendicular to the liquid crystal director, respectively 
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V • D = dD z /dz = 0; therefore D z is a constant across the cell: 

D z {z) = D z (z = h) = 8 a 8± E + 8 0 AsEcos 2 6 = a (7.5) 

The electric field is given by 


E = o/[8 0 {8 _l + Aecos 2 #)] (7.6) 

When the liquid crystal undergoes a configurational change, 6 changes and thus E changes. The electric 
energy density is 


/electric — 2^ 


D = 2 E 


D z 2s 0 (£_l+ Aecos 2 d) 


(7.7) 


In the equilibrium state, the Gibbs free energy 


G = 


J 


/elastic T ^ E ' D J dV — 


/ 


/elastic 


2g 0 (e_L+ Ae cos 2 d)J 


d 5 r 


(7.8) 


is minimized. Note that a is a constant. The voltage across the cell is 

h h 

V = [ E z dz = [ — -- yz^dz (7.9) 

J i + Aecos 2 0) 

o o 

which is not a constant and changes with the director configuration. If Ae>0, when n\\E, 6 = 0, 
the electric energy is minimized; therefore the liquid crystal molecules tend to align parallel to the 
field. If Ae < 0, when nEE, 6 = n/2, the electric energy is minimized; therefore the liquid crystal 
molecules tend to align perpendicular to the field. 

7. 1.2 Constant voltage 

Next, we consider the second case where the liquid crystal cell is connected to the voltage source 
such that the voltage V applied across the cell is fixed. The electric potential in the cell is 4>(z). 
On top of the cell (z = h), the potential <f>(z = h) = </> 2 is low. At the bottom of the cell (z = 0), 
the potential </>(z = 0). = </q is high. <f>i — (j) 2 = V. The electric field is in the +z direction. The 
free surface charge density on the top surface of the liquid crystal is 02 = —g, which is negative. 
The free surface charge density on the bottom surface of the liquid crystal is g\ = g, which is 
positive. When the liquid crystal undergoes an orientational configuration change, a may vary. 
During the reorientation of the liquid crystal, the charge dQ = j s ^—do 2 )dS is moved from the top 
plate to the bottom plate by the voltage source and the electric work done by the voltage source to 
the liquid crystal is 


dW e = VdQ={4> l -(t> 2 )dQ = {(j) l -(t>2) J{-S<j 2 )dS= J 4> 2 5o 2 dS + J ' fadoidS (7.10) 
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The electric energy of the liquid crystal is 

J^DEd 3 r = j l -D-{-V<t>)d\=-J^V(0)dV+ J^(V-D)d 3 r (7.11) 

Vol Vol Vol Vol 


The last term is zero because V • D = 0. The surface normal vector points out of the liquid 
crystal: 


- J\ V ■ ( 0)dV = - i §0 dS=- 1 -J <p 2 D z (z = h)dS <fiiD z (z = 0 )(-dS) 

V S S 2 Sr 


The free surface charge densities are given by (72 = — D z (z = h) and o\ =D z (z = 0). Therefore 


J ^ D ■ Ed 3 r = M J 0 2 ^(72 dS + J (j) l S<JidS 

Vol \ s 2 


(7.12) 


Comparing Equations (7.10) and (7.12), we have 

•/ 


dW e =b ID- Ed 3 r 

Vol 


(7.13) 


In a reorientation of the liquid crystal, as discussed in Chapter 1, the change of entropy of the 
system is given by dS>dQ/T = (SU — dW m — dW e )/T = (SU + PdV — dW e )/T. At constant tem¬ 
perature and pressure, S(U — W e +PV — TS) < 0, i.e., 


J if elastic 3 “ f electric D • E)d V — 3 J yf elastic 


: -^DE\d 3 r 


<0 


Therefore at the equilibrium state 


■/(* 


R= I [f, elastic ■E)d i r 


is minimized. Using Equation (7.6), we have 


R = 


/ 


felastic 


2 s 0 {s± +Aecos 2 0)J 


d 5 r 


(7.14) 


(7.15) 


At first glance, it seems that in order to minimize R , provided Ae > 0, ft should be perpendicular to 
E(0 = 7t/ 2), in contrast to the result of the constant charge case. The liquid crystal molecules do not 
know whether the charge is fixed or the voltage is fixed and the liquid crystal (Ae > 0) always tends 
to align paralell to the applied field. This paradox can be resolved by noting that, in Equation (7.15), 
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a is no longer a constant, because 


0 0 

=1 [ _ 1 _ 

Aj s 0 (s±+Ascos 2 6) 


-dz 


(e_L+ As cos 2 6 ) 

d 3 r = a fixed constant 


(7.16) 


where A is the surface area of the cell. When 9(z) changes, g must vary in order to keep V fixed. R is a 
functional of 0 and a. Equation (7.16) is the constraint under which R is minimized. The constraint can 
be removed if we use a Lagrange multiplier [14], and minimize 




/ 


/elastic ; 


- + k- 


2s 0 (s_\_ + Aecos 2 0) s 0 (s_\_+ Ascos 2 6) 
where X is the Langrange multiplier. Minimizing 11 with respect to 02 , we have 


d 5 r 


(7.17) 


d£l 


2 a 


- + k- 


1 


do 2s 0 (s± + Aecos 2 0) s 0 (s±-\-Ascos 2 6) 
Hence X = a. We minimize 

^2 


= 0 


a = G = / 


Elastic ' 


2 s 0 (s^ + Aecos 2 0)J 


d 3 r 


(7.18) 


(7.19) 


with a treated as a constant and without the constraint given by Equation (7.16). This is the same as 
Equation (7.8) for the case of constant charge. 

In reality, the voltage is usually fixed and known. We can use the following strategy to calculate 
the director configuration for a given voltage V : (1) Assume a is fixed and has a trial value o t . 
(2) Use the Euler-Lagrange method to minimize the Gibbs free energy given by Equation (7.8) and 
find the solution 6 = 6(z). (3) Calculate the corresponding voltage 

h 

^ try J s 0 (e_L + Ae cos 2 6 ) 

0 

If Vtry 7 ^ V, try a new surface charge density o n = o t + oc(V — V t )s Q s±/h, where a is a numerical 
constant which may be chosen to be 0.5. Repeat the above process until \ V t — V\ is sufficiently small. 

7. 1.3 Constant electric field 


When the orientation of the liquid crystal is uniform in space, 9 is a constant independent of z. 
For a fixed V, the electric field E = E z = V/h is a constant independent of the orientation of 
the liquid crystal. In the equilibrium state, R , given by Equation (7.14), is minimized: 
— (1/2)/) • E = —(\/2)s 0 s±E 2 — (l/2)s 0 As(E • n) 2 . Because —(1/2 )s 0 s±E 2 is a constant indepen¬ 
dent of the orientation of the liquid crystal, Equation (7.14) becomes 


R = J [/elastic - (I/2)e 0 Ae(H ■ £) 2 j S' r 


( 7 . 20 ) 
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In the equilibrium state R is minimized. If Ae>0, when n\\E, 6 = 0 , the electric energy is 
minimized; therefore the liquid crystal molecules tend to align parallel to the field. If Ae<0, 
when H-LE, 6 = n/2, the electric energy is minimized; therefore the liquid crystal molecules tend to 
align perpendicular to the field. 

7.2 Modeling the Electric Field 

Multiplexed displays have many pixels where liquid crystals are sandwiched between two substrates 
with conducting films. Electric fields are produced by applied electric voltage across the conducting 
coatings. The pixels are separated by gaps where the conducting coating is etched off. Fringe fields are 
produced at the edge of the pixels, which may cause serious problems in microdisplays where the gap 
between pixels is not much smaller than the pixel (linear) size. In this section we will consider how to 
numerically calculate electric fields in multiplexed displays. 

Electric field E is related to electric potential </> by E = —Vcp. Liquid crystals are dielectric media 
and there are usually no free charges inside them. From the Maxwell equations we have 

V • D = V • (V • E) = -V • (V • V<p) = 0 (7.21) 

We first consider a simple case where the medium is isotropic and uniform. Equation (7.21) becomes 

V 2 cp = 0 (7.22) 

which is known as the Laplace equation. Several approaches have been developed to solve the Laplace 
equation. The simple and dominant method is the finite-difference method (FDM) [1, 15, 16]. 

In the FDM, a regular mesh is used on the region in which a solution is to be found. As an example, 
the region to be considered is a rectangle with lengths L x and L y in the x and y directions. We 
superimpose a mesh on the rectangle. The unit cell of the mesh is a square with length A. At each 
lattice point of the mesh, the potential is cp(i,j ), and the Laplace equation is approximated by 

<p(i +1,7') + <p(i -1,7')- 2 q>(i, j) <p(i, j + 1) + <p(i, 7 - 1) - 2<p(*> j) 

A 2 A 2 K ’ 

where i = 0,1,2,.. * ? N x (N x = L x / A) and j = 0,1,2,..., N y (N y = Ly/ A). Rearranging Equation 
(7.23) we have 

</>(*, j) = \ [</>(* +1,7') + <p(i ~ 1,7') + <P(i, j + 1) + </>(*', 7 - 1)] (2-24) 

Usually the potential at the boundary is given. Assume an initial condition cp 0 (i , j) that is consistent 
with the boundary condition. The potential at any mesh point can be calculated from the assumed 
potentials at its nearest neighbor mesh points by using the above equation. In the calculation the 
latest available values of the potential are always used on the right hand side of the equation. The 
solution to the Laplace equation can be calculated iteratively. This process has the shortcoming that 
it converges quite slowly to the solution of the Laplace equation. The rate of convergence can be 
improved by using the ‘over-relaxation’ method: 

<P T+1 (*', j ) = (1 - «)<P T (', 7) + ^ [<P Z (i + 1,7') + - 1,7) 

+ ^(i, 7 + 1) + <P T (*’, 7 — 1)] 


(7.25) 
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where t is the order of the iteration and a is the relaxation constant, which should be a 
positive constant smaller than 1.5 in order to obtain a stable solution. Equation (7.25) can be rewritten 
as 

< P t+1 ( , > j) =(p\i,j) r * </> r U f 1../) I </> r (/' 1,7) - 2<p t (i, 7 ) 

+ 7 + 1) + <P x (i, 7 - 1) - 2<p T (i, 7 ')] 


that is, 


rvA 2 

<p T+ 1 (*,y) = <p T (i,j)+^~ 


dV dV,. 


<9x 2 


<9y 2 


(7.26) 


As (p( l ’i\i,j ) approaches the actual solution to the Laplace equation, the change A cp T (i,j) = 
(p x+l (i,j) — cp x (i,j ) becomes smaller and smaller. When (p T (i,j ) no longer changes, i.e., 


dV 

<9x 2 


(b 7) 


dV 

dy 2 


(b 7) = 0 


the Laplace equation is satisfied. In the numerical calculation, the iteration is stopped when the 
maximum |A<p m | of the absolute values of A cp T (i, j) at the lattice points on the mesh is smaller than a 
specified value. Lor a 3-D non-uniform anisotropic medium, the potential can be numerically 
calculated by 


ryA 2 

< f |T+1 (*> 7') = (P'(i,j,k) + —V ■ ( e • VcpY(i, j, k) 


r / r X a A 2 

= <P (i,j,k) + — 


d ( d(p\ d ( d(p\ d ( dtp 
ajc( en dx) + dx V 12 dy) + dx V 13 dz 


(i, j, k) 


+ - 


aA 2 


+ - 


aA 2 


d ( d(p\ d f dcp\ d ( dcp 
dy V 21 dx) + dy\ 22 ) + dy V 23 dz. 


d( d(p\ d( d(p\ d( dcp 
+ d~z{ S32 fy) + dz\ 33 ~dz 


(«, 7, k) 
(i, j, k) 


(7.27) 


As an example, we calculate the electric field in a cell where the stripe electrode is along the y 
direction. The widths of the stripe electrode and the gap between the electrodes are both 10 pm. The 
cell thickness is 5 pm as shown in Ligure 7.3. The dielectric constant of the glass substrate is sg = 6.5. 
The dielectric constant of the liquid crystal is assumed to be isotropic and equal to = 10 0 i n 
the calculation of the electric field. The voltage on the bottom electrode is 0 V and that on the 
top electrode is 10 V. On the top substrate, in the gap region between the electrodes, the electric 
potential is unknown, and the electric displacement is continuous because there is no free surface 
charge. An imagined boundary can be placed far away from the surface of the top substrate. The 
boundary condition at the imagined boundary can be either cp = 0 or E z = dcp/dz = 0. To be correct, 
the imagined boundary should be at z = 00. Since the mesh cannot be infinite in the simulation, the 
imagined boundary is at z = z 0 = 50 pm. If the boundary condition of cp{z 0 ) = 0 is used, the error will 
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Figure 7.3 Electric field in the display cell with striped electrodes along the y direction. The unit of 
length is the micron 


be on the order of \/z 0 - If the boundary condition of E z (z 0 ) = (dcp / dz)(z 0 ) = 0 is used, the error will 
be on the order of e~ Zo . A periodic boundary condition is used in the v direction. 


7.3 Simulation of Liquid Crystal Director Configuration 

In many liquid crystal devices the liquid crystal director configuration cannot be calculated analytically 
and must be computed numerically. Under a given external field and boundary condition, when a liquid 
crystal is in the equilibrium state, the total free energy is minimized. If the system is initially not in the 
equilibrium state, it will relax into a state with lower free energy. As the liquid crystal director 
configuration evolves, the free energy decreases. The change of the director configuration stops when the 
minimum free energy is reached. The dynamic equation for the change of the liquid crystal director can 
be used to numerically calculate the equilibrium director configuration, which is referred to as the 
relaxation method. 


7.3. 7 Angle representation 


In some cases, it is simpler to describe the liquid crystal director n in terms of the polar angle 6 and 
azimuthal angle 0. The angles may vary in one, two, or three dimensions. We first consider a 
simple case: the Freedericksz transition in the splay geometry. The liquid crystal director is represented 
by the tilt angle 0: n = cos Q(z)x + sin0(z)z where the z axis is in the cell normal direction. The electric 
field is applied in the cell normal direction. From Equations (4.17) and (7.8) we have the free energy 
density 


f = l{Ku cos 2 6 + K 33 sin 2 0) 0' 2 ■ 


(7.28) 


where a is the free surface charge density and 6 ' = dO/dz. Note that here 6 is the angle 
between the liquid crystal director and the x axis. In the equilibrium state, the total free energy 
F = fo fdz is minimized, and the director configuration is 0 eq (z) which satisfies the Euler-Lagrange 
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equation: 


¥ 

59 



'Of 

Ai 

'3A1 

eq 

89 

dz' 

yde'Jl 


= (K n cos 2 9 eq + AT 33 sin 2 0 eq )6" q + (K 33 - Kn)sin 6 eq cos 9 eq 9' 2 q 
a 2 As sin 6 eq cos 6 eq 
£o (e_L + As sin 2 0 eq ) 2 


— u (Qeq)Q eq + w {®eqi ® eq ) ~ 0 


(7.29) 


If initially the system is not in the equilibrium state, 6(z) = Oi n (z). It will relax toward the equilibrium 
state. The dynamic equation governing the relaxation of the system is given by Equation (4.74): 


d6 Sf 

y, 'dt~~se 


w dfm, 

89 dz \de'J 


= u{6)6" + w(6,9') 


(7.30) 


Using this equation, the angle at time t + At can be calculated from the angle at time t 


Qt+At = Qt + 

lr 


u^O" 1 ^w(6\0 ft ) 


(7.31) 


When the system reaches the equilibrium state, the director configuration no longer changes and 
dO/dt= — Sf/SO = 0. Equation (7.30) may not describe the actual dynamic process because the 
hydrodynamic effect is not considered, but the final director configuration obtained is the actual one of 
the equilibrium state. 

In the numerical calculation, the liquid crystal cell is discretized into a 1-D mesh with N lattice sites. 
The length of the lattice unit is Az = h/N. At step t, the tilt angle at the lattice site i is 
0(i)(i = 0,1,2,3,..., N). The derivatives are calculated by 


9'¥i) 


e T (» + i)-fl T (f-i) 

2A z 


(7.32) 


9"\i) 


9 T (i + 1) + 9 T (i — 1) — 29 T (i) 


(7.33) 


The angle at step t + 1 can be calculated by 


0 T+1 (i) 

= 9 z (i) + A9 T (i) 

(7.34) 

A0 T (|) 

= «(A z) 2 {u[0'(i)]9 ,n {i) + e n (i)}} 

(7.35) 


where a is a relaxation constant which must be sufficiently small in order to avoid unstable solutions. 
In the numerical calculation, if the change A 0 x (i) at all the lattice sites is calculated first using the 
angles at step t, and then the angles at all the lattice sites are updated, a must be smaller than 
0.5 /u[O x {i)\ in order to avoid unstable solutions. If the change A 0 T (i) at each lattice site is calculated 
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and then the angle at that the lattice site is immediately updated, known as the over-relaxation method, 
an a larger than 1 /u[0 T (i)] can be used. In the numerical calculation, the total change of the angle 

7’0 = f>0‘(i)| 

i=0 

in each step must be monitored. TO decreases as the relaxation proceeds and becomes zero when the 
equilibrium configuration is reached. In reality, in the numerical calculation, TO decreases but will 
never become exactly zero. When TO becomes sufficiently small, the calculation can be stopped. 

If the anchoring of the liquid crystal at the boundaries is infinitely strong, the angle at the boundary is 
fixed. If the pretilt angles at the boundaries z = 0 and z = h are 0\ and O 2 , respectively, the boundary 
conditions are 0(0) = 0\ and 0(N) = O 2 . If the anchoring is weak with anchoring energy W , the 
boundary conditions are Q f (0) = (W/K\\)0(0) and 0'(N) = — (W/K\\)0(N) (from Equations (5.60) 
and (5.61)), which give 0(0) = 0(1)/(1 + AzW/K n ) and 0(N) = 0(N - 1)/(1 - A zW/K n ). 

The angle representation is a valid method when the change of the angle within the cell is less than 
90°. Otherwise it must be handled carefully in the case where the liquid crystal directors at two 
neighboring lattice sites are anti-parallel. The numerical calculation may produce a large elastic energy 
while the actual elastic energy is zero, because n and —n are equivalent. 

If two angles, say 0(z) and </>(z), are needed to describe the orientation of the liquid crystal director, the 
total free energy is given by 

h 

F = j (7.36) 

0 

In the numerical relaxation method, the angles at the lattices sites can be calculated by 


e*+\i) = e T (/) + «(Az) 2 



(7.37) 


0 t+1 (O = W) + j»( Az) 2 



(7.38) 


where a and /3 are the relaxation constants. 

As an example, we numerically calculate the polar angle 0 and azimuthal angle ® in 
the Freedericksz transition in the twisted nematic geometry. The parameters of the 
liquid crystal are K\\ = 6.4 x 10~ 12 N, K22 = 3.0 x 10~ 12 N, K33 = 10.0 x 1CT 12 N, and 
Ae = 10. The thickness h of the cell is 10 microns. The intrinsic pitch of the liquid crystal is 
P = (27i/®)/z, where ® is the total twist angle. The polar angle is the angle between the liquid 
crystal director and the x-y plane. When the twist angle ® is 90°, the polar and azimuthal angles 
as a function of z at various applied voltages are as shown in Figure 7.4. The voltage threshold 
calculated from Equation (5.56) is V t h = 0.996 V. 

The change of the polar angle as a function of the applied voltage depends on the total twist angle 
® as shown in Figure 7.5. The threshold increases with increasing <J> for the two reasons. First, in the 
field-activated states, there is twist elastic energy that increases with ®. Secondly, the bend elastic 
energy increases with ® when the polar angle is small. The saturation voltage does not increase 
much with increasing ® because there is no bend deformation in the saturated state. Therefore the 
transition region (the region between the threshold voltage and the saturation voltage) decreases with 
increasing <D. When ® is increased above 270°, the polar angle has two different values for a given 
voltage, i.e., there is a hysteresis in the Freedericksz transition. Twisted nematic cells with twist 
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Figure 7.4 The polar and azimuthal angles of the liquid crystal director as functions of z in the 90° 
twisted nematic cell under various applied voltages 


angles larger than 90° are known as super-twisted nematic (STN) cells. Because of their steep 
transition, they are used to make multiplexed displays on passive matrices. 

If the angle 6 of the liquid crystal director varies in three dimensions, i.e., 6 = 0(x,y,z), the total free 
energy is given by 

F = jjj f{9,0',x,y,z)dxdydz (7.39) 

In the numerical calculation, a 3-D mesh with unit cell size (Av) 3 is used. The angle at the lattice sites 
(/, y, k) is calculated by 


0 x+1 (i, j, k) = 8 T (i, j, k) + a(Ax) 2 


<r 

se 


(*', h k) 


(7.40) 



Figure 7.5 The polar angle at the middle plane vs. the applied voltage in twisted nematic cells with 
the twist angles 0°, 45°, 90°, 135°, 180°, 225°, and 270° 
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The derivatives at step t are calculated by 


nix/; ; _ 0T (' + !>M) - 0T (* - 1 >./>*) 


=■ 


2Av 


(7.41) 


q// x / *\ _ ^ T (^+ 1;./;^) + ^ T ( ? ~ ~ ~ 2# T (/,./,£) 

' ' “ (A*) 2 “. 


<7.42) 


( )// r/ 0 : (i-l-l.j • l.A) I « r (7 1./ l.A) 0 T (i — l.j I l.A) 6 x (i+ 1../ l.A) 




4AvAy 


(7.43) 


and so on. 


7.3.2 Vector representation 

The liquid crystal director n can also be specified by its three components (n x , n y ,n z ). The free energy 
density (with constant voltage) is then expressed as a function of the components and their spatial 
derivatives: 


/ = ^h(V-H) 2 +^ 22 (H-V xH) 2 +^ 33 (Hx V xn) 2 + q 0 K 2 2 n -V xn-]-D E (7.44) 


In component form, we have 


V 



(7.45) 


where i=x,y,z and the convention of summing over repeating indices is used. Then 



(7.46) 

_ dn k „ 

V x n = e ijk —Xi 

(7.47) 


where is the Levi-Civita symbol (e xyz = e yzx = e 7xy = —e xzy = —e zyx = —e yxz = 1 and all other 
e ijk = 0)- Thus 
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- „ -. dn k 

m • V x n = eijkiti — 


(7.49) 


Note that 


dn k 


dn k dni \, 
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nx V xn = ei mi e ijk n m x t = (n k - - n k —)xi = -n k —x t 

OX j y OX\ OXfc J OXfc 
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(n • V x ny = (V x H) 2 - (n x V x n) 2 
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The electric energy is 


(7.52) 
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(7.53) 


The first term on the right hand side of Equation (7.52) is a constant independent of ni and thus it 
does not affect the orientation of the liquid crystal and can be omitted. The bulk free energy density 
becomes 
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(7.54) 


In the equilibrium state, the total free energy is minimized. The director components ni (i = x,y,z) 
in space in the equilibrium state can also be calculated numerically by the relaxation method. At the 
lattice site (/*, l y , l z ) of the mesh the changes of the director components from step z to step (t + 1) 
are calculated from the values of the director components at step z: 


AnJ +1 (l x ,l y ,l z ) = a(Ax) 2 



(7.55) 


The variation of the free energy with respect to ni is 
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(7.56) 
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where • = dni/dxj. Thus 
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In this representation, one must be careful that n is a unit vector, i.e., n^i = 1. This issue can be taken 
care of by two methods: (1) the Lagrange multiplier method and (2) the renormalization method. In the 
first method, the Lagrange multiplier — 1) should be added to the free energy density. In the 

second method, the values of the director components at step t+1 are calculated by 
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(7.61) 
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If the anchoring of the liquid crystal at the cell surface is infinitely strong, then n is fixed at the 
boundary. If the anchoring is weak, the surface energy must be considered in the minimization of the 
total free energy. Expressed in terms of the liquid crystal director, the surface energy is given by [17] 

./; \wijmnj (7.62) 

where Wij is the anchoring tensor, which is symmetric. In the principal frame of the anchoring, the 
anchoring tensor is diagonalized. As an example, in a cell with homogeneous anchoring along the x 
axis and the cell normal direction along the z axis, the anchoring matrix is given by 

/0 0 0 \ 

W=\0 W a 0 (7.63) 

\0 0 W P J 


where W p and W a are the polar and azimuthal anchoring strengths, respectively. In this 
representation, the same problem occurs as in the angle representation: an incorrect free energy 
may be numerically calculated when the liquid crystal directors at two neighboring lattice sites are 
anti-parallel. In that case, the numerical calculation will generate a large elastic energy, while the 
actual elastic energy is zero because n and — n are equivalent. 


7.3.3 Tensor representation 

In order to avoid the problem of incorrect calculation of the free energy when the liquid crystal 
directors at two neighboring lattice sites are anti-parallel, the tensor representation was introduced 
[5, 18, 19], where the orientation of the liquid crystal director is represented by the tensor defined by 


Q = ™~\ 1 

where I is the identity tensor. Its components are given by 

Qij = riiifij — - Sij 


(7.64) 


(7.65) 


where Sij is the Kronecker delta. The elastic energy is calculated from Q . When the liquid crystal 
directors at two neighboring lattice sites are anti-parallel, the Q tensor is the same. The actual zero 
elastic energy is calculated. The elastic energy (Equation (7.43)) has four terms, and therefore four 
terms of the derivatives of Q are needed: 
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(7.66) 


Note that d(njnj)/dxi = 0. From Equations (7.44) and (7.49) we have 
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(7.67) 
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Substituting Equations (7.45), (7.47), and (7.66) into Equation (7.65), we have 

G\ = 2[(V • n) 2 + (V x n ) 2 — V • (nV • n + n x V xn)] 

= 2[(V • n ) 2 + (n • V x n) 2 + (n x V x ft) 2 — V • (HV • H + H x V x n)] (7.68) 

The last term on the right hand side of this equation becomes a surface term when integrated over 
the volume and can usually be neglected: 
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(7.69) 


In obtaining this Equation (7.68), we used Equations (7.45) and (7.50): 
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(7.71) 


From Equations (7.67), (7.68), (7.69), and (7.70) we get the free energy density 


/ = T (-* n + 3^4* 33 )^41 (Jfn - ^ 2 )G 2 

+ ^ (-^11 + ^33)G6 - qo^2lG\ - 1 EoAeEiEjninj 


(7.72) 


The relaxation method is used in the numerical calculation. The change of the director component ft; 
on lattice site (/*, /j, / z ) of the mesh at step t + 1 is given by 


Anl+ l (l x ,ly,l z ) = a(AxY 


(/ 1 D 
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(7.73) 


The variation of the free energy with respect to w* can be expressed in terms of the variation of the free 
energy with respect to Qj k : 
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(7.76) 

(7.77) 

(7.78) 


where Qjkj = dQjk/dxi. Expressed in terms of H\,H 2 ,H 4 , and H(>, the change of the director 
component n\ at each lattice site is 


A bJ +1 =<x(Ax) 2 [-A-{-Kn+3K22 + K 33 )H z l -^(Kn-K 2 2 )H z 2 

- I (~K U + K 33 )Hl + K 22 q 0 Hl + Aee 0 {EiEjnj)\ (7.79) 

Because n is a unit vector, the director components must be renormalized by using Equation (7.60). In 
this representation, the problem of incorrect calculation of the free energy when the liquid crystal 
directors at two neighboring lattice sites are anti-parallel is avoided. A different problem, however, 
may exist when a real pi-wall defect is artificially removed [20]. Therefore the computer-simulated 
results should be carefully compared to the experimental results in order to prevent mistakes. 

As an example, we consider a vertical alignment (VA) mode microdisplay [21, 22]. The pixel size is 
15 pm and the inter-pixel gap is 0.9 pm. The cell thickness is 2.3 pm. Homeotropic alignment layers are 
coated on the inner surface of the cell. The parameters of the liquid crystal are: K\\ = 16.7 x 1(T 12 N, 
K 22 = 7 x 10 -12 N, K 33 = 18.1 x 10 -12 N, gy = 3.6, and e± = 7.8. The voltage applied across the on- 
pixel is V on = 5 V and the voltage applied across the off-pixel is V 0 ff = 0.7 V. The simulated director 
configuration is shown in Figure 7.6. In the field-off state, the liquid crystal is aligned homeotropically. 



Figure 7.6 Simulated liquid crystal director configuration in the VA mode microdisplay 














































































7 96 MODELING LIQUID CRYSTAL DIRECTOR CONFIGURATION 


When a sufficiently high field is applied across the cell, the liquid crystal director is tilted toward the x 
direction because of the negative dielectric anisotropy. Because of the fringing effect, the electric field is 
not exactly in the z direction near the fringes of the pixel. The liquid crystal director is tilted in opposite 
directions at the two edges of the pixel; thus a defect wall is formed at the position^. If the liquid crystal 
director were confined in the x-z plane, there would be a large splay and bend distortion. The figure 
shows that the liquid crystal director escapes in the y direction because of the small twist elastic constant. 

Homework Problems 

7.1 In the display cell shown in Figure 7.3, calculate and plot the electric field in the cell. Also calculate 
the equal-potential lines for the following voltages: 2 V, 4 Y, 6 V, and 8 Y. 

7.2 Use the angle representation and numerically calculate the tilt angle in the splay geometry as a 
function of the coordinate z at the following applied fields: E = 1.05 E c , E = 1.3 E c , E = 1.5 E c , 
E = 2.0 E c , and E = 5.0 E c , where E c is the threshold field of the Freedericksz transition. The cell 
thickness is 5 pm. The elastic constants are K\\ = 6.4 x 10~ 12 N and K 33 = 10 x 10 - 12 N. 
Compare your results with Figure 5.4. 

7.3 90° twisted nematic display. (1) Use the angle representation to numerically calculate the polar and 
azimuthal angles as a function of the coordinate z at the following applied voltages: V = 1.0 V, 
V = 1.2 V, V = 1.5 V, V = 2.0 V, and V = 5.0 V. The parameters of the cell and the liquid crystal 
are given in Figure 7.4. (2). Use the Jones matrix method to calculate the transmittance of the display 
as a function of applied voltage. The back polarizer is parallel to the liquid crystal director at the 
entrance plane and the front polarizer is parallel to the liquid crystal director at the exit plane. The 
refractive indices are n e = 1.6 and n Q = 1.5. 

7.4 Use the tensor representation to numerically calculate the liquid crystal director configuration of a 
cholesteric liquid crystal in a hybrid cell. The cell thickness and length are L z = 10 pm and 
L x = 20 pm, respectively. The director is only a function of x (parallel to the cell surface) and z 
(perpendicular to the cell surface). On the top surface of the cell the liquid crystal is anchored 
homoetropically, while at the bottom of the cell it is anchored homogeneously. The pitch P of the 
liquid crystal is 5 pm. Initially the liquid crystal in the cell is in the isotropic state. The parameters of 
the liquid crystal are K n = 6 x 1(T 12 N, K 22 = 3 x 1(T 12 N, and K 33 = 10 x 1(T 12 N. Using 
periodic boundary conditions in the x direction, plot the director configuration in the x-z plane. 

7.5 Use the tensor representation to numerically calculate the liquid crystal director configuration of the 
cholesteric liquid crystal in the cell discussed in the previous problem. A voltage of 5 V is applied 
across the cell. The dielectric constants of the liquid crystals are s± = 5 and £y = 15. Using periodic 
boundary conditions in the x direction, plot the director configuration in the x-z plane. 
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Transmissive Liquid 
Crystal Displays 


8.1 Introduction 

Three types of liquid crystal displays (LCDs) have been developed: (1) transmissive, (2) reflective, and 
(3) transflective. A transmissive LCD uses a backlight for illuminating the LCD panel which results in a 
high brightness and high contrast ratio. Some transmissive LCDs do not use phase compensation films or 
a multi-domain approach so that their viewing angle is limited and are more suitable for single viewer 
applications, such as notebook computers and games. With proper phase compensation, direct-view 
transmissive LCDs exhibit a wide viewing angle and have been used extensively for multiple viewers, 
such as desktop computers and televisions. Transmissive LCDs can also be used for projection displays, 
such as in data projectors. There, a high-power arc lamp or light-emitting diode (LED) arrays are used as 
the light source. To reduce the size of the optics and save on the cost of the projection system, the LCD 
panel is usually made small (less than 25 mm in the diagonal). Thus, polysilicon thin-film transistors 
(TFTs) are commonly used. 

Similarly, reflective LCDs can be subdivided into direct-view and projection displays. In principle, a 
direct-view reflective LCD does not require a backlight so its weight is light and power consumption is low. 
A major drawback is poor readability under weak ambient light. Thus, a reflective LCD is more suitable for 
projection TVs employing liquid-crystal-on-silicon (LCoS) microdisplay panels. In a LCoS, the reflector 
employed is an aluminum metallic mirror. The viewing angle is less critical in projection displays than 
direct-view displays. 

For outdoor applications, the displayed images of a transmissive LCD could be washed out by 
sunlight. A reflective LCD would be a better choice. However, such a reflective display is unreadable in 
dark ambient conditions. Transflective LCDs integrate the features of a transmissive display and a 
reflective display. Thus, in dark ambient conditions the backlight is turned on and the display works 
primarily in the transmissive mode, while in bright ambient conditions, the backlight is switched off and 
only the reflective mode is operational. 
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Two monographs have been dedicated to proj ection displays [ 1 ] and reflective displays [2]. Therefore, 
in this chapter we will focus on mainstream TFT-addressed wide-view transmissive LCDs. We will start 
by introducing the twisted nematic (TN) mode, and then delve into in-plane switching (IPS) and multi- 
domain vertical alignment (MVA). Phase compensation methods for achieving wide viewing angles will 
be addressed. 


8.2 Twisted Nematic Cells 

The 90° twisted nematic (TN) cell [3] has been used extensively for notebook computers where the 
viewing angle is not too critical. Figure 8.1 shows the LC director configurations of the normal-white TN 
cell in the voltage-off (left) and voltage-on (right) states. 

In the voltage-off state, the top LC alignment is parallel to the optic axis of the top polarizer, while the 
bottom LC directors are rotated 90° and parallel to the optic axis of the bottom analyzer. When dAn of 
the LC layer satisfies the Gooch-Tarry first minimum condition [4], the incoming linearly polarized light 
will follow closely the molecular twist and transmits through the crossed analyzer. In the voltage-on 
state, the LC directors are reoriented to be perpendicular to the substrates, excepting the boundary layers. 
The incoming light experiences little phase change and is absorbed by the analyzer, resulting in a dark 
state. The beauty of the TN cell is that the boundary layers are orthogonal so that their residual phase 
compensates for each other. As a result, the dark state occurs at a relatively low voltage. 


8.2 .7 Voltage-dependent transmittance 


To compare different operating modes, let us focus on the normalized transmittance by ignoring the 
optical losses from polarizers and indium-tin-oxide (ITO) layers, and the interface reflections from 
substrates. The normalized transmittance (T ±) of a TN cell can be described by the following Jones 
matrices as T± = \M\ 2 [5]: 
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Figure 8.1 LC and polarizer configurations of a 90° TN cell: left, V = 0; right, V » V t h 
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Here /J is the angle between the polarization axis and the front LC director, (f> is the twist angle, X = 

\f^ + (r/2) 2 , and T = 2nd An/2, where d is the cell gap. By simple algebraic calculations, the 
following analytical expression for \M\ 2 is derived: 

\M\ 2 = T ± = (j^cos 

Equation (8.2) is a general formula describing the light transmittance of a TN cell (without voltage) as a 
function of twist angle, beta angle, and dAn/2. For a 90° TN cell, (j) = n/2 and Equation (8.2) is 
simplified to 


) sinX — sin d> cosX + 


r sinXY 

2 ~1T) 


sin 2 (cj) — 2 ft) 


(8.2) 


T± = cos 2 X + 



2 

sin 2 X 


(8.3) 


Equation (8.3) has a special solution, i.e., cos 2 X = 1. When cosX = ±1 (i.e., X = mn, m an integer), then 
sinX = 0 and the second term in Equation (8.3) vanishes. Therefore, = 1, independent of /?. By 
setting X = mn and knowing that T = 2nd AnfX, the Gooch-Tarry condition is found as follows: 


dAn 



(8.4) 


For the lowest order m = 1, dAn/2 = \/3/2. This is the Gooch-Tarry first minimum condition for the 90° 
TN cell. For the second order, m = 2 and dAn = y/\5/2. The second minimum condition is used only for 
low-end displays such as wrist watches because a large cell gap is easier to fabricate and the utilized 
cyano-biphenyl LCs are less expensive. For notebook TFT LCDs, the first minimum is preferred because 
a rapid response time is required. 

Figure 8.2 depicts the normalized light transmittance (T±) of a 90° TN cell at three primary 
wavelengths R = 650, G = 550, and B = 450 nm. Since the human eye is most sensitive to green, we 
normally optimize the cell design at 2 = 550 nm. From Equation (8.4), the first T_\_ = 1 occurs at 



Figure 8.2 Voltage-dependent transmittance of a normal-white 90° TN cell. dAn = 480 nm 
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Figure 8.3 Measured iso-contrast plots for TN LCDs without (left) and with (right) wide-view films. 
(Courtesy of Dr. H. Mori, Fuji Photo Film) 


<iA?2~480nm. The color dispersion (i.e., the wavelength dependency of the light transmittance) at 
P = 0 is not too sensitive to dAn/A beyond the first minimum. Therefore, the TN cell can be treated as an 
achromatic half-wave plate. The response time depends on the cell gap and the y\/K.22 of the LC mixture 
employed. For a 4 pm cell gap, the optical response time is about 20-30 ms. At V = 5 V rms , the contrast 
ratio (CR) reaches about 400:1. These performances, although not perfect, are acceptable for notebook 
computer applications. A major drawback of the TN cell is its narrow viewing angle and gray-scale 
inversion originating from the LC director’s tilt. Because of this tilt, the viewing angle in the vertical 
direction is narrow and asymmetric [6]. 

8.2.2 Film-compensated TN cells 

Figure 8.3 (left) shows the simulated iso-contrast contour of a TN LCD [7]. In the normal viewing 
direction, the TN cell exhibits a good contrast ratio, but the contrast rapidly decreases in the upper 
direction and in the lower diagonal directions. In the lower direction, the contrast remains high, but gray¬ 
scale inversion is observed (not shown in Figure 8.3). The narrow viewing angle of a TN LCD is caused 
by several factors, e.g., the optical anisotropy of liquid crystals, the off-axis light leakage from crossed 
polarizers, the light scattering on the surface of polarizer or at the color filters, the collimation of 
backlight, and light diffraction from the cell structure. 

In the on-state of a TN cell, the LC directors in the upper half are reoriented along the rubbing 
direction with almost no twist and that the lower half have a similar structure with the director plane 
orthogonal to that of the upper half. Thus, a uniform phase compensation film, such as a uniaxial a plate, 
cannot compensate the upper and lower parts simultaneously. Instead, a pair of wide-view films need to 
be used separately on both sides of the TN LC cell in order to compensate each of the half layers. Fuji 
Photo has skillfully developed discotic LC films for widening the viewing angle of TN cells. The 
molecular structures of the wide-view (WV) discotic material are shown in Figure 8.4. 

Figure 8.4 shows the structure of the Fuji WV film. A discotic material (triphenylene derivatives) is 
coated on an alignment layer on a tri-acetyl cellulose (TAC) substrate. The discotic material has a 
hybrid alignment structure and three important features: (1) It has 71 -electrons spread in a disk-like 
shape, which gives rise to a high birefringence. (2) It takes on discotic nematic ( N D ) phase at a lower 
temperature than the temperature at which the TAC substrate starts to deform; this feature enables 
a uniform and monodomain film in a wide range of areas without defects. (3) It has cross-linkable 
groups at all of six side chains to make the obtained film durable. 







TWISTED NEMATIC CELLS 203 


Air surface 




R = 


— o 



M 


(M: cross-linkable group) 


Figure 8.4 Structure of the WV film and the employed discotic compound. PDM represents 
polymerized discotic material 


When heated, the discotic material takes on the N D phase. The discotic material right next to the 
alignment layer has a high degree of randomness. In the vicinity of the alignment layer, the discotic 
molecules tend to align with the molecular plane almost parallel to the alignment layer surface and have 
few degrees of pretilt angle in the rubbing direction of the alignment layer surface. On the other hand, in 
the vicinity of the air surface the discotic molecules tend to align with the molecular plane almost 
perpendicular to the air surface. With the pinned alignment on both sides, the discotic material exhibits a 
hybrid alignment structure in the N D phase. When cured by UV light, the discotic material is polymerized 
and the hybrid alignment structure of the polymerized discotic material (PDM) layer is fixed even after it 
is cooled down to room temperature. Each film has a hybrid alignment structure in which the director 
continuously changes in the PDM layer thickness direction without twist, while the direction of each 
discotic molecule fluctuates. This hybrid alignment structure consists of splay and bend deformations. 

The azimuthal alignment direction of the PDM layer is parallel to the longitudinal direction of the film 
so that the WV film could be laminated on the polarizing film in a roll-to-roll process. Therefore, the WV 
film is used with the O mode in which the transmission axis of the polarizer is perpendicular to the 
adjacent rubbing direction of the TN cell. By contrast, the device configuration shown in Figure 8.1 is 
called E mode. The PDM layer exhibits a non-zero and asymmetric phase retardation value at all incident 
angles. This indicates that the PDM layer has an inhomogeneous alignment structure in the thickness 
direction. The TAC substrate also possesses a small birefringence which plays an important role in 
optical compensation. The ideal TAC substrates should be isotropic. 
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8.2.3 Viewing angle 

Figure 8.3 compares the viewing angle of a TN LCD without and with a WV Fuji discotic compensation 
film. The viewing angle at a CR of 10:1 of the film-compensated TN LCD exceeds 80° in all azimuthal 
directions. The viewing angle is especially enlarged in the horizontal direction where both dark-state 
light leakage and yellowish color shift are reduced. The on-axis CR is also improved by 10%. The WV 
Fuji film remarkably improves the viewing angle of the TN LCDs without losing any light transmittance 
or deteriorating image quality. No change in the panel process is required because the conventional 
polarizer is simply replaced with a new polarizer laminated with the compensation film. The discotic film 
is also a cost-effective approach for obtaining a wide viewing angle compared to in-plane switching 
(IPS) and multi-domain vertical alignment (MVA) modes. These features enable TN LCDs to penetrate 
the larger sized LCD market segment, say the 20-25 inch diagonal. However, the reversed gray scale still 
exists in film-compensated TN LCDs, which ultimately limits their competitiveness with IPS and MVA 
LCDs for large-screen TVs. 


8.3 IPS Mode 


In the TN cell shown in Figure 8.1, the applied electric field is in the longitudinal direction. The tilted LC 
directors in the bulk cause different phase retardation as viewed from the right or left direction. This 
produces a narrow and asymmetric viewing angle in the vertical direction. To overcome the narrow 
viewing angle issue, an elegant driving scheme using a transverse electric field was proposed in the 
1970s [8,9] and implemented in TFT LCDs in the 1990s [10,11]. The interdigital electrodes are 
arranged in the same substrate such that the generated fringing field is in the transverse plane. The LC 
directors are rotated in the plane. Thus, this driving scheme is often referred as the transverse field effect 
or IPS. 

In an IPS mode, the interdigital electrodes are fabricated on the same substrate and the LC molecules 
are initially homogeneously aligned with a rubbing angle of ~10° with respect to the striped electrodes. 
The transmission axis of the polarizer can be set to be parallel (E mode) or perpendicular (O mode) to the 
LC directors while the analyzer is crossed to the polarizer. The in-plane electric fields induced by the 
electrodes twist the LC directors, thus generating light transmission. However, due to the strong vertical 
electric field existing above the electrode surface, the LC directors in these regions mainly tilt rather than 
twist. As a result, the transmittance above the electrodes is greatly reduced. Overall, the conventional IPS 
mode has a light efficiency about 76% of that of a TN LCD mode, when a positive dielectric anisotropy 
(As) LC material is used. Although using a negative Ae LC in the IPS mode could enhance the light 
efficiency to above 85%, the required on-state driving voltage is increased. For TFT LCDs, the preferred 
operating voltage is lower than 5.5 V rms . 

8.3.1 Voltage-dependent transmittance 

Figure 8.5 depicts the basic device structure of the IPS mode using a positive Ae LC [12,13]. The front 
polarizer is parallel to the LC directors and the rear analyzer is crossed. In the voltage-off state, the 
incident light experiences no phase retardation so the outgoing beam remains linearly polarized and is 
absorbed by the crossed analyzer. In a voltage-on state, the fringing field reorients the LC directors and 
causes phase retardation of the incoming light and modulates the transmittance through the analyzer. 

As shown in Figure 8.5, above the electrodes (region I) the electric field is unable to twist the LC 
directors. As a result, the light transmittance is lower than that in region II. The average transmittance is 
about 75% of the TN cell. 

Based on the same operational principle, fringing field switching (FFS) [14] also utilizes the transverse 
electric field to switch the LC directors. The basic structure of FFS is similar to IPS except for the much 
smaller electrode gap (£ ~ 0—1 pm). In the IPS mode, the gap (£) between the electrodes is larger than the 
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Figure 8.5 Device structure, simulated on-state LC director distribution, and corresponding light 
transmittance of an IPS cell. Electrode width W = 4 pm and electrode gap L = 8 pm 

cell gap (d). The horizontal component of the electric held is dominant between the electrodes. However, in 
the FFS mode where £<d, the fringing held exists above the electrodes. The fringing helds are able to 
twist the LC directors above the electrodes. Therefore, high light transmittance is obtained. In the FFS 
mode, both positive and negative As LC can be used [15]. The FFS mode using a negative As material can 
achieve 98% transmittance of that of a TN cell. The idea of using a positive Ae LC material in the FFS 
mode for achieving high transmittance (~90% of TN mode) has also been attempted [16]. Positive LCs 
usually exhibit a larger As and lower viscosity than their corresponding negative As LCs because their 
polar group(s) are along the principal molecular axis. However, the FFS mode employing a positive Ae LC 
would require high-resolution photolithography to fabricate 1 pm electrode widths and increase the on-state 
voltage to ~6.5 V^g in order to generate sufficient twist to the LC directors. 

In the FFS mode, the negative Ae LC tends to have a higher on-state transmittance than the positive 
LC because its directors tend to align along the held so that it does not contribute to the phase retardation. 
Figure 8.6 shows a FFS structure with homogeneous alignment and a positive Ae LC mixture. The 
fringing held covers both electrodes and gaps. Unlike the IPS mode, there is no dead zone prohibiting 



Figure 8.6 Device structure, simulated on-state LC director distribution, and corresponding light 
transmittance of a FFS cell. Electrode width W = 3 pm and electrode gap L = 4.5 pm 
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Figure 8.7 Device configuration of a transmissive IPS cell. Left part, V = 0; right part, voltage-on. 
® = rubbing angle rubbing angle. Polarizer and analyzer are crossed 

light transmittance. Thus, the light transmittance is improved. Both IPS and FFS modes are normally 
black under crossed-polarizer conditions. The transmittance of the FFS mode reaches ^95% of the TN 
cell. The viewing characteristic of FFS is very similar to that of IPS; both are much wider than that of TN 
LCs [17]. 


8.3.2 Response time 


Figure 8.7 shows the electrode configuration of the IPS mode under study. The electrode gap is £( ~ 10 pm) 
and the width is co( ~ 5 pm). When backflow and inertial effects are ignored, the dynamics of LC director 
rotation is described by the following Erickson-Leslie equation [4,9]: 


dcj) d 2 (j) 2 

yI — = K 2 2-7^2 + So\ As\E sin0cos0 


(8.5) 


In Equation (8.5), y x is the rotational viscosity, K 22 is the twist elastic constant, Ae is the dielectric 
anisotropy, E is the electric field strength, and 0 is the LC rotation angle. The homogeneous LC layers 
having cell gap d are along the z axis. 

For simplicity, let us assume that the surface anchoring strength is so strong that the bottom and top 
boundary layers are fixed at 0(0) = 0(d) = <D, where ® is the LC alignment (or rubbing) angle with 
respect to the electrodes, as shown in Figure 8.7. 

To solve the decay time, we set E = 0 in Equation (8.5). After some algebra the decay time of the LC 
directors can be solved relatively easily. The decay time is independent of the initial rubbing angle ®: 

T <# =y\d 2 /n 2 K 2 2 (8.6) 


From Equation (8.6), the LC director’s relaxation time is governed by the cell gap ( d ) and the LC visco¬ 
elastic coefficient (y^/Kyi), and is independent of the rubbing angle. In a VA cell, the optical response 
time is about 50% of the LC director's response time. 

From Equation (8.5), the rise (or turn-on) time is more difficult to solve because it depends on the 
applied voltage and the initial rubbing angle. When the rubbing angle <D = 0, the LC directors are 
perpendicular to the electric field and the Freedericksz transition exists. Under these circumstances, the 
turn-on time can be solved [18]: 
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In Equation (8.7), x = J^ 2 xdz and v = (</> m — ®)sin(7 iz/d)e^~ x ^ x : where (</> m — ®) represents the 
twisted angle of the middle LC layer under the exerted electric field. In principle, Equation (8.7) is not 
limited to the small-signal regime. In the usual small-angle approximation (i.e., the electric field is only 
slightly above threshold), x<^l and Equation (8.7) is reduced to the following commonly known 
equation: ^ 


8o \ A£ \ E 2_7±_K 22 


( 8 . 8 ) 


When the rubbing angle ® ^ 0, z on has the following complicated form: 


7i 


6o |A £ |£ 2 I cos(2<P) + sin(2<D) ^) - £ K 22 


(8.9) 


At a given electric field, v can be obtained from </> m which, in turn, is calculated from the following 
elliptical equation: 


Ed 

T 



\/l - (sin<£/sin<£ m )' 


-.d(j) 


( 8 . 10 ) 


Strictly speaking, when the rubbing angle ® is not equal to zero the Freedericksz transition threshold 
is smeared. However, in normal-black IPS mode, the transmittance is proportional to the phase 
retardation S = 2nd An/2 of the LC cell as T ~sin 2 (<5/2). In the small-voltage regime, the phase 
retardation is small and the transmittance exhibits a threshold-like transition. 

This optical threshold voltage ( V op ) can be derived by assuming that the rise time is approaching 
infinity at V = V op . Thus, the denominator in Equation (8.9) should vanish: 

s „|4 s |^(cos(2®)?!ffi + si„(2®)^) -p^O (8-11) 


From Equation (8.11), the optical threshold voltage is derived as 
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( 8 . 12 ) 


From Equation (8.12), when ® = 0 and T ^ 0, the optical threshold is reduced to the Freedericksz 
threshold. As the mbbing angle is increased, the optical threshold voltage is gradually decreased. At 
® = 45°, the optical threshold voltage reaches a minimum; however, the on-state voltage is also increased. 

To compromise for the response time and operating voltage, a typical rubbing angle is set at 0 ~ 10°. 
As the rubbing angle is increased by 30°, the rise time is reduced by two to three times, but the on-state 
voltage is slightly increased. An optimal rubbing angle is found to be around 20-30°[19]. 

8.3.3 Viewing angle 

A common feature of IPS and FFS modes is that the LC cell is sandwiched between two crossed linear 
polarizers. At normal incidence, the LC layer in the voltage-off state does not modulate the polarization 
state of the incident linearly polarized light from the entrance polarizer. As a result, a good dark state is 
achieved since this linearly polarized light is completely absorbed by the crossed analyzer. However, at 
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oblique angles the incident light leaks through the crossed polarizers, especially at the bisectors. This 
light leakage stems from two factors. First, the absorption axes of the crossed polarizers are no longer 
orthogonal to each other under off-axis oblique view. As a result, the extinction ratio of these two crossed 
polarizers decreases and light leakage occurs. Secondly, in some cases, due to the effective birefringence 
effect of the LC layer, the obliquely incident linearly polarized light is modulated and it becomes 
elliptically polarized after traversing through the LC layer. Consequently, the analyzer cannot com¬ 
pletely absorb the elliptically polarized light leading to light leakage off-axis. This light leakage in the 
dark state deteriorates the CR and thereby degrades the viewing angle performance. 

To suppress the light leakage at oblique angles and further widen the viewing angle, several phase 
compensation schemes using uniaxial films [20-22] and biaxial films [23-25] have been proposed. 
Computer simulation and experimental results have been reported. 

In this section, let us focus on the analytical solutions for the uniaxial film-compensated WV LCDs. 
With these analytical solutions, the interdependency between the LC cell and film parameters can be 
clearly revealed. More importantly, analytical solutions provide a clear physical description of the 
compensation mechanisms. 

8.3.4 Classification of compensation films 

Table 8.1 lists some commercially available compensation films, classified by their refractive indices. 
Different LC modes need different types of compensation films in order to obtain a satisfactory 
compensation effect. For example, the IPS mode may require a biaxial compensation film with 
n x >n z > n y , [26] while the VA mode needs a compensation film with n x >n y > n z [27]. Theoretical 
analyses on biaxial film-compensated LCDs are rather difficult. Here, we focus on uniaxial film- 
compensated WV LCDs. 

Uniaxial film is an anisotropic birefringent film with only one optic axis. For simplicity, let us limit 
our discussions to those non-absorption uniaxial films only. From the viewpoint of optic axis orientation, 
uniaxial films can be classified into a film and c film. An a film’s optic axis is parallel to the film surface, 
while a c film’s optic axis is perpendicular to the film surface. 

Table 8.1 Different types of compensation films used for WV LCDs 
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Figure 8.8 Schematic view of arbitrary light impinging on a uniaxial medium 


Both a film and c film can be further divided into positive or negative films depending on the relative 
values of the extraordinary refractive index n e and the ordinary refractive index n 0 . Table 8.1 lists all the 
types of compensation films and their refractive index relationship. In our analyses, we focus on uniaxial 
films. As a general rule, a positive uniaxial film means n e >n 0 , otherwise n e < n 0 for a negative uniaxial 
film. 

8.3.5 Phase retardation of uniaxial media at oblique angles 

Both uniaxial compensation film and the nematic LC layer can be treated as uniaxial media. When light 
propagates into a uniaxial film, generally two forward eigenwaves (one ordinary wave and one 
extraordinary wave) are evoked within the medium. After the light has passed through the uniaxial 
medium, phase retardation occurs between these two eigenwaves. Figure 8.8 shows an arbitrary oblique 
light with an incident angle 6o propagates in a uniaxial medium. Here, the x-y plane is chosen to be 
parallel to the medium layer surface and the z axis is along the surface normal. In such a coordinate 
system, the incident plane forms an angle </> 0 with respect to the x axis. The optic axis of the uniaxial 
medium is oriented at tilt angle 6 n and azimuthal angle </>„, and the extraordinary and ordinary refractive 
indices of the uniaxial medium are n e and n a , respectively. 

In general, the phase retardation of a uniaxial medium at oblique incidence can be expressed as [28]: 

T = (k e:Z -k 0:Z )d (8.13) 


where d is the layer thickness of the uniaxial medium, and k e>z and k 0>z are the z axis components of the 
wavevectors of the extraordinary and ordinary waves, respectively. From the Maxwell equations, these 
two z axis components of wavevectors k e z and k o z can be solved and are given by [29]: 
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with s xz = (n 2 — n 2 )sin 6 n cos 0 n cos ((f) n — </> 0 ) and s zz = n 2 + (rc 2 — rc 2 )sin 2 6 n . From Equations 
(8.13)—(8.15), one can easily obtain the phase retardation T of a general uniaxial medium at an 
arbitrary incident angle: 



From Equation (8.16), the phase retardation T is dependent on the optical axes orientations 6 n and as 
well as the beam incident directions Oo and </> 0 . 

In the uniaxial film-compensated LCDs, both a and c films are commonly used. In these two special 
cases, Equation (8.16) can be further simplified. 

(1) Phase retardation of a film 

For an a film, its optic axis lies in the plane parallel to the film surface, i.e., 6 n = 0°. Consequently, the 
phase retardation of the a film at an arbitrary incident angle is given by 



(2) Phase retardation of c film 


In a c film, its optic axis is perpendicular to the film surface, i.e., 6 n = 90°. In this case, the phase 
retardation of the c film at any oblique incidence is 



(8.18) 


From Equation (8.18), T c is independent of the azimuthal angle (</> 0 ) of the incident light. This is because 
the c film’s optic axis is perpendicular to its surface. Hence, the optical properties of a c film are axially 
symmetric around its optic axis. 


8.3.6 Poincare sphere representation 


The Poincare sphere representation is an elegant geometrical means for solving problems involving the 
propagation of polarized light through birefringent and optically active media [30]. For elliptically 
polarized light with long-axis azimuthal angle a and ellipticity angle /?, its polarization state can be 
represented by a point P on the Poincare sphere with longitude 2a and latitude as Figure 8.9 shows. 
The radius of the sphere is one unit length. Here the long-axis azimuthal angle a of the elliptically 
polarized light is with respect to the x axis. For a uniaxial film with its optic axis oriented at angle y from 
the x axis, it can be represented by point A, which is located at longitude 2 y on the equator. Suppose the 
above-mentioned elliptically polarized light (point P) passes through the uniaxial film (point A). Then 
the overall effect on the Poincare sphere is equivalent to rotating the AO axis from point P to point Q by 
an angle T, which is determined by the phase retardation of the uniaxial film as expressed in Equation 
(8.16). From the definition of a spherical triangle, the spherical angle PAQ is equal to the rotation angle 
r. It should be pointed out that if the uniaxial film has a positive birefringence (An = n e — n Q > 0), then 
the above-mentioned rotation from point P to point Q is clockwise; otherwise, the rotation is 
counterclockwise if the uniaxial layer has a negative birefringence (An < 0). 
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Figure 8.9 Schematic diagram of Poincare sphere representation and the effect of uniaxial medium 
on the polarization state change of polarized incident light 

For an a film, its optic axis lies in the plane parallel to the film surface. When an observer views the LCD 
panel from different azimuthal and polar angles, the effective optic axis on the wave plane will change 
with the viewing direction. As a result, its position on the equator of the Poincare sphere will also change 
accordingly. On the other hand, a c film’s optic axis is perpendicular to the film surface. When an 
observer views the panel from different azimuthal and polar angles, the effective optic axis on the wave 
plane always forms 90° with respect to the horizontal reference. Therefore, its position on the Poincare 
sphere is always the intersection of the equator and negative Si axis, which is denoted as point C in 
Figure 8.9. 

8.37 Light leakage of crossed polarizers at oblique view 

Considering a pair of crossed sheet polarizers with their absorption axes perpendicular to each other, the 
effective angle between their respective absorption axes varies with different viewing directions. 
Figure 8.10 shows the case when oblique light traverses through two sheet polarizers. The polarizer’s 
absorption axis OM makes an angle </q with respect to the x axis in the x-y plane, while the analyzer’s 
absorption axis ON is oriented at angle </> 2 . The shaded triangle OAB in Figure 8.10 denotes the plane of 
incidence. The light beam, denoted by the wavevector OK, propagates at azimuthal angle cf k and polar 
angle 6\ inside the sheet polarizer. 

(1) Effective polarizer angle on the wave plane 

Although these two linear polarizers form an angle (</> 2 — cj)\) in the x-y plane, their projections on the 
wave plane, however, form another angle MKN, as Figure 8.10 plots. Let us call this angle MKN the 
effective polarizer angle on the wave plane, which is expressed as cp hereafter. The extinction ratio of the 
crossed polarizers depends on this effective polarizer angle cp on the wave plane, rather than the 
absorption axes angle in the x-y plane. 

Based on the dot product of vectors, the effective polarizer angle cp can be expressed as [31]: 


cp = cos 


-l 


cos(4> 2 -4> i) - sin 2 0 (t cos((/) 1 - <^)cosW> 2 - 4>k) 


(8.19) 
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Figure 8.10 Schematic view of the effective polarizer angle p of two sheet polarizers on the wave 
plane of oblique incident light 

where cj) k = cj ) 0 and Ok = sin -1 (sin Qo/n p ). Here n p ( ~ 1.5) is the average real refractive index of the 
sheet polarizer, and </> 0 and Oq are the azimuthal and incident angles of the incident light measured in air, 
respectively. In a LCD employing crossed polarizers, the absorption axes of the polarizer and the 
analyzer are perpendicular to each other. If we set </q = 45° and </> 2 = —45°, then the effective polarizer 
angle cp can be rewritten as 


cp = cos 


—sin 2 Ok cos(7i/4 — cj) k ) cos(7i/4 + 


y^l — sin 2 Ok cos 2 (7i/4 — (j) k ) — sin 2 Ok cos 2 ( 71/4 + </q) 


( 8 . 20 ) 


As quick verification, under normal view (Ok = 0°), the effective polarizer angle cp equals 90°, which is 
identical to the absorption axes angle in the x-y plane, i.e., </> 2 — = 90°. 

To find the tendency of cp when the azimuthal angle </> 0 (= 4>k) changes, let us take the first-order 
derivative of cp with respect to <fi k and obtain 


dcp sin 2 Ok cos Ok sin 2 cj) k 

dcj) k cos 2 Ok + Va sin 4 Ok cos 2 2 c/) k 


( 8 . 21 ) 


Apparently, when c/) k = cj ) 0 = 0°, 90°, 180°, and 270°, the effective polarizer angle cp reaches extrema. 
The second-order derivative 


d 2 cp 2sin 2 Ok cos Ok cos 2cj) k sin 6 Ok cos Ok sin 2 2 4> k cos 2 cj) k 

T 2 2 Z T f 0.22 j 

defy cos 2 0 k + Va sin 4 0 k cos 2 2<j) k (cos 2 Ok + Va sin 4 Ok cos 2 2</q) 2 

further reveals that cp reaches maxima at cj) k = 4> 0 = 0° and 180° and minima at c/) k = = 90° and 

270°. By substituting cj) k = cj) 0 = 270° into Equation (8.20), we derive the effective polarizer angle cp 
at the lower bisector viewing position: 


cp = cos 


/ sin 2 d 0 /n 2 p \ 
(2 -sin 2 0 O /n 2 p ) 


(8.23) 


where Oq is the incident angle measured in air and n p is the average real refractive index of the sheet 
polarizer. 
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Figure 8.11 Dependence of (a) effective polarizer angle cp and (b) dark-state light leakage of crossed 
polarizers on the viewing azimuthal angle </> 0 and polar angle 6q. The absorption axes of the crossed 
polarizers are set at 45° and —45°, respectively, and the incident light wavelength is X = 550 nm 

Figure 8.11(a) plots the dependence of effective polarizer angle cp on viewing polar angle 6q and 
azimuthal angle </> 0 as calculated from Equation (8.20). In the calculations, the average real refractive 
index of the sheet polarizer is taken to be n p = 1.5. From Figure 8.11(a), at off-axis viewing directions, 
the effective polarizer angle cp deviates from 90°. Especially in all the bisector viewing directions, i.e., 
</> 0 = 0°, 90°, 180°, and 270°, the effective polarizer angle cp deviates the farthest from 90° and reaches 
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Figure 8.12 Demonstration of crossed polarizers on Poincare sphere under (a) normal view and 
(b) oblique view at the lower bisector position </> 0 = 270°. Here the absorption axes of polarizer 
and analyzer are set at = 45° and </> 2 = —45°, respectively 

either maxima or minima. By contrast, in all on-axis viewing directions, i.e., </> 0 = 45°, 135°, 225°, and 
315°, the effective polarizer angle cp equals 90°, the same as the normal view. 

The effective polarizer angle deviating from 90° at off-axis viewing directions causes dark-state light 
leakage which, in turn, degrades the device CR. As a typical example, Figure 8.11(b) shows the dark- 
state light leakage of crossed polarizers calculated by the extended Jones matrix method. In the 
calculation, both sheet polarizers are treated as anisotropic uniaxial media with complex refractive 
indices n e = 1.5 + z'0.0022 and n Q = 1.5 + z‘0.000032. As Figure 8.11(b) shows, the light leakage 
reaches maxima at the bisector viewing directions, i.e.,0 o = 0°, 90°, 180°, and 270°. 

(2) Crossed polarizers on Poincare sphere 

The dark-state light leakage of crossed polarizers can also be well explained on the Poincare sphere, as 
shown in Figure 8.12(a) and (b). To facilitate the representation on the Poincare sphere, we still set 
4>l = 45° and </q = —45°, keeping the absorption axes of these two sheet polarizers perpendicular to 
each other in the x-y plane. Figure 8.12(a) represents the view from the normal direction, while Figure 
8.12(b) stands for an oblique view from the lower bisector, i.e., </> 0 = 270°. In both figures, points P and 
A represent the effective absorption axis positions of polarizer and analyzer on the wave plane, 
respectively. The polarization state of the linearly polarized light after the polarizer, which is denoted by 
point T, is always orthogonal to the absorption axis of the polarizer on the wave plane. Therefore, on the 
Poincare sphere, points T and P are always located on opposite sides along the diameter of the sphere. 

As shown in Figure 8.12(a), under normal view the absorption axes of polarizer (point P) and analyzer 
(point A) are located at 90° and —90° on the equator of the Poincare sphere, respectively. Point T, the 
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polarization state of the linearly polarized light after the polarizer, exactly overlaps point A, the 
absorption axis of the analyzer, resulting in complete light absorption and no light leakage from the 
normal viewing direction. 

However, under oblique view from the lower bisector direction </> 0 = 270°, the effective absorption 
axis positions of both polarizer and analyzer move toward the horizontal reference. Accordingly, from 
the lower bisector viewing direction </> 0 = 270°, the effective polarizer angle cp becomes less than 90° as 
illustrated in Figure 8.11(a). As a result, on the Poincare sphere, points P and A are no longer located on 
the S 2 axis. Instead, point P is located between the S i and S 2 axes, while point A is located between the Si 
and negative S 2 axes, as Figure 8.12(b) shows. Moreover, point P is symmetric to point A about the Si 
axis, and angle POA is twice the effective polarizer angle cp , i.e. /POA = 2cp. Meanwhile, point T, 
representing the polarization state of light after the polarizer, is on the other end of the diameter passing 
through point P. Therefore, point T also deviates from the negative S 2 axis and is located symmetrically 
to point A with respect to the negative S 2 axis. Because point T no longer overlaps with point A, light 
leakage occurs from the bisector viewing direction of the crossed polarizers. 

It is easy to determine the relationship /TOA = n — 2cp from Figure 8.12(b). The larger the angle 
TOA is, the more severe the light leakage becomes. Since the effective polarizer angle (p deviates the 
farthest from 90° at all bisector viewing positions, the light leakage at bisectors is the severest, as 
depicted in Figure 8.11(b). If we can suppress the light leakage for all the bisector positions, the viewing 
angle of the LCD will be significantly enhanced. Thus, the goal of WV LCDs, which incorporate 
compensation films into the panel design, is to move point T to point A to minimize the light leakage 
from the analyzer. The introduced compensation film should improve the off-axis viewing performance 
but not affect the on-axis viewing performance. 

In the following sections, let us analyze the compensation schemes of two uniaxial film-compensated 
WV LCDs and derive the analytical solutions for each scheme. In the WV LCDs with initially 
homogeneous alignment, such as IPS and FFS modes, let us assume that the stripe electrodes are in 
the bottom substrate and the electric fields are in the longitudinal direction. As the applied voltage 
exceeds the threshold voltage, i.e., V> V th , the LC directors are gradually twisted from the anchored 
bottom boundary layer to the middle and then twisted back from the middle to the top (unaffected) 
boundary layer. Although the FFS mode can achieve a higher optical efficiency than the IPS mode, 
their viewing angle performances are quite similar. For benchmarking, Figure 8.13 plots the calculated 
iso-contrast contours of an uncompensated IPS LCD. In the calculation throughout this section, unless 



Figure 8.13 Iso-contrast contour of an uncompensated IPS LCD at A = 550 nm 
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Table 8.2 Parameters used in simulating the IPS LCD viewing angle performance 


Parameters 

Description 

Values 

<Ilc 

Cell gap 

4 pm 

@ pretilt 

Surface tilt angle 

1° 

n LC,e 

n e of LC material 

1.5649 

n LC,o 

n 0 of LC material 

1.4793 

ftp, e 

n e of sheet polarizer (complex) 

1.5+/0.0022 

ftp,o 

n 0 of sheet polarizer (complex) 

1.5+/0.000032 

ftc + >e 

n e of positive c film 

1.5110 

ft-c+io 

n Q of positive c film 

1.5095 

ftc~’e 

n e of negative c film 

1.5095 

ftc~fo 

n 0 of negative c film 

1.5110 

fta+ye 

n e of positive a film 

1.5110 

fta + ’o 

n 0 of positive a film 

1.5095 

fta~->e 

n e of negative a film 

1.5095 

ftario 

n Q of negative a film 

1.5110 

h 

Absorption axis of polarizer 

45° 

<\>2 

Absorption axis of analyzer 

-45° (or 135°) 

2 

Wavelength of incident light 

550 nm 


otherwise stated, we assume that at bright state the middle layer LC directors are twisted by 45° with 
respect to both boundary layers. Other parameters employed in simulations are listed in Table 8.2. 

From Figure 8.13, without compensation films the IPS viewing angle at bisectors </> 0 = 0°, 90°, 180°, 
and 270° are relatively poor. At bisectors, the 10:1 CR only extends to ~70° polar angle. This is due to 
the large dark-state light leakage at these bisector positions, as depicted in Figure 8.11(b). 

In the following, we use the IPS LCD as an example to demonstrate two compensation schemes and 
provide for each scheme a comprehensive analytical solution. These compensation schemes are equally 
applicable to FFS LCDs. 


8.3.8 IPS with a positive a and a positive c film 

Figure 8.14(a) shows the device configuration of an IPS LCD using one positive a film and one positive c 
film for phase compensation. As shown in Figure 8.14(a), a positive c film and a positive a film are 
sandwiched between the analyzer and the homogeneous LC layer. More specifically, the positive a film, 
whose optic axis is oriented parallel to the absorption axis of the polarizer, is adjacent to the analyzer. 
Figure 8.14(b) explains the compensation principle on the Poincare sphere when the observer views the 
panel from an oblique angle at the lower bisector position </> 0 = 270°. 

The detailed compensation mechanism is explained as Figure 8.14(b) shows. When the unpolarized 
light from the backlight unit traverses the polarizer (point P), it becomes linearly polarized, and its 
polarization state is located at point T, which deviates from the absorption axis of the analyzer (point A). 
When such linearly polarized light (point T) passes through the homogenous LC layer, whose position 
on the Poincare sphere overlaps with point P, the linear polarization state still remain the same (point T). 
Then, the linearly polarized light (point T) successively passes through the positive c film and the 
positive a film, whose effective optic axis positions on the Poincare sphere are points C and P, 
respectively. When the linearly polarized light (point T) passes through the positive c film, its 
polarization state is rotated from point T to point E clockwise around the CO axis. This intermediate 
polarization state (point E), in general, is elliptical. By properly choosing the phase retardation values of 
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analyzer 

absorption axis: -45° 

positive a film 
optical axis: 45° 

positive cfilm 

homogeneous LC layer 
rubbing direction: 45° 

polarizer 

absorption axis: 45° 



Figure 8.14 (a) Device structure and (b) compensation principle of an IPS LCD with compensation 

of a positive a film and a positive c film 


the positive a and c films, we can always fulfill the following goal: when the elliptically polarized light 
(point E) passes through the positive a film, the polarization state can be rotated clockwise around the 
PO axis so that point E is moved to point A. As a result, at V = 0 the light is completely absorbed by the 
analyzer (point A) leading to a good dark state even when viewed from an oblique angle at the bisectors. 

To reach the above-mentioned objective, we can easily determine from Figure 8.14(b) that the 
following two requirements must be satisfied: (1) the arc TE should be equal to the arc TA, and (2) the 
arc TC should be equal to the arc EC. Besides, from Figure 8.14(b) we can also obtain 
ZPOB = ZAOB = (p, TA = n — 2cp, and TC = cp. Based on spherical trigonometry, we can find 
the following relationships from the spherical triangles CTE and TEA: 


ZTCE = 2sin : (ct gcp) 

(8.24a) 

ZCTE = cos _1 (ctg 2 cp) 

(8.24b) 

ZATE = n- ZCTE 

(8.24c) 


where cp, determined by Equation (8.23), is the effective polarizer angle on the wave plane from the 
lower bisector viewing position </> 0 = 270°. 
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Since the required positive c film’s phase retardation T c + equals the spherical angle ZTCE, the 
required positive c film’s thickness d c + can be derived from (8.18) and (8.24a) as 


d c + — 2 

n c + ,o 


sin x (ctg (p)/n 



(8.25) 


On the other hand, the required positive a film’s phase retardation T a + equals the spherical angle 
ZATE. Thus from (8.17), (8.24b), and (8.24c) we can derive the required positive a film’s thickness d a + 
as 


d a + — ^ 


V 2 — cos 1 (ctg 2 cp) / 2tz 


sin 2 Oq sin 2 


1 - 


2 nl+ „ 2 nl + 


1 - 


sin 2 0o 


(8.26) 


In the derivation of Equation (8.26), we substitute (j) n = 45° and </> 0 = 270° into Equation (8.17) because the 
positive a film’s optic axis is oriented in the 45° direction, as Figure 8.14(a) shows, and the viewing direction 
is at the </> 0 = 270° azimuthal angle. 

As we can see from Equations (8.23), (8.25), and (8.26), the required film thickness depends on the 
incident angle 0 0 , the film’s refractive indices n c +, e , n c +, 0 , n a +, e , and n a +, Q , and the polarizer’s average 
real refractive index n p . Therefore, once we know both the films’ and polarizer’s refractive indices, and 
the intended viewing angle (i.e., incident angle), we can determine the required film thickness from 
(8.23), (8.25), and (8.26). For instance, if we set 0o = 70° as the intended viewing angle where we would 
like to optimize our LCD designs, and use the parameters listed in Table 8.2, then we can calculate the 
required film thicknesses from Equations (8.25) and (8.26). The results are d c + = 60.09 pm 
and d a + = 92.59 pm. Based on these film thicknesses, Figure 8.15 depicts the calculated iso-contrast 
contour of an IPS LCD with one positive a film and one positive c film for phase compensation. 
Comparing Figure 8.15 to Figure 8.13, we can clearly see that the viewing angle performance at off-axis 
viewing directions, especially the bisector positions </> 0 = 0°, 90°, 180°, and 270°, is dramatically 
improved. Meanwhile, the CR at on-axis viewing directions </> 0 = 45°, 135°, 225°, and 315° remain 
unchanged. 

This compensation scheme can also be modified by exchanging the positions of the positive c film and 
a film, as shown in Figure 8.16(a). Different from Figure 8.14(a), the positive a film is now adjacent to 
the LC layer and its optic axis is parallel to the absorption axis of the analyzer. The compensation 
principle is demonstrated in Figure 8.16(b). When the linearly polarized light (point T) passes through 
the positive a film, the polarization state is rotated clockwise around the AO axis so that point T is moved 
to point E. Now the intermediate state (point E) is located on the upper hemisphere. The role of the 
positive c film is to rotate point E to point A clockwise around the CO axis. Although the process of 
polarization state change is different, the required film thicknesses are still identical to those of the 
previous case as determined by Equations (8.25) and (8.27). The viewing angle is very similar to that 
shown in Figure 8.15. 

As shown in Figure 8.15, the viewing angle is not very symmetric, although the CR of this 
compensation scheme exceeds 100:1 at any viewing directions. This is because the intermediate state 
(point E) is not located on the great circle passing through the S 2 and S 3 axes, as shown in Figures 8.14(b) 
and 8.16(b). To get a more symmetric viewing angle, it is essential to locate the intermediate state on the 
great circle which passes through the S 2 and S 3 axes and bisects the arc TA, as will be discussed in the 
following example. 
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Figure 8.15 Iso-contrast contour of an IPS LCD with a positive a film ( d a + = 92.59 pm) and a 
positive c film ( d c + = 60.09 pm) under 2 = 550 nm 



analyzer 

absorption axis: -45° 
positive cfilm 

positive a film 
optical axis: -45° 

homogeneous LC layer 
rubbing direction: 45° 

polarizer 

absorption axis: 45° 



Figure 8.16 (a) Device structure and (b) compensation principle of an IPS LCD using one positive 

a film and one positive c film 
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analyzer 

absorption axis: -45° 

negative a film 
optical axis: 45° 

positive a film 
optical axis: -45° 

homogeneous LC layer 
rubbing direction: 45° 

polarizer 

absorption axis: 45° 



Figure 8.17 (a) Device structure and (b) compensation principle of an IPS LCD with compensation 

of one positive a film and one negative a film 

8.3.9 IPS with a positive a and a negative a film 

Figure 8.17(a) shows the device configuration of an IPS LCD with one positive a film and one negative a 
film [32,33]. As shown in the figure, a positive a film and a negative a film are sandwiched between the 
LC layer and the analyzer, with the positive a film adjacent to the LC layer. More specifically, the optic 
axis of the positive a film is parallel to the absorption axis of the analyzer, while the optic axis of the 
negative a film is parallel to the absorption axis of the polarizer. Figure 8.17(b) explains the 
compensation principle on the Poincare sphere when the observer views the panel from an oblique 
angle at the lower bisector position, i.e., </> 0 = 270°. 

The detailed compensation mechanism is explained as Figure 8.17(b) demonstrates. When the 
unpolarized light from the backlight penetrates the polarizer (point P), it becomes linearly polarized and 
its polarization state is located at point T, which deviates from the absorption axis of the analyzer (point 
A). When such linearly polarized light (point T) passes through the homogenous LC layer, whose 
position on the Poincare sphere overlaps with point P, the linear polarization state remains the same 
(point T). Then, the linearly polarized light (point T) successively passes through the positive a film and 
the negative a film, whose positions on the Poincare sphere are points A and P, respectively. When the 
linearly polarized light (point T) passes through the positive a film, its polarization state is rotated 
clockwise from point T to point E around the AO axis. This intermediate polarization state (point E), in 
general, is an elliptical polarization state. By properly choosing the phase retardation values of both 
positive a film and negative a film, we should be able to rotate point E to point A counterclockwise 
around the PO axis. As a result, in the voltage-off state the light is completely absorbed by the analyzer 
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(point A) and a very good dark state is achieved even when viewed from an oblique angle at the bisector 
positions. 

To reach this objective, we can easily determine from Figure 8.17(b) that the following two 
requirements must be satisfied: (1) the arc EA should be equal to the arc TA; and (2) the arc TA 
should be equal to the arc TE. In other words, the spherical triangle ETA should be an equilateral 
spherical triangle. In addition, from the Poincare sphere we can also obtain ZPOB = ZAOB = (p and 
TA = 7i — 2(p. Based on spherical trigonometry, the following relationship from the equilateral 
spherical triangle ETA can be derived: 

ZETA= ZEAT = cos _1 (—ctgcp • ctg2 cp) (8.27) 


where (p , determined by Equation (8.23), is the effective polarizer angle on the wave plane from the lower 
bisector viewing position, i.e., </> 0 = 270°. 

Since the required positive a film’s phase retardation T a + equals the spherical angle EAT, the 
required positive a film’s thickness d a + can be expressed from Equations (8.17) and (8.27) as 


d ( 7+ — 2 


cos 1 (—ctg (p • ctg2(p)/2n 


1 - 


2 n 2 
AYl a+,e 


2n l+,o 


1 -- 


(8.28) 


In the derivation of Equation (8.28), we substitute (j) n = —45° and </> 0 = 270° into Equation (8.17) because the 
positive a film’s optic axis is oriented in the —45° direction, as Figure 8.17(a) shows, and the viewing direction is 
from the </> 0 = 270° azimuthal angle. 

Similarly, the negative a film’s phase retardation T a - is equal to the negative spherical angle ETA, 
i.e., T a - = — ZETA. Here the minus sign denotes that the phase retardation of the negative a film is 
negative and the rotation around the PO axis from point E to point A is counterclockwise. Thus, from 
Equations (8.17) and (8.27) we can obtain the negative a film’s thickness d a as 


d a = -2- 


cos 1 (—ct gcp • ctg2(p)/2n 


sin 2 0o sin 2 0o 


1 - 


2n l~,e 


2w 2 
^ n ar ,o 


1 -- 


(8.29) 


In the derivation of Equation (8.29), we substitute (f) n = 45° and </> 0 = 270° into Equation (8.17) because the 
negative a film’s optic axis is oriented in the 45° direction, as Figure 8.17(a) shows, and the viewing direction 
is from the </> 0 = 270° azimuthal angle. 

From Equations (8.23), (8.28), and (8.29), the required film thicknesses depend on the incident angle 
00 , the film’s refractive indices n a +, e , n a +, 0 , n a -, e , and n a -, a , and the polarizer’s average real refractive 
index n p . Therefore, once we know both the films’ and polarizer’s refractive indices as well as the 
intended viewing angle for LCD optimization, we can determine the required film thickness from 
Equations (8.23), (8.28), and (8.29). By using the parameters listed in Table 8.2 and choosing 0o = 70°, 
the required film thicknesses as calculated from Equations (8.28) and (8.29) are d a + = 61.38pm and 
d a - = 61.37 pm. Based on these film thicknesses, Figure 8.18 plots the calculated iso-contrast contour of 
the IPS LCD with one positive a film and one negative a film. Comparing Figure 8.18 to Figure 8.13, we 
can see clearly that the viewing characteristic at off-axis directions, especially the bisector positions 
</>o = 0°, 90°, 180°, and 270°, is dramatically improved. In the meantime, the CR along the horizontal 
and vertical axes (</> 0 = 45°, 135°, 225°, and 315°) remain unchanged. 

The positions of the positive a film and the negative a film shown in Figure 8.17(a) are exchangeable. 
Simulation results indicate that the required film thicknesses remain the same. The Poincare representa¬ 
tion is still similar except that the intermediate polarization state (point E) is on the lower hemisphere. 
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Figure 8.18 Iso-contrast contour of the IPS LCD with a positive a film ( d a + = 61.38 pm) and a 
negative a film ( d a - = 61.37 pm) under A = 550 nm 


The required film thickness d a + and d a ~ are still the same as obtained in Equations (8.28) and (8.29). And 
finally, the viewing angle performance is almost identical to that shown in Figure 8.18. 

As shown in Figure 8.18, the CR exceeds 200:1 from all viewing directions. This viewing angle is 
more symmetric than that shown in Figure 8.15 using one positive a film and one positive c film for 
compensation. This is due to the fact that in this compensation scheme, the intermediate state (point E) is 
located on the great circle which passes through the S 2 and S 3 axes and bisects the arc TA. Another 
advantage of this compensation scheme is that it requires only uniaxial a films but does not require any c 
film or biaxial film. Since a film has a lower cost than c film and biaxial film, this compensation scheme 
has potentially low cost while providing excellent viewing characteristics. 

8.3.70 Color shift 

Color shift is another important issue for LCDs. In the IPS mode, a yellowish color shift occurs at the 
</> = 45° azimuthal angle and a bluish color shift occurs at $ = —45° due to the phase retardation 
difference. To suppress color shift, a chevron-shaped electrode similar to a two-domain structure has 
been proposed [34,35]. Each pixel is divided into two domains where the LC directors face opposite 
directions and the color shift is compensated effectively. 

8.4 VA Mode 

Also called homeotropic alignment [36], VA is another common LC mode for direct-view transmissive 
and reflective projection displays. VA exhibits the highest CR among all the LC modes developed. 
Moreover, its CR is insensitive to the incident light wavelength, LC layer thickness, and operating 
temperature. Both projection [37,38] and direct-view displays using homeotropic LC cells [39,40] have 
been demonstrated. Besides the CR, the homeotropic cell also exhibits a faster response time than its 
corresponding homogeneous or TN cell. Two factors contributing to the faster response time are elastic 
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constant and cell gap. To achieve \n phase retardation for a transmissive display, the required dAn for 
homogeneous and homeotropic cells is the same, i.e., dAn = A/2. However, for a 90° TN cell, the 
required dAn = 0.8662. On the other hand, the governing elastic constant for homogeneous, twisted, and 
homeotropic cells are splay (K n ), twist ( K 2 2 ), and bend (X 33 ), respectively. From the elastic constant 
viewpoint, the order K 33 >K n > K 2 2 holds for most LC mixtures. The response time of a LC layer is 
proportional to y x d 2 /Kn 2 , where y x is the rotational viscosity and K is the corresponding elastic 
constant. Therefore, the homeotropic cell has a superior response time and CR among the three cells. 
This has been proven by some wide-angle direct-view displays employing the homeotropic cell [41,42]. 

One requirement of a VA cell is in the need for high-resistivity LC mixtures having negative dielectric 
anisotropy. High resistivity is required for active matrix LCDs in order to avoid image flickering. 
Negative Ac is required for obtaining useful electro-optical effects. To obtain negative As LCs, the 
dipoles, in particular the fluoro groups, need to be in the lateral positions. Significant progress in material 
development has been achieved in the past decade. Nevertheless, the selection of negative As LC 
compounds is still far below that of positive ones. Furthermore, the lateral dipole groups often exhibit a 
higher viscosity than the axial compounds due to the larger moment of inertia. 


8.4. 7 Voltage-dependent transmittance 

Figure 8.19 shows the voltage-dependent optical transmittance of a VA cell with dAn = 350 nm between 
crossed polarizers. For computer calculations, a single domain VA cell employing a Merck high- 
resistivity MLC-6608 LC mixture is considered. Some physical properties of MLC-6608 can be 
summarized as follows: n e = 1.558, n 0 = 1.476 (at A = 589 nm and T= 20°C); clearing temperature 
T c = 90°C; dielectric anisotropy As = —4.2; and rotational viscosity y± = 186mPas at 20°C. In 
principle, to obtain 100% transmittance for a transmissive VA cell only requires dAn^A/2. Since 
the human eye is most sensitive to green (A = 550 nm), the required dAn is around 275 nm. However, 
this is the minimum dAn value required because under such conditions the 100% transmittance would 
occur at V^> V th . Due to the finite voltage swing from TFT (usually below 6 V^g), the required dAn 
should be increased to ~0.62, i.e., <2An~330nm. 



VOLTAGE (Vrms) 

Figure 8.19 Voltage-dependent transmittance of a VA cell. LC: MLC-6608. dAn = 350nm. 
R = 650 nm, G = 550 nm, and B = 450 nm 
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From Figure 8.19, an excellent dark state is observed at normal incidence. As the applied voltage 
exceeds the Freedericksz threshold voltage (V^ ~ 2.1 V rms ), LC directors are reoriented by the applied 
electric field resulting in light transmission from the crossed analyzer. At ~6V rms , the normalized 
transmittance reaches 100% for the green light (2 = 550 nm). 


8.4.2 Optical response time 

When the backflow and inertial effects are ignored, the dynamics of the LC director reorientation is 
described by the following Erickson-Leslie equation [9,10]: 

o2 jl 2 

(K n cos 2 (f> + K 33 sin 2 cp) + (K 33 - K x i) sin <p cos <p (§|) 

+ z 0 \&E 2 simpcoscf) = yj(8.30) 

where y x is the rotational viscosity, K n and K 33 represent the splay and bend elastic constants, 
respectively, s a AsE 2 is the electric field energy density, As is the LC dielectric anisotropy, and </> is 
the tilt angle of the LC directors. In general, Equation (8.30) can only be solved numerically. However, 
when the tilt angle is small (sin</>~</>) and K 33 ~K n (the so-called small-angle and single elastic 
constant approximation), the Erickson-Leslie equation is reduced to 

d 2 d) o . dd) 

K 33 -^- + eo AsE 2 (l> = y l -^ (8.31) 


Under such circumstances, both rise time and decay time have simple analytical solutions [43]: 
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(8.32b) 


Here, both rise time and decay time are defined as transmittance (under crossed polarizers) 
from 10% to 90%. In these equations, t q is the LC director reorientation time (1 —»1/e) and 
net phase change from a bias voltage V = to V = 0: 

_ ?1 d 2 
T ° ~ KW 


changes 
S 0 is the 


(8.33) 


Equation (8.33) correlates the optical rise time and decay time to the LC director reorientation time 
(t 0 ). Basically, it is a linear relationship except for the additional logarithmic term of the phase 
dependence. 


8.4.3 Overdrive and undershoot voltage method 

From Equation (8.32), the rise time depends on the applied voltage (V), especially near the threshold 
region. Let us use a normal-black VA cell as an example. Typically, the cell is biased at a voltage (V b ) 
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Figure 8.20 The overdrive and undershoot voltage method for speeding up LC rise and decay 
times. Top traces are the optical response and bottom traces are the corresponding voltage waveforms. 
The dashed lines represent a normal driving and the solid lines are with overdrive and undershoot 
voltages 

which is slightly below V th in order to reduce the delay time incurred during the rise period and to keep a 
high CR. For some intermediate gray levels, the applied voltage is only slightly above V th . Under such 
circumstances, the rise time would be very slow. To overcome this, we could apply a high voltage for a 
short period and then hold the transmittance at the desired gray level, as shown in Figure 8.20. This is the 
so-called overdrive voltage method [44]. Meanwhile, during the decay period, the voltage is turned off 
for a short period and then a small holding voltage is applied to keep the LC at the desired gray level. This 
is the undershoot effect [45]. With voltage overdrive and undershoot, the LC response time can be 
reduced by two to three times. 


8.5 MVA Cells 


Single domain VA has been used extensively in LCoS [46,47] for projection displays because of its 
excellent CR. However, for direct-view display the single domain VA has a relatively narrow viewing 
angle. To widen the viewing angle, MVA has been developed. Fujitsu has developed protrusion-type 
MVA [48,49] and Samsung has developed patterned vertical alignment (PVA) [50,51] using slits to 
generate fringing fields. The operating mechanisms are alike, but PVA does not require any physical 
protrusions so its CR is higher. 

For simplicity, but without loss of generality, let us assume that in each pixel the LC directors form a 
four-domain orientation profile, as Figure 8.21(a) shows. Figure 8.21(b) depicts the calculated voltage- 
dependent transmittance curve of a typical MVA LCD using Merck MLC-6608 LC material whose 
parameters are listed in Table 8.3. Here, the absorption loss of polarizers has been taken into 
consideration. In film-compensated MVA cells, the refractive indices of the uniaxial films and polarizers 
are still the same as those listed in Table 8.2. 
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(a) 



(b) 


Figure 8.21 (a) Schematic top view of the four-domain LC director distribution in the voltage-on 

state, and (b) the voltage-dependent transmittance curve of a MVA LCD 


Figure 8.22 shows the calculated iso-contrast contour of the four-domain MVA LCD without film 
compensation. In the CR calculation, we first use continuum theory [52] to calculate the LC director 
distribution at V on = 5 V rms and V Q ff = 0, respectively, then use the extended Jones matrix to calculate 
the optical transmittance for each domain, and finally average up all four domains. 


Table 8.3 Parameters used in simulating the MVA LCD viewing angle performance 


Parameters 

Description 

Values 

<Ilc 

Cell gap 

4.6 pm 

n 

vpretilt 

Surface tilt angle 

89° 

n LC,e 

n e of LC material MLC-6608 

1.5606 

KlC,o 

n Q of LC material MLC-6608 

1.4770 

01 

Absorption axis of polarizer 

45° 

<t> 2 

Absorption axis of analyzer 

-45° (or 135°) 

A 

Wavelength of incident light 

550 nm 
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Figure 8.22 Simulated iso-contrast contour of a typical four-domain MVA LCD under 2 = 550 nm 

From Figure 8.22, without compensation films the viewing angle of the four-domain MVA cell at the 
bisector positions </> 0 = 0°, 90°, 180°, and 270° is very poor. At these bisectors, the 10:1 CR only extends 
to ~30° polar angle. Two factors contribute to the narrow viewing angle: (1) the absorption axes of the 
crossed polarizers are no longer perpendicular to each other at off-axis oblique viewing directions; and 
(2) the vertically aligned LC layer behaves as a c film, which imposes a phase retardation on the 
obliquely incoming linearly polarized light and modulates its polarization state. The phase retardation 
r LC , which is induced by the vertically aligned LC layer at oblique incident light, can be easily obtained 
from Equation (8.16) as 



(8.34) 


From Equation (8.34), T LC depends on the incident angle 6 0 , the LC refractive indices n LCe and n LC o , 
and the LC layer’s thickness d LC . As an example, at incident angle 6q = 70° the corresponding T LC , 
calculated from the parameters listed in Table 8.3, is 0.66471 radians. Equation (8.34) will be frequently 
referred to in this section. 

In the following, we use the four-domain MVA LCD as an example to demonstrate some uniaxial film 
compensation schemes and provide each scheme with a comprehensive analytical solution. All of these 
compensation schemes are equally applicable to PVA mode LCDs. 

8.5. J MVA with a positive a and a negative c film 

Figure 8.23(a) shows the schematic device configuration of a MVA LCD with one positive a film and 
one negative c film. As shown in the figure, the positive a film and the negative c film are sandwiched 
between the polarizer and the MVA LC layer. More specifically, the optic axis of the positive a film is 
parallel to the absorption axis of the analyzer. Figure 8.23(b) explains the compensation principle on the 
Poincare sphere when the observer views the panel from an oblique angle at the lower bisector position 


00 = 270° 
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Figure 8.23 (a) Device structure and (b) compensation principle of a MVA LCD using one positive 

a film and one negative c film 


The detailed compensation mechanism is explained using the Poincare sphere shown in Figure 8.23(b). 
When the unpolarized light from the backlight source passes the polarizer (point P), it becomes linearly 
polarized and its polarization state is located at point T, which deviates from the absorption axis of the 
analyzer (point A). Then, such linearly polarized light (point T) successively passes through the positive 
a film and the negative c film, whose positions on the Poincare sphere are points A and C, respectively. 
When the linearly polarized light (point T) passes through the positive a film, its polarization state is 
rotated clockwise from point T to point E around the AO axis. Point E is the first intermediate 
polarization state, which, in general, is elliptical. When this elliptically polarized light traverses the 
negative c film, its polarization state is rotated counterclockwise from point E to point F around the CO 
axis. Point F is the second intermediate polarization state, which is also elliptical. Then, this second 
intermediate elliptically polarized light passes through the unactivated MVA LC layer, whose position 
on the Poincare sphere overlaps with point C. Let us assume that we can find the proper phase 
retardations of the positive a film and negative c film such that when the second intermediate elliptically 
polarized light passes through the unactivated MVA LC layer its polarization state is rotated clockwise 
from point F to point A around the CO axis. Consequently, at V = 0 the light is completely absorbed by 
the analyzer (point A) and a good dark state is achieved even when viewed from the oblique angle at the 
bisector positions. 

To reach this objective, we can readily determine from Figure 8.23(b) that the following three 
requirements must be satisfied: (1) the arc EA should be equal to the arc TA; (2) the arcs AC, EC, and 
FC all should be equal to each other; and (3) the spherical angle ACF is the sum of the spherical angles 
ACE andECF. Further, from Figure 8.23(b), we also find that ZPOB = ZAOB = cp , TA = n — 2cp, and 
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AC = n — cp. Based on spherical trigonometry, we can derive the following relationships from the 
spherical triangles CAE and CAF: 


ZEAC = cos 1 (—ctg 2 <p) 

(8.35) 

ZACE = 2 sin -1 (ctg (p) 

(8.36) 


where cp, determined by Equation (8.23), is the effective polarizer angle on the wave plane from the 
lower bisector viewing position </> 0 = 270°. 

Since the required positive a film’s phase retardation T a + equals the spherical angle EAT(= ZEAC), 
the positive a film’s thickness d a + is found from Equations (8.16) and (8.35) to be 


da + 


= k- 


COS 1 (—Ctg 2 <p)/27l 


1 - 


2 n 2 
AYl a+,e 


2n l+,o 



(8.37) 


In the derivation of Equation (8.37), we substitute (j) n = —45° and </> 0 = 270° into Equation (8.16) 
because the positive a film’s optic axis is oriented in the —45° direction, as Fig 8.23(a) shows, and the 
viewing direction is from the </> 0 = 270° azimuthal angle. 

On the other hand, the required negative c film’s phase retardation T c - equals the negative spherical 
angle ECF, i.e., r c - = — ZECF = ZACE — ZACF. The spherical angle ACF is equal to the unactivated 
MVA LC layer’s phase retardation T lc as shown in Equation (8.34). This is because the function of the 
unactivated MVA LC layer is to rotate clockwise around the CO axis from point F to point A. Thus, from 
Equations (8.18) and (8.36) we can obtain the required negative c film’s thickness d c - as 


d c ~ 



[2 sin l {ctgq>) - r LC ]/27i 



(8.38) 


where Tic is given by Equation (8.34). 

As we can see from Equations (8.23), (8.34), (8.37), and (8.38), for a given MVA LC cell, the required 
film thicknesses depend on the incident angle 6 0 , the film’s refractive indices n c -, e9 n c ~,o 9 n a+,e> and n a+,o> 
and the polarizer’s average real refractive index n p . Therefore, once we know both the films’ and 
polarizer’s refractive indices as well as the intended viewing angle or incident angle for LCD optimization, 
we can determine the compensation films’ thickness from Equations (8.23), (8.34), (8.37), and (8.38). For 
example, if we want to optimize the LCD viewing angle at 6q = 70°, then we can plug the parameters 
listed in Tables 8.2 and 8.3 into Equations (8.37) and (8.38) and find d a += 92.59 pm and 
d c - = 186.08 pm. Based on the obtained film thicknesses, Figure 8.24 depicts the calculated iso-contrast 
contour of an MVA LCD compensated by one positive a film and one negative c film. Comparing 
Figure 8.24 to Figure 8.22, we can clearly see that the viewing angle performance at off-axis viewing 
directions, especially the bisector positions </> 0 = 0°, 90°, 180°, and 270°, is dramatically improved. In the 
meantime, the CR at on-axis viewing directions (</> 0 = 45°, 135°, 225°, and 315°) remain the same. 

This compensation scheme can be modified by exchanging the positions of the negative c film and the 
MVA LC layer. In other words, the incident light passes through the MVA LC layer first before it enters 
the negative c film. In this case, the required film thickness can still be determined by Equations (8.37) 
and (8.38), and the resultant viewing angle performance is nearly identical to Figure 8.24. 

In addition, this compensation scheme can be further modified by placing the positive a film and 
negative c film between the MVA LC layer and the analyzer, as Figure 8.25(a) shows. Different from 
Figure 8.23(a), the positive a film is now adjacent to the analyzer and its optic axis is perpendicular to the 
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Figure 8.24 Simulated iso-contrast contour of an MVA LCD with a positive a film (< d a + = 92.59 pm) 
and a negative c film ( d c - = 186.08 pm) under X = 550 nm 
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Figure 8.25 (a) An alternative device structure and (b) compensation principle of the MVA LCD 

using a negative c film and a positive a film 
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absorption axis of the analyzer. Figure 8.25(b) shows the compensation principle of the modified device. 
Following the same procedures, we can readily determine from Figure 8.25(b) that the required film 
thicknesses are identical to Equations (8.37) and (8.38). The resultant viewing angle is almost the same 
as that plotted in Figure 8.24. 

As shown in Figure 8.24, with film compensation the 100:1 CR barely exceeds ~ 75° polar angle. 
This viewing angle performance is not as good as that of the IPS LCDs described in Section 8.3. This is 
due to the fact that the intermediate states, points E and F, are not located on the great circle which passes 
through the S 2 and S 3 axes. 

In the next example, we will describe a compensation scheme in which the intermediate states are 
located on the great circle passing through the S 2 and S 3 axes and bisecting the arc TA. 

8.5.2 MVA with a positive o, a negative o, and a negative c film 

Figure 8.26(a) shows the schematic device configuration of a MVA LCD with one positive a film, one 
negative a film, and one negative c film. As shown in the figure, the positive a film is located between the 
polarizer and the MVA LC layer, while the negative a film and negative c film are sandwiched between 
the MVA LC layer and the analyzer. More specifically, the optic axis of the positive a film is parallel to 
the absorption axis of the analyzer, and the optic axis of the negative a film is parallel to the absorption 
axis of the polarizer. Figure 8.26(b) explains the compensation principle on the Poincare sphere when 
the observer views the LCD panel from an oblique angle at the lower bisector position </> 0 = 270°. 



Figure 8.26 (a) Device structure and (b) compensation principle of an MVA LCD with one positive 

a film, one negative a film, and one negative c film 
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The detailed compensation mechanism is explained using Figure 8.26(b). When the unpolarized light 
from the backlight passes through the polarizer (point P), it becomes linearly polarized and its 
polarization state is located at point T, which deviates from the absorption axis of the analyzer 
(point A). Afterward, the linearly polarized light (point T) traverses the positive a film, whose position 
on the Poincare sphere overlaps with point A, and its polarization state is rotated clockwise from point T 
to point E around the AO axis. Point E is the first intermediate elliptical polarization state. 

To obtain a symmetric viewing angle, we intentionally locate the point E on the great circle passing 
through the S 2 and S 3 axes and bisecting the arc TA . Then this elliptically polarized light successively 
enters the unactivated MVA LC layer and the negative c film, whose positions on the Poincare sphere are 
both at point C. When the elliptically polarized light passes through the unactivated MVA LC layer, its 
polarization state is rotated clockwise around the CO axis from point E to point F. Point F is the second 
intermediate elliptical polarization state, which is also located on the same great circle passing through 
the S 2 and S 3 axes. Then this second intermediate elliptically polarized light hits the negative c film. The 
phase retardation of the negative c film is designed such that when the second intermediate elliptically 
polarized light passes through the negative c film its polarization state will be rotated counterclockwise 
around the CO axis from point F back to point E. Now point E represents the third intermediate elliptical 
polarization state. After that, this third elliptically polarized light passes through the negative a film, 
whose position on the Poincare sphere overlaps with point P. The phase retardation of the negative a film 
is properly chosen such that when the third intermediate elliptically polarized light (point E) passes 
through the negative a film its polarization state can be rotated counterclockwise around the PO axis 
from point E to point A. Consequently, the light is completely absorbed by the analyzer (point A) and a 
good dark state is achieved even when it is viewed from the bisector directions. 

To determine each film’s thickness, we find from Figure 8.26(b) that the following two requirements 
must be satisfied: (1) the arcs of EA, ET, and TA should all be equal; and (2) the arc EF is located on the 
great circle passing through the S 2 and S 3 axes and bisecting the arc TA. That implies that the spherical 
triangle ETA is an equilateral spherical triangle. Furthermore, from Figure 8.24(b), we also obtain 
ZPOB = Z AOB = cp and TA = n — 2cp. Based on spherical trigonometry, we derive the following 
relationships from the equilateral spherical triangle ETA: 

ZEAT = ZETA = cos -1 (—ctg cp • ctg2 cp) (8.39) 

where cp , determined by Equation (8.23), is the effective polarizer angle on the wave plane as viewed 
from the lower bisector direction (cp 0 = 270°). 

Since the required positive a film’s phase retardation T a + equals the spherical angle EAT, the 
required positive a film’s thickness d a + can be expressed from Equations (8.17) and (8.39) as 


dsi+ — 2 


cos l (— ctg cp • cig2cp)/2n 


sin 2 0o sin 2 0o 


1 - 


In 2 

AYl a+,e 


In 2 

ATl a+,o 


1 - 


sin 2 0o 


n 


a + ,o 


(8.40) 


In the process of deriving Equation (8.40), we substitute (j) n = —45° and </> 0 = 270° into Equation (8.16) 
because the positive a film’s optical axis is oriented in the —45° direction, as Figure 8.26(a) shows, and 
the viewing direction is from the </> 0 = 270° azimuthal angle. 

Similarly, the required negative a film’s phase retardation T a - is equal to the negative spherical angle 
ETA, i.e., T a - = — ZETA. Thus, from Equations (8.17) and (8.39) we derive the negative a film’s 
thickness d a - as 


cos ctg cp • ctg2(p)/2n 


sin 2 0o sin 2 0o 


1 - 


2n 2 

^ n a~ ,e 


2 n 2 
^ n a~ ,o 


l- 


d a = —2 


(8.41) 
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Here we substitute (j) n = 45° and </> 0 = 270° into Equation (8.17) because the negative a film’s optical 
axis is oriented in the 45° direction, as Figure 8.26(a) shows, and the viewing direction is from the 
</>0 = 270° azimuthal angle. 

To obtain the negative c film’s thickness, we need to find its phase retardation T c - first. From the 
compensation mechanism, it is easy to find that T c - = —Tic since the unactivated MVA LC layer’s role 
is to rotate clockwise around the CO axis from point E to point F. On the other hand, the negative c film’s 
function is to rotate counterclockwise around the CO axis from point F back to point E. Therefore, from 
Equation (8.18) we derive the required negative c film’s thickness d c - as 


d(j~ 


= -2 


Tlc/271 



(8.42) 


where T L c is determined by Equation (8.34). 

From Equations (8.23), (8.29), and (8.40)-(8.42), we find that for a given MVA LC cell the required 
film thicknesses depend on the incident angle 6 0 , the film’s refractive indices n a + e , n a + Q , n a -, e , n a - jQ , 
n c -^ e , and n c -, 0 , and the polarizer’s average real refractive index n p . Therefore, once we know the films’ 
and polarizer’s refractive indices and the intended viewing angle (6 0 ) for optimizing the LCD panel, we 
can determine the compensation films’ thickness from Equations (8.23), (8.29), and (8.40)-(8.42). For 
instance, if we choose 6q = 70° and use the parameters listed in Tables 8.2 and 8.3, then we can calculate 
the required film thicknesses from Equations (8.40)-(8.42). The results are d a + = 61.38 pm, 
d a - = 61.37 pm, and d c - = 246.11 pm. Based on these film thicknesses, Figure 8.27 plots the simulated 
iso-contrast contour for an MVA LCD with one positive a film, one negative a film, and one negative c 
film. Comparing Figure 8.27 to Figure 8.24, we can clearly see that the viewing angle at off-axis viewing 
directions, especially the bisector positions (</> 0 = 0°, 90°, 180°, and 270°), is dramatically improved. In 
the meantime, the CR at on-axis viewing directions, i.e., </> 0 = 45°, 135°, 225°, and 315°, remain 
unchanged. 



Figure 8.27 Iso-contrast contour of an MVA LCD with one positive a film ( d a + = 61.38 pm), one 
negative a film ( d a - = 61.37 pm), and one negative c film ( d c - = 246.11 pm) under 2 = 550 nm 
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Figure 8.28 (a) An alternative device structure and (b) compensation principle of a MVA LCD with 

one positive a film, one negative a film, and one negative c film 


This compensation scheme can be modified by exchanging the positions of the negative c film and the 
MVA LC layer while keeping both positive and negative a films unchanged. In other words, the incident 
light passes through the negative c film first before it enters the MVA LC layer. Under such 
circumstances, the required film thickness can still be found from Equations (8.40)-(8.42), and the 
resultant iso-contrast contour is nearly identical to Figure 8.27. 

Another alternative is to exchange the positions of both the positive a film and the negative a film, as 
shown in Figure 8.28(a). Different from the device configuration sketched in Figure 8.26(a), the positive 
a film is now adjacent to the analyzer while the negative a film is adjacent to the polarizer. The 
corresponding compensation mechanism is illustrated in Figure 8.28(b). Following the same analysis as 
above, we can readily determine from Figure 8.28(b) that the required film thicknesses are identical to 
Equations (8.40)-(8.42). The resultant iso-contrast contour is almost the same as that shown in Figure 
8.27. 

From Figure 8.27, the 100:1 iso-contrast contours barely exceed ~75° polar angle. Although the two 
intermediate polarization states, points E and F, are located on the great circle which passes through the 
S 2 and S 3 axes, these two intermediate states are not symmetrically located with respect to the plane of 
the equator. 

Examples using more sophisticated compensation schemes can be found in Ref. 31. When more 
compensation films are used, there are more degrees of freedom to be used for optimization. However, 
the associated cost will increase. 
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Figure 8.29 LC director configuration in a n cell 


8.6 Optically Compensated Bend (OCB) Cell 

The OCB mode utilizes a voltage-biased n cell compensated with phase retardation films. Its major 
advantages are two-fold: (1) a rapid response time; and (2) a symmetric and wide viewing angle. In a n 
cell [53], the pretilt angle in the alignment surfaces is in the opposite direction, as shown in Figure 8.29. 
The opposite pretilt angle exhibits two special features: (1) its viewing angle is symmetric; and (2) its 
bend director profile eliminates the backflow effect and, therefore, results in a rapid response time. 


8.6.1 Voltage-dependent transmittance 

Figure 8.30 plots the voltage-dependent transmittance curves of a uniaxial film-compensated bend cell. 
To make the splay-to-bend transition, a critical voltage (V c ~ 1.0-1.5 V) is biased to the n cell. Typically, 
the cell gap is around 6 pm and pretilt angle is 7-10° [54]. By adjusting the dAn value of the compens¬ 
ation film, both normal-white and normal-black modes can be achieved [55]. Figure 8.30 shows the VT 
curves of a normal-white OCB at three primary wavelengths (R = 650, G = 550, B = 450 nm). The 
following parameters are used for simulations: LC dAn = 436 nm, As = 10, uniaxial a film dAn = 
53.3 nm, and a pretilt angle of 7°. In reality, the uniaxial a film should be replaced by a biaxial film in 
order to widen the viewing angle. From Figure 8.30, a common dark state for RGB wavelengths appears 
at ^4.5 V rms . Wavelength dispersion is a serious concern for any birefringence mode. To solve this 
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Figure 8.30 Voltage-dependent transmittance curves of a n cell. dAft = 436nm, uniaxial film 
dAn = 53.3 nm, and its optic axis is perpendicular to that of the LC cell 
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problem, multiple cell gaps have to be used, i.e., the dlSn/X values for all three primary wavelengths 
should be equal. For example, if d = 6 pm is used for green pixels, then the gaps for red and blue pixels 
should be 7.1 and 4.9 pm, respectively. Here, the wavelength dispersion of the LC material is neglected 
[56]. Once these conditions are satisfied, the VT curves for R and B will overlap with that of G (dark solid 
line). 

The fast response time of the OCB cell originates from three factors: the bias voltage effect (also 
known as the surface mode) [57], flow effect, and half-cell switching. The switching time between gray 
levels is less than 3 ms. A rapid response time is particularly important for LCD TV applications, 
especially at cold ambient conditions. 

For other LCD modes, such as TN, MVA, and IPS, flow in the LC layer slows the rotational relaxation 
process of the director when the applied voltage is changed. For the n cell, on the other hand, there is no 
conflict between the torque exerted by the flow and the relaxation process of the director. The intrinsic 
wide viewing angle is due to the self-compensating structure. The retardation value stays almost the 
same even when the incident angle is changed in the director plane. However, retardation is not self- 
compensated at incidence out of the director plane. In addition, the on-axis CR of the n cell is low due to 
residual retardation even at a high applied voltage. To obtain a high on-axis CR and a wide viewing 
angle, an optical compensation film is required. 

To obtain the bend alignment structure of the n cell, a voltage above the splay-to-bend transition 
voltage must be applied. The transition from splay to bend takes time, typically in the order of tens of 
seconds. The transition should be made faster than, say, 1 second. 

8.6.2 Compensation films for OCB 

To obtain a comparable viewing angle with VA and IPS, OCB requires more sophisticated optical 
compensation based on a discotic material [58]. Figure 8.31 shows the compensation schemes for a 
normal-white OCB mode. The fundamental idea is similar to that for TN mode. The retardation matching 
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Figure 8.31 Idealized and simplified model of optical compensation for the n cell combined with the 
Fuji OCB films 
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90.0 



Equal contrast ratio contour 

Figure 8.32 Simulated iso-contrast contour of Fuji film-compensated OCB cell 

between the cell and the optical compensation film is especially important for the OCB mode, partially 
because the black state of the normal-white OCB cell has a finite residual retardation value that must be 
compensated by an optical film. For example, any retardation fluctuation of the cell or the film is easily 
noticeable. The OCB system requires a high level of uniformity and the cell parameters, as well as the 
film parameters, should be optimized in order to maximize the optical performance. 

The polymer discotic material (PDM) developed by Fuji Photo Film has a hybrid alignment, which 
mimics half of the bend alignment structure of the OCB cell. Different from the discotic film developed 
for TN LCDs, the azimuthal alignment direction of the PDM layer is oriented at 45° with respect to the 
transmission axis of the polarizer, and the in-plane retardation of the PDM layer compensates for the in¬ 
plane retardation of the on-state OCB cell. The total in-plane retardation of the PDM layer should be the 
same as that of the on-state OCB cell so that the voltage-on state becomes black at a voltage lower than 
5 V 

v rms* 

Figure 8.32 shows the simulated iso-contrast contour plot of the OCB panel. It is seen that OCB has a 
comparable viewing angle performance to VA and IPS. In addition to a faster response time, OCB has 
another advantage of less color shift at gray levels. Human skin especially looks good even at oblique 
incidence. 

Homework Problems 

8.1 Twisted nematic cell 

(1) A student has prepared two identical TN cells except that one has a 90° twist angle and the other 
has 80°. How can the student distinguish which is which? 
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(2) A 90° TN cell is constructed using the following LC parameters: As = 8, An = 0.1 at 
2 = 550nm, K\\ = 14pN, K 22 = 7pN, K 33 = 18pN, andyj = 0.2Pas. What is the required 
cell gap to satisfy the Gooch-Tarry first minimum condition? Estimate the optical decay time 
(100-10%) of the TN LC cell. 

8.2 In-plane-switching cell Figure 8.33 shows the device configuration of a transmissive IPS LCD. The 

homogeneous alignment LC mixture is sandwiched between two substrates. The LC rubbing angle 

is 12° with respect to the IPS electrodes. 

(1) Draw the transmission axis of the polarizer and analyzer in the figure to obtain a normal-black 
mode. 

(2) If the LC mixture has birefringence An = 0.1, what is the required minimum cell gap for 
obtaining high transmittance? 

(3) Does the above IPS cell work well under normal-white conditions? Explain. 

(4) What are the pros and cons if we increase the rubbing angle to 30°? 

8.3 Homeotropic cell 

(1) Can a homeotropic cell be used for normal-white LCD? Explain. 
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Figure 8.35 

(2) The voltage-dependent transmittance of a homeotropic cell, sandwiched between two crossed 
polarizers, is shown in Figure 8.34. Cell gap d = 5 pm, 2 = 633 nm, and K 33 = 15pN. 
Estimate the birefringence (An) and dielectric anisotropy (Ae) of the LC mixture. 

8.4 Homogeneous cell A homogeneous cell is useful as a tunable phase retardation plate. The chart in 
Figure 8.35 plots the voltage-dependent transmittance curve of a homogeneous LC cell at 
2 = 633 nm. The polarizers are crossed and the angle between the front polarizer and the LC 
rubbing direction is 45°. 

(1) If the cell gap is d = 5 pm, what is the birefringence of the LC? 

(2) At what voltages is the output beam (before the analyzer) circularly polarized? 

(3) At what voltages is the output beam (before the analyzer) linearly polarized? 

(4) If you want to switch from circular to linear polarization, which voltages do you use in order to 
obtain the fastest response time? 
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Reflective and Transflective 
Liquid Crystal Displays 


9.1 Introduction 

As described in Chapter 8, transmissive liquid crystal displays (LCDs) have been widely used in laptop 
computers, desktop monitors, and high-definition televisions (HDTVs). The most commonly used 
transmissive 90° twisted nematic (TN) LCD [1] exhibits a high contrast ratio due to the self-phase 
compensation effect of the orthogonal boundary layers in the voltage-on state. However, its viewing 
angle is relatively narrow since the liquid crystal (LC) molecules are switched out of the plane and the 
oblique incident light experiences different phase retardations at different angles. For TV applications, a 
wide viewing angle is highly desirable. Currently, in-plane switching (IPS) [2] and multi-domain vertical 
alignment (MVA) [3] are the mainstream approaches for wide-view LCDs. A major drawback of the 
transmissive LCD is that its backlight source needs to be kept on all the time as long as the display is in 
use; therefore, the power consumption is relatively high. Moreover, the image of a transmissive LCD 
could be washed out by strong ambient light, e.g., direct sunlight because the panel’s surface reflection 
from the direct sunlight is much brighter than the displayed images. 

On the other hand, a reflective LCD has no built-in backlight unit; instead, it utilizes the ambient light 
for displaying images [4]. In comparison to transmissive LCDs, reflective LCDs have advantages in 
lower power consumption, lighter weight, and better outdoor readability. However, a reflective LCD 
relies on the ambient light and thus is inapplicable under low or dark ambient conditions. 

In an attempt to overcome the above drawbacks and take advantage of both reflective and transmissive 
LCDs, transflective LCDs have been developed to use the ambient light when available and the backlight 
only when necessary [5]. A transflective LCD can display images in both transmissive mode (T mode) 
and reflective mode (R mode) simultaneously or independently. Since LC material itself does not emit 
light, the transflective LCD must rely on either ambient light or backlight to display images. Under bright 
ambient circumstances, the backlight can be turned off to save power and therefore the transflective LCD 
operates in the R mode only. Under dark ambient conditions, the backlight is turned on for illumination 
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and the transflective LCD works in the T mode. In the low- to medium-ambient surroundings, the 
backlight is still necessary. In this case, the transflective LCD runs in both T and R modes 
simultaneously. Therefore, the transflective LCD can accommodate a large dynamic range. Currently, 
the applications of transflective LCDs are mainly targeted at mobile display devices, such as cell phones, 
digital cameras, camcorders, personal digital assistants, pocket personal computers, global positioning 
systems, etc. 

The major scientific and technological challenges for a transflective LCD are: transflector design, 
inequality in optical efficiency, color, and response time between the T mode and R mode. In this 
chapter, we first introduce the basic operational principles of reflective LCDs and then transflectors and 
their underlying operating principles. Afterward, we analyze the factors affecting the image qualities. 
Finally, we describe the major problems with the current transflective LCD technologies and discuss 
potential solutions. 


9.2 Reflective LCDs 

Two types of reflective LCDs (R-LCDs) have been developed: direct-view and projection. Direct-view 
R-LCDs use ambient light for reading the displayed images, but projection R-LCDs use arc lamp or 
bright LEDs for projecting images onto a large screen. Direct-view R-LCDs are commonly used in 
games, signage, and some cell phones; projection R-LCDs are used in liquid-crystal-on-silicon (LCoS) 
rear projection TVs. Although the involved panel resolution and optical systems for direct-view and 
projection displays are different, their underlying LC operation modes are quite similar. Two mono¬ 
graphs have been devoted to projection [6] and direct-view reflective LCDs [7]. In this section, we will 
only cover the background material for the introduction of transflective LCDs. 

Figure 9.1 shows a typical R-LCD device structure. The linear polarizer and a broadband quarter- 
wave film form an equivalent ‘crossed’ polarizer. This is because the LC modes work better under 
crossed-polarizer conditions. The bumpy reflector not only reflects but also diffuses the ambient light to 
the observer. This is the most critical part in a R-LCD. The TFT is hidden beneath the bumpy reflector. 



Figure 9.1 Device structure of a direct-view R-LCD 
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Thus, the R-LCD can have a large aperture ratio (~90%). The light blocking layer (LBL) is used to 
absorb the scattered light from neighboring pixels. 

Three popular LCD cells have been widely used for R-LCDs and transflective LCDs. They are the 
(1) vertical alignment (VA) cell, (2) film-compensated homogeneous cell, and (3) mixed-mode twisted 
nematic (MTN) cell. The VA and homogeneous cells utilize the phase retardation effect while the MTN 
cells use a combination of polarization rotation and birefringence effects. The VA cell has been 
described in detail in Section 8.4 for wide-view LCDs. For reflective LCDs, the cell gap is reduced to 
one-half of that of a transmissive LCD to account for the double pass of the incoming light. The voltage- 
dependent reflectance curves are basically the same as those shown in Figure 8.19 and will not be 
repeated in this chapter. The film-compensated VA cell is a favored choice for transflective LCDs 
because of its high contrast ratio and wide viewing angle. In the following two sections, we will briefly 
describe the film-compensated homogeneous cell and MTN cells. 


9.2.7 Film-compensated homogeneous cell 

A homogeneous cell is not suitable for transmissive display because of its narrow viewing angle and lack 
of common dark state for RGB colors [8]. However, in a reflective display, the viewing angle is 
equivalent to a two-domain cell due to the mirror image effect [9]. For some handheld small-screen 
displays, the requirement for a wide viewing angle is not too demanding, so the homogeneous cell can 
still be useful. But for some high-end transflective LCDs intended for playing videos and movies, wide 
view is a necessity. 

For a homogeneous cell, to obtain a common dark state for full-color display a phase compensation 
film has to be used in order to cancel the residual phase retardation of the cell resulting from boundary 
layers [10]. To design a homogeneous cell for reflective display, the required minimal dAn value is 2/4; 
that is to say, the LC cell functions like a quarter-wave plate. Using 2 = 550nm, we find 
dAn = 137.5 nm. The cell gap and birefringence can be chosen independently, depending on the need. 
One could choose a thinner cell gap to obtain a faster response time or choose a lower birefringence LC 
mixture to maintain a reasonable cell gap for high-yield manufacturing. Other designs with dAn = 2/2 
have been found to have a weak color dispersion [11]. 

For the purpose of illustrating the design procedures, let us use a Merck LC mixture MLC-6297-000 as 
an example. The LC and cell parameters are listed as follows: the angle between the front polarizer and 
cell rubbing direction /? = 45°, pretilt angle a = 2°, elastic constants K\\ = 13.4, K 22 = 6.0, and 
X33 = 19.0pN, dielectric constants e|| = 10.5 and Ae = 6.9, An = 0.125, 0.127, and 0.129 for R = 650, 
G = 550, and B = 450 nm. 

Figure 9.2(a) depicts the voltage-dependent light reflectance of a homogeneous cell with 
dAn = 137.5 nm under crossed-polarizer conditions. For the purpose of comparing intrinsic LC 
performance, we only consider the normalized reflectance; the optical losses from the polarizer, 
substrate surfaces, indium-tin-oxide (ITO), and any other compensation film are neglected. From 
Figure 9.2(a), the bright-state intensity variation among RGB colors is within 10%. In the high-voltage 
regime, the reflectance is monotonously decreasing. However, it is difficult to obtain a common dark 
state for the RGB colors. A uniaxial phase compensation film (also called a film) is needed. Figure 9.2(b) 
plots the voltage-dependent reflectance of a homogeneous cell {dAn = 184nm) compensated by an a 
film having (< dAn )j llm = —48nm. A positive a film can be used as well, as long as its optic axis is 
perpendicular to the LC’s rubbing direction. This normal-white mode has a relatively weak color 
dispersion and low dark-state voltage. In the high-voltage regime, the residual LC phase diminishes but 
the phase of the compensation film remains. As a result, some light leakage is observed. For display 
applications, the dark-state voltage can be controlled by the driving circuit. An important consideration 
whereas the width of the dark state so that when the temperature fluctuates the display contrast is not 
significantly affected. From simulations, a smaller dAn value of the a film would lead to a broader dark 
state at a higher voltage. That means that the required voltage swing is larger. 
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Figure 9.2 Voltage-dependent reflectance of (a) homogeneous cell with dAn = 137.5 nm, and (b) film- 
compensated homogeneous cell with dAn = 184nm for the LC and dAn = —48 nm for the a film. 


9.2.2 MTN cell 

In the reflective cell shown in Figure 9.1, the incident light traverses the linear polarizer, A/4 film, and 
LC layer, and is reflected back by the imbedded mirror on the inner side of the rear substrate. In the 
voltage-off state, the normalized reflectance can be obtained by the Jones matrix method [12]: 

R± = (r 


Here, T = 2nd An) X, d is the cell gap, X = y </> 2 + (T/2) 2 , </> is the twist angle, and /? is the angle 
between the polarization axis and the front LC director. 

Several MTN modes with twist angle </> varying from 45° to 90° have been used for direct-view and 
projection displays, depending on the desired contrast ratio and optical efficiency. In transflective LCDs, 
the 75° and 90° MTN cells are frequently used. Therefore, we only discuss these two modes here. 

Figure 9.3(a) and (b) shows the voltage-dependent reflectance (VR) of the 90° and 75° MTN cells, 
respectively. For simulations, a Merck MLC-6694-000 ( An = 0.0857 at A = 540 nm) LC mixture and 2° 
pretilt angle are used. The 90° MTN cell has dAn = 240 nm and (5 = 20° and the 75° MTN cell has 


fsin2/fcosX — ^cos2/?sinX 


(9.1) 
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Figure 9.3 Voltage-dependent reflectance of (a) 90° and (b) 75° MTN cells. The cell and LC material 
parameters are discussed in the text 

dAn = 250 nm and /? = 15°. Both MTN cells are broadband devices; this means that their VR curves are 
insensitive to the wavelength. During simulations, the following bandwidths are considered: 
R = 620—680 nm, G = 520—560 nm, and B = 420—480 nm. For each mode, the reflectance is 
calculated at every lOnm and then averaged over the entire band. 

From Figure 9.3, the 90° MTN cell exhibits a good dark state, similar to a transmissive TN cell 
because of the self-phase compensation effect of the orthogonal boundary layers. However, its maximum 
reflectance is only ~88%. On the other hand, the 75° MTN cell has nearly 100% reflectance, but its dark 
state has a slight light leakage. The contrast ratio at 5 V rms is around 100:1. This is because the boundary 
layers are not perfectly compensating each other. 

For direct-view reflective displays, the outmost surface reflection (usually it is a plastic protective film 
without an anti-reflection coating) limits the device contrast ratio. Thus, the ~100:1 contrast ratio of the 
75° MTN cell is still adequate. However, in projection displays the contrast ratio needs to exceed 1000:1. 
The 90° MTN and VA cells are better choices. 


9.3 Transflector 

Since a transflective LCD should possess dual functions (transmission and reflection) simultaneously, a 
transflector is usually required between the LC layer and the backlight source. The main role of the 
transflector is to partially reflect the incident ambient light and to partially transmit the backlight to the 
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viewer. From a device structure viewpoint, the transflector can be classified into four major categories: 
(1) openings-on-metal transflector, (2) half-mirror metal transflector, (3) multilayer dielectric 
film transflector, and (4) orthogonal polarization transflector, as shown in Figure 9.4(a)-(c) and 
Figure 9.5(a)-(c). 


9.3. 7 Openings-on-metal transflector 

Figure 9.4(a) shows the schematic structure of the openings-on-metal transflector proposed by Ketchpel 
and Barbara [13]. The typical manufacturing steps include first forming wavy bumps on the substrate, 
then coating a metal layer, such as silver or aluminum, on the bumps, and finally etching the metal layer 
according to the predetermined patterns. After etching, those etched areas become transparent so that the 
incident light can transmit through, while those unaffected areas are still covered by the metal layer and 
serve as reflectors. The wavy bumps function as diffusive reflectors to steer the incident ambient light 
away from surface specular reflection. Thus, the image contrast ratio is enhanced and the viewing angle 
widened in the R mode. Due to the simple manufacturing process, low cost, and stable performance, this 
type of transflector is by far the most popularly implemented in transflective LCD devices. 
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Figure 9.4 Schematic illustration of the first three major types of transflectors: (a) openings-on-metal 
transflector, (b) half-mirror metal transflector, and (c) multilayer dielectric film transflector 
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9.3.2 Half-mirror metal transflector 

The half-mirror has been widely used in optical systems as a beam splitter. It was implemented in 
transflective LCDs by Borden [14] and Bigelow [15] with the basic structure shown in Figure 9.4(b). 
When depositing a very thin metallic film on a transparent substrate, one can control the reflectance and 
transmittance by adjusting the metal film thickness. The film thickness can vary, depending on the 
metallic material employed. Typically, the film thickness is around a few hundred angstroms. Since the 
transmittance/reflectance ratio of such a half-mirror transflector is very sensitive to the metal film 
thickness, the manufacturing tolerance is very narrow and the volume production is difficult. Conse¬ 
quently, this kind of transflector is not too popular in commercial products. 


9.3.3 Multilayer dielectric film transflector 

Multilayer dielectric film is a well-developed technique in thin-film optics, but only very recently was it 
incorporated into transflective LCDs [16]. As illustrated in Figure 9.4(c), two dielectric inorganic 
materials with refractive indices n\ and ri 2 are periodically deposited as thin films on the substrate. By 
controlling the refractive index and thickness of each thin layer as well as the total number of layers, one 
can obtain the desired reflectivity and transmissivity. Similar to the half-mirror transflector, the 
transmittance/reflectance ratio of the multilayer dielectric film is sensitive to each layer’s thickness. 
In addition, to produce several layers successively increases the manufacturing cost. Therefore, the 
multilayer dielectric film transflector is rarely used in current commercial transflective LCDs. 

9.3.4 Orthogonal polarization transflectors 

The orthogonal polarization transflector has a special characteristic where the reflected and the 
transmitted polarized light from the transflector have mutually orthogonal polarization states. For 
instance, if a transflector reflects horizontal linearly (or right-handed circularly) polarized light, then it 
will transmit the complementary linearly (or left-handed circularly) polarized light. Figure 9.5(a)-(c) 
shows three such examples: the cholesteric reflector [17], birefringent interference polarizer [18], and 
wire grid polarizer (WGP) [19]. 

Cholesteric LC molecules are manifest as a planar texture with their helix perpendicular to the cell 
substrates when the boundary conditions on both substrates are tangential. If the incident wavelength is 
comparable to the product of the average refractive index and the cholesteric pitch, then the cholesteric 
LC layer exhibits a strong Bragg reflection [20]. Figure 9.5(a) shows the schematic configuration of a 
right-handed cholesteric reflector, where the cholesteric LC polymer layer is formed on a substrate. For 
incident unpolarized light, the right-handed circularly polarized light which has the same sense as the 
cholesteric helix is reflected, but the left-handed circularly polarized light is transmitted. 

The birefringent-interference-polarizer transflector consists of a multilayer birefringence stack with 
alternating low and high refractive indices, as shown in Figure 9.5(b). One way to produce such a 
transflector is to stretch a multilayer stack in one or two dimensions. The multilayer stack consists of 
birefringent materials with low/high index pairs [21]. The resultant transflective polarizer exhibits a high 
reflectance for the light polarized along the stretching direction and, at the same time, a high transmittance 
for the light polarized perpendicular to the stretching direction. By controlling the three refractive indices 
of each layer, n x ,n y , and n z , the desired polarizer behaviors can be obtained. For practical applications, an 
ideal reflective polarizer should have ~100% reflectance along one axis (the so-called extinction axis) and 
0% reflectance along the other (the so-called transmission axis) axis, at all the incident angles. 

The WGP has been widely used for infrared spatial light modulators [22, 23]. It is constructed by 
depositing a series of parallel and elongated metal strips on a dielectric substrate, as Figure 9.5(c) shows. 
To operate in the visible spectral region, the pitch of metal strip P should be in the range of around 
200 nm, which is approximately half of a blue wavelength [24]. In general, a WGP reflects light with its 
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Figure 9.5 Schematic illustration of the three examples of orthogonal polarization transflectors: 
(a) cholesteric reflector, (b) birefringent interference polarizer, and (c) wire grid polarizer (WGP) 


electric field vector parallel to the wires of the grid and transmits when it is perpendicular. In practice, the 
wire thickness t , wire width W, and grid pitch P play important roles in determining the extinction ratio 
and acceptance angle of the polarizer [25]. 

Unlike the first three transflectors discussed above, the entire area of the orthogonal polarization 
transflector can be utilized for reflection and transmission simultaneously. Nevertheless, the transmitted 
light and reflected light possess an orthogonal polarization state so that the reflective and transmissive 
images exhibit a reversed contrast. Although an inversion driving scheme may correct such a reversed 
contrast problem [19], the displayed images are still unreadable in moderate brightness surroundings 
when both ambient light and backlight are in use. Furthermore, the birefringent interference polarizer is 
difficult to implement inside the LC cell. As a result, the undesirable parallax problem occurs. Thus, 
orthogonal polarization transflectors have not yet been widely adopted in high-end transflective LCDs. 


9.4 Classification of Transflective LCDs 

Based on the light modulation mechanisms, transflective LCDs can be classified into four categories: 
(1) absorption type, (2) scattering type, (3) reflection type, and (4) phase retardation type. The first three 
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categories do not modulate the phase of the incident light; rather, they absorb, scatter, or reflect. In these 
cases, one or no polarizer is preferred from the viewpoint of achieving high brightness. As for the phase 
retardation type, two polarizers are usually indispensable in order to make both transmissive and 
reflective modes work simultaneously. 


9.4. I Absorption-type transflective LCDs 

To realize the absorption effect, a liquid crystal host is doped with a few percent (2-5 wt%) of dichroic 
dye. As the LC directors are reoriented by the electric field, the dye molecules follow. The dichroic dyes 
absorb light strongly (or weakly) when the incident light’s polarization is parallel (or perpendicular) to 
the principal molecular axis. The ratio of these two absorption coefficients (ay /a _l ) is called the dichroic 
ratio, which significantly influences the contrast ratio of the display. Because of the dye’s dichroism, the 
absorption of the LC cell is modulated by the electric field. This mechanism was first introduced in the 
nematic phase by Heilmeier and Zanoni [26] and later in the cholesteric phase by White and Taylor [27]. 
In the twisted or helical LC structure, the guest-host display does not require a polarizer. A major 
technical challenge of guest-host displays is the tradeoff between reflectance/transmittance and contrast 
ratio. A typical contrast ratio for the guest-host LCD is ~5:1 with ~40-50% reflectance. The fairly low 
contrast ratio is limited by the dichroic ratio of the dye. Long-term stability of the dichroic dyes is 
another concern because of their strong absorption in the visible spectral region. So far, only a few guest- 
host LCDs have been commercialized. 

(1) Nematic absorption transflective display 

Figure 9.6(a) shows a transflective LCD structure using a half-mirror metallic transflector, two 
quarter-wave films, and nematic phase LC/dye mixtures [15]. In the figure, the upper half and lower 
half stand for the voltage-off and voltage-on states, respectively. 

When there is no voltage applied, the LC/dye mixtures are homogeneously aligned by the anchoring 
energy of the cell. In the R mode, the unpolarized incident ambient light becomes linearly polarized after 
passing through the LC/dye layer. Then, its polarization state turns into right-handed circularly polarized 
light after traversing through the inner quarter-wave film. Upon reflection from the transflector, its 
polarization state becomes left-handed circularly polarized due to a n phase change. When the left- 
handed circularly polarized light again passes through the inner quarter-wave film, it becomes linearly 
polarized with a polarization direction parallel to the LC alignment direction. As a result, the light is 
absorbed by the doped dye molecules and a dark state is achieved. 

In the T mode, the unpolarized light from the backlight unit becomes linearly polarized after the 
polarizer. Then it changes to left-handed circularly polarized light after emerging from the outer quarter- 
wave film. After penetrating the transflector, it still keeps the same left-handed circular polarization 
state. Thereafter, its travel path is identical to that of R mode. Finally, the light is absorbed by the dye 
molecules, resulting in a dark state. 

In the voltage-on state, the LC and dye molecules are reoriented nearly perpendicular to the substrates, 
as illustrated in the lower half of Figure 9.6(a). Therefore, the light passing through it experiences little 
absorption so that no change in the polarization state occurs. In the R mode, the unpolarized ambient 
light passes through the LC/dye layer and the inner quarter-wave film successively without changing the 
polarization state. Upon reflection from the transflector, it is still unpolarized light and goes all the way 
out of the transflective LCD. Consequently, a bright state with little attenuation is achieved. In the 
T mode, the unpolarized backlight becomes linearly polarized after passing through the linear polarizer, 
the outer quarter-wave film, the transflector, and the inner quarter-wave film, successively. Since the dye 
molecules are reoriented perpendicularly, the absorption loss is small. As a result, the linearly polarized 
light emerges from the transflective LCD which leads to a bright state. 

In the above-mentioned transflective guest-host LCD, the inner quarter-wave film is put between the 
transflector and the guest-host layer. There are two optional positions for the transflector. If the 
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Figure 9.6 Schematic configurations and operating principles of two absorption-type transflective 
LCDs with (a) nematic phase LC (host) and dye (guest) mixtures, and (b) cholesteric phase LC (host) 
and dye (guest) mixtures 


transflector is located inside the LC cell, then the quarter-wave film should also be sandwiched inside the 
cell. Nevertheless, it is difficult to fabricate such a quarter-wave film and assemble it inside the cell. The 
final process of the cell is polyimide coating, baking, and rubbing. The post-baking temperature of 
polyimide is typically at ~ 250°C for 1 h. The polymeric quarter-wave film may not be able to sustain 
such a high-temperature processing. Therefore, the external transflector is preferred. If the transflector is 
located outside the cell, then both the quarter-wave film and transflector can be laminated on the outer 
surface of the LC cell. In this case, however, a serious parallax problem would occur. 

(2) Cholesteric absorption transflective display 

To eliminate the quarter-wave film between the transflector and the LC layer, a transflective LCD design 
using a half-mirror metallic transflector and cholesteric LC/dye mixture has been proposed [28]. The 
device structure is illustrated in Figure 9.6(b). From Figure 9.6(b), only one quarter-wave film is 
employed, which is located between the transflector and the linear polarizer. Consequently, the quarter- 
wave film can be put outside of the cell, while the transflector can be sandwiched inside the cell. As a 
result, no parallax occurs. The upper and lower portions of this figure demonstrate the voltage-off and 
voltage-on states, respectively. In the voltage-off state, the LC/dye molecules render a right-handed 
planar texture with its helix perpendicular to the substrates. In the R mode, the unpolarized light is 
largely attenuated by the LC/dye layer and only weak light passes through it. Upon reflection from the 
transflector, it is further absorbed by the guest dye molecules, resulting in a dark state. In the T mode, the 
unpolarized backlight first becomes linearly polarized and then right-handed circularly polarized after 
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passing through the polarizer and, in turn, the quarter-wave film. The circularly polarized light is further 
attenuated after it penetrates the transflector. Such weak right-handed circularly polarized light is 
absorbed by the same handedness cholesteric LC/dye mixture, resulting in a dark state. 

In the voltage-on state, both the LC and dye molecules are reoriented perpendicular to the substrates. 
As a result, little absorption occurs in the incident light. In the R mode, the unpolarized light is unaffected 
throughout the whole path, resulting in a very high reflectance. In the T mode, the unpolarized backlight 
becomes right-handed circularly polarized after passing through the polarizer, the quarter-wave film, and 
the transflector. It finally penetrates the LC/dye layer with little attenuation. Again, a bright state is 
obtained. 

In the above-mentioned two absorption-type transflective LCDs, only one polarizer is employed 
instead of two. Therefore, the overall image in both T and R modes is relatively bright. However, due to 
the limited dichroic ratio of the dye molecules employed 15:1), a typical contrast ratio of the guest- 
host LCD is around 5:1, which is inadequate for high-end full-color LCD applications [29]. Thus, the 
absorption-type transflective LCDs only occupy a small portion of the handheld LCD market. 

9.4.2 Scattering-type transflective LCDs 

Polymer-dispersed LC (PDLC) [30], polymer-stabilized cholesteric texture (PSCT) [31], and LC gels 
[32] all exhibit optical scattering characteristics and have wide applications in displays and optical 
devices. The LC gel-based reflective LCD can also be extended to transflective LCDs [33]. Figure 9.7 
shows the schematic structure and operating principles of the LC gel-based transflective LCD. The 
device is composed of a LC gel cell, two quarter-wave films, a transflector, a polarizer, and a backlight. 
The cell was filled with a homogeneously aligned nematic LC and monomer mixture. After UV-induced 
polymerization, polymer networks are formed and the LC molecules are confined within the polymer 
networks. 

When there is no voltage applied, the LC molecules exhibit a homogeneous alignment. Consequently, 
the LC gels are highly transparent for light traveling through, as illustrated in the upper portion of 
Figure 9.7. In the R mode, the unpolarized ambient light remains unpolarized all the way from entering to 
exiting the LC cell. As a result, a fairly bright state is obtained. In the T mode, the unpolarized backlight 
turns into a linearly polarized p wave after the polarizer. After passing the first quarter-wave film and 
penetrating the transflector, and the second quarter-wave film whose optic axis is orthogonal to that of 
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Figure 9.7 Schematic configuration and operating principles of scattering-type transflective LCD 
with homogeneously aligned LC gel 
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the first one, the p wave remains linearly polarized. Since the LC gel is highly transparent in the voltage- 
off state, the linearly polarized p wave finally comes out of the display panel, resulting in a bright output. 

On the other hand, when the external applied voltage is high enough, the LC molecules deviate from 
the original homogeneous alignment by the exerted torque of the electric field. Therefore, micro¬ 
domains are formed along the polymer chains such that the extraordinary ray, i.e., the linear polarization 
along the cell rubbing direction, is scattered, provided that the domain size is comparable to the incident 
light wavelength. In the meantime, the ordinary ray passes through the LC gels without being scattered. 
In the R mode, the unpolarized ambient light becomes a linearly polarized 5 wave after passing the 
activated LC cell since the p wave is scattered. After a round trip of passing the quarter-wave film, being 
reflected by the transflector, and passing the quarter-wave film again, the s wave is converted into a 
p wave. Due to the scattering of LC gels, this p wave is scattered again. Consequently, a scattering 
translucent state is achieved. In the T mode, the unpolarized backlight turns into a linearly polarized 
p wave after passing the polarizer, the second quarter-wave film, the transflector, and the first quarter- 
wave film, successively. Thereafter, similar to the case of the R mode, the p wave is scattered by the 
activated LC gels, resulting in a scattered translucent output. 

This scattering-type transflective LCD only needs one polarizer; therefore, it can achieve a very bright 
image. However, there are three major drawbacks in the above LC gel-based transflective LCD. First, the 
light-scattering mechanism usually leads to a translucent state rather than a black state. Therefore, the 
image contrast ratio is low and highly dependent on the viewing distance to the display panel. Although 
doping the LC gels with a small concentration of black dye can help to achieve a better dark state, 
the contrast ratio is still quite limited due to the limited dichroic ratio of the dye dopant. Secondly, the 
insertion of the first quarter-wave film will cause a similar parallax problem as in the absorption-type 
transflective LCD using cholesteric LCs. Thirdly, the required driving voltage is usually over 20 volts 
due to the polymer network constraint, which is beyond the capability of current TFTs developed for 
LCD applications. Therefore, these drawbacks hinder the scattering-type transflective LCD in wide¬ 
spread applications. 


9.4.3 Scattering- and absorption-type transflective LCDs 

White paper scatters and diffuses light in the bright state resulting in a wide viewing angle. When the 
paper is printed, the ink absorbs light and the printed areas become dark. To mimic the display shown in 
white paper, we can combine light-scattering and absorption mechanisms together in a dye-doped LC gel 
system [34]. 

Both dual-frequency LC and negative As LC gels have been demonstrated. Here, we only describe the 
dye-doped negative LC gel system because the TFT-grade negative As LC has been commonly 
employed in VA. For example, Merck ZLI-4788 has As = —5.7 at / = 1 kHz and An = 0.1647 at 
2 = 589 nm. To form a gel, one can mix ZLI-4788, a diacrylate monomer (bisphenol-A-dimethacrylate), 
and the dichroic dye S428 (Mitsui, Japan) at 90:5:5 wt% ratios. To make the device independent of 
polarization, the ITO glass substrates should have a polyimide (PI) coating, but without rubbing 
treatment. The PI layer provides VA for the LC molecules. The cell gap is controlled at about 5 pm. To 
form a gel, the filled LC cell is cured by UV light (2 ~ 365 nm, / ~ 15 mW/cm 2 ) at 13°C for 2 h. After 
photopolymerization, the formed chain-like polymer networks are along the cell gap (z) direction 
because the LC directors are aligned perpendicular to the glass substrates during the UV curing process, 
as Figure 9.8(a) depicts. 

Figure 9.8(a) and (b) illustrates the light modulation mechanisms of the dye-doped negative LC gel. 
At V = 0, the cell does not scatter light and the absorption is rather weak because the LC and dye 
molecules are aligned perpendicular to the substrate surfaces. At this stage, the display has the highest 
reflectance. When a high voltage at / = 1 kHz is applied to the LC gel, the LCs and dye molecules 
are reoriented in the x-y plane, as Figure 9.8(b) depicts. The polymer network scatters light strongly. 
Since the alignment layer has no rubbing treatment, the absorption has no preferred direction. Therefore, 
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Figure 9.8 Operating principle of the dye-doped negative LC gel: (a) voltage-off state, and 
(b) voltage-on state. The PI has no rubbing treatment. PN: polymer network 

the display is polarization insensitive. Due to multiple scattering and absorption, a descent dark state can 
be obtained. 

Figure 9.9 depicts the voltage-dependent reflectance of the dye-doped LC gel using a linearly 
polarized green diode laser (A = 532 nm) instead of a white light source for characterizing the device 
performances because the guest-host system appears dark red rather than black. A dielectric mirror was 
placed behind the cell so that the laser beam passed through the cell twice. A large-area photodiode 
detector was placed at ~ 25 cm (the normal distance for viewing a mobile display) behind the sample, 
which corresponds to ~2° collection angle. The curve shown in Figure 9.9 is independent of the laser 
polarization. The maximum reflectance reaches ~52% in the low-voltage regime and decreases 
gradually as V > V t h because the employed LC has a negative Ae and LC directors are homeotropically 
structured at V = 0. Because of the formed polymer networks, the threshold voltage is increased to 
~7.5 V rms . At V = 20V rms , the measured contrast ratio of the dye-doped negative LC gel exceeds 
~200:1. In contrast, a typical guest-host LCD has a contrast ratio of about 5:1. 

Response time is another important issue for guest-host displays. A typical response time for a guest- 
host display is around 50 ms because of the bulky dye molecules. Due to the polymer network, the 
response time of the dye-doped negative LC gel is rapid. The rise time is 1.0 ms and decay time is 4.5 ms 
when the applied voltage is switched between 0 and 20V rms . This dye-doped LC gel can also be 
configured in a polarizer-free transflective display using the dual cell gap approach. 

9.4.4 Reflection-type transflective LCDs 

The cholesteric liquid crystal (CLC) layer exhibits a strong Bragg reflection with its reflection band 
centered at 2 0 = nP Q , where n and P Q are the average refractive index and the cholesteric helix pitch, 
respectively. The reflection bandwidth A2 0 = AnP Q is proportional to the birefringence An of the CLC 
employed. Apparently, to cover the whole visible spectral range, a high-birefringence (An >0.6) CLC 
material is needed, assuming the pitch length is uniform [35]. Because the transmitted and reflected 
circular polarization states are orthogonal to each other, the CLC layer must rely on some additional 
elements to display a normal image without the reversed contrast ratio. By adopting an image-enhanced 
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Figure 9.9 Voltage-dependent reflectance of a dye-doped negative LC gel at / = 1kHz. Cell gap 
d = 5 pm and 2 = 532 nm 


















256 REFLECTIVE AND TRANSFLECTIVE LIQUID CRYSTAL DISPLAYS 


reflector (IER) on the top substrate as well as a patterned ITO and a patterned absorption layer on the 
bottom substrate, the transflective cholesteric LCD can display an image without reversed contrast ratio, 
[36, 37] as shown in Figure 9.10(a) and (b). The opening areas of the patterned absorption layer on the 
bottom substrate match the IER on the top substrate. In addition, right above the patterned absorption 
layer and below the IER is the opening area of the patterned ITO layer. Therefore, the CLC molecules 
below the IER are not reoriented by the external electric filed. 

In operation, when there is no voltage applied, the CLC layer exhibits a right-handed planar helix 
texture throughout the cell, as Figure 9.10(a) shows. In the R mode, when unpolarized ambient light 
enters the CLC cell, the left-handed circularly polarized light passes through the right-handed CLC layer 
and is absorbed by the patterned absorption layer. At the same time, the right-handed circularly polarized 
light is reflected by the same-sense CLC layer and the bright state results. In the T mode, when the 
unpolarized backlight enters the CLC layer, similarly, the right-handed circularly polarized light is 
reflected and it is either absorbed by the patterned absorption layer or recycled by the backlight unit. In 
the meantime, the left-handed circularly polarized light passes through the CLC layer and impinges onto 
the IER. Due to a n phase change upon reflection, it is converted to right-handed circularly polarized 
light, which is further reflected by the CLC layer to the reviewer. Consequently, a bright state occurs. 
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Figure 9.10 Schematic configuration of reflection-type transflective cholesteric LCD and its 
operating principles at (a) off-state and (b) on-state 
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In the voltage-on state, the planar helix texture above the bottom-patterned ITO layer becomes a focal 
conic texture, while those LC molecules between the IER and the opening area of the bottom-patterned 
ITO layer are still unaffected, as shown in Figure 9.10(b). The focal conic texture, if the domain size is 
well controlled, exhibits a forward scattering for the incident light. In the R mode, the unpolarized 
incident ambient light is forward scattered by the focal conic textures. It is then absorbed by the patterned 
absorption layer, resulting in a dark state. In the T mode, the unpolarized light still experiences a right- 
handed planar helix texture before it reaches the IER on the top substrate. Thus, the right-handed 
polarized light is reflected back and it is either absorbed by the patterned absorption layer or recycled by 
the backlight unit. At the same time, the left-handed circularly polarized light passes through the planar 
texture and impinges onto the IER. Upon reflection, it turns into right-handed circularly polarized light. 
Then it is forward scattered by the focal conic texture and finally absorbed by the patterned absorption 
layer. As a result, a dark state is obtained. 

In the above-mentioned transflective cholesteric LCD, no polarizer is employed. Therefore, its light 
efficiency is high. However, to produce the IER array on the top substrate increases the manufacturing 
complexity. In addition, the IER should be well aligned with the patterned absorption layer, otherwise 
light leakage will occur. More importantly, the forward scattering of the focal conic texture is 
incomplete. Some backward-scattered light causes a translucent dark state, which deteriorates the 
image contrast ratio. Therefore, the transflective cholesteric LCD is not yet popular for high-end LCD 
applications. 

9.4.5 Phase retardation type 

The operational principle of the phase retardation transflective LCDs, including homogeneous, VA, and 
TN cells, is based on the voltage-induced LC reorientation. Strictly speaking, the TN cells should belong 
to a polarization rotation effect. Since a transflective LCD consists of both T and R modes, two polarizers 
are usually required. Compared to the absorption, scattering, and reflection types, the phase retardation 
type of transflective LCDs has the advantages of higher contrast ratio, lower driving voltage, and better 
compatibility with the current volume manufacturing techniques. Therefore, the phase retardation type 
of transflective LCDs dominates in current commercial products, e.g., cellular phones and digital 
cameras. 

In the following sections, we will describe the major transflective LCD approaches based on the phase 
retardation mechanism. 

(1) Transflective TN and super-twisted nematic LCDs 

The 90° TN cell can be used not only in transmissive and reflective LCDs [38], but also in transflective 
LCDs [39]. Figure 9.11(a) shows the device configuration of a transflective TN LCD. A 90° TN LC cell, 
which satisfies the Gooch-Tarry minima conditions [40], is sandwiched between two crossed polarizers. 
In addition, a transflector is laminated on the outer side of the bottom polarizer and a backlight is 
intended for dark ambient conditions. 

In the null voltage state, the LC directors exhibit a uniform twist throughout the cell from the lower 
substrate to the upper substrate. In the T mode, the incoming linearly polarized light which is generated 
by the bottom polarizer closely follows the twist profile of the LC molecules and continuously rotates 90° 
with respect to its original polarization state. This is known as the polarization rotation effect of the TN 
cell. Thus the linearly polarized light can pass through the top polarizer, resulting in a bright output 
known as a normal-white (NW) mode. In the R mode, the incoming linearly polarized light is rotated by 
90° as it passes through the TN LC layer. It then penetrates the bottom polarizer and reaches the 
transflector. A portion of the linearly polarized light is reflected back by the transflector and passes 
through the bottom polarizer again. This linearly polarized light then follows the twisted LC molecules 
and its polarization axis is rotated by 90°, i.e., parallel to the transmission axis of the top polarizer. 
Accordingly, a bright state is achieved. 
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Figure 9.11 Transflective TN LCDs: (a) schematic device configuration and (b) voltage-dependent 
transmittance and reflectance curves 


In the voltage-on state, the bulk LC directors are reoriented substantially perpendicular to the substrate. 
The two boundary layers are orthogonal. The perpendicularly aligned bulk LC molecules do not 
modulate the polarization state of the incoming light. Meanwhile, these two orthogonal boundary layers 
compensate for each other. Consequently, the incoming linearly polarized light still keeps the same 
polarization state after it passes through the activated TN LC layer. In the T mode, the linearly polarized 
light which is generated by the bottom polarizer propagates all the way to the top polarizer without 
changing its polarization state. Therefore, it is blocked by the top polarizer, resulting in a dark state. In 
the R mode, the linearly polarized light produced by the top polarizer passes through the activated LC 
layer without changing its polarization state. Consequently, it is absorbed by the bottom polarizer and no 
light returns to the viewer’s side. This is the dark state of the display. 

To have a better understanding of the underlying operational principle and electro-optical (EO) 
performances, we carried out numerical simulations based on the extended Jones matrix method [41]. 
Hereafter, unless otherwise stated, we assume that (1) the LC material is MLC-6694-000 (from Merck); 
(2) the polarizer is a dichroic linear polarizer with complex refractive indices n e = 1.5 + i x 0.0022 and 
n 0 = 1.5 + i x 0.000032; (3) the transflector does not depolarize the polarization state of the impinging 
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light upon reflection and transmission; (4) the transflector does not cause any light loss upon reflection 
and transmission; (5) the ambient light and backlight enter and exit from the panel in the normal 
direction; and (6) the light wavelength is 2 = 550 nm. 

Figure 9.11(b) plots the voltage-dependent transmittance and reflectance curves of a typical 
transflective TN LCD. Here, twist angle </> = 90° and the first Gooch-Tarry minimum condition 
dAn = 476 nm is employed, where d is the cell gap and An is the LC birefringence. The gray scales of 
both the T and R modes overlap well with each other. This is because the reflection beam in the R mode 
experiences the bottom polarizer, LC layer, and the top polarizer successively in turn, as does the 
transmission beam in the T mode. 

Compared to the conventional transmissive TN LCD, the above transflective TN LCD only requires 
one additional transflector between the bottom polarizer and the TN LC layer. Naturally, this 
transflective LCD device configuration can also be extended to a super-twisted nematic (STN) 
transflective LCD [42]. Different from the so-called polarization rotation effect in TN LCD, the 
STN LCD utilizes the birefringence effect of the STN LC layer [43]. Therefore, a larger twist angle 
(180°-270°), a thicker LC cell gap, and a different polarizer/analyzer configuration are required. 

The above-mentioned TN and STN types of transflective LCDs have advantages in simple device 
structures and matched gray scales; however, their major drawbacks are in parallax and low reflectance. 

Parallax is a deteriorated shadow image phenomenon in the oblique view of a reflective LCD [44]. 
Similarly, it also occurs in some transflective LCDs, such as the transflective TN and STN LCDs 
described above. Figure 9.12 demonstrates the cause of parallax in the R mode of a transflective TN LCD 
when the polarizer and transflector are laminated on the outer side of the bottom substrate. The switched- 
on pixel does not change the polarization state of the incident light because the LC molecules are 
reoriented perpendicular to the substrate. From the observer’s side, when a pixel is switched on it appears 
dark, as designated by a'b' in the figure. The dark image a'b', generated by the top polarizer, actually comes 
from the incident beam ab. Meanwhile, another incident beam cd passes through the activated pixel and 
does not change its linear polarization state as well. Therefore, it is absorbed by the bottom polarizer, 
resulting in no light reflection. Accordingly, a shadow image c'd' occurs from the observer’s viewpoint. 
Different from the dark image a'b', which is generated by the top polarizer, the shadow image c'd' is 
actually caused by the bottom polarizer. This is why the shadow image c'd' seems to appear under the dark 
image a'b'. Because the bottom polarizer and transflector are laminated outside the bottom substrate, the 
ambient light must traverse the bottom substrate before it is reflected back. Due to the thick bottom 
substrate, the reflection image beams a'b' and c'd' are shifted away from the pixel area that the incoming 
beams ab and cd propagate in, resulting in a shadow image phenomenon called parallax. Such a parallax 



Figure 9.12 Schematic view of the cause of parallax in the R mode of a transflective LCD with the 
polarizer and transflector laminated outside the bottom substrate 
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problem becomes more serious with the decrease of pixel size. Therefore, transflective TN and STN LCDs 
with these structures are not suitable for high-resolution full-color transflective LCD devices. 

To overcome the parallax problem in transflective TN and STN LCDs, the bottom polarizer and 
transflector must be located inside the LC cell. A burgeoning in-cell polarizer technology based on thin 
crystal film growth from aqueous lyotropic LC of supramolecules has attracted some attention in the 
transflective LCD industry [45]. By depositing both transflector and polarizer inside the cell, the above- 
mentioned annoying parallax problem can be significantly reduced. 

Nevertheless, transflective TN and STN LCDs still have another shortcoming, which is low 
reflectance in the R mode. As shown in Figure 9.11(b), although the gray scales of both modes 
overlap reasonably well with each other, the reflectance in the R mode is much lower than the 
transmittance in the T mode. This is because the light accumulatively passes through polarizers four 
times in the R mode but only twice in the T mode. Due to the absorption of polarizers, the light in the R 
mode suffers much more loss than that in the T mode. Accordingly, the reflectance of the R mode is 
reduced substantially. 

(2) Transflective MTN LCDs 

To overcome the parallax and low-reflectance problems of transflective TN and STN LCDs, the bottom 
polarizer for the R mode should be removed to the outer surface of the bottom substrate. Thus, the 
transflector can be implemented on the inner side of the LC cell, acting as an internal transflector. Under 
such a device configuration, the R mode operates as a single polarizer reflective LCD. More importantly, 
both ambient light and backlight pass through the polarizer twice; therefore, both T and R modes 
experience the same light absorption. Nevertheless, the conventional TN LC cell does not work well in 
the single polarizer reflective LCD. This is because, after the light travels a round trip in the LC layer, the 
light polarization state in the voltage-on state is identical to that in the voltage-off state. 

By reducing the dAn value of the TN LC layer to around one-half of that required in a conventional 
transmissive TN LCD, the MTN mode overcomes the problem mentioned above [46]. Unlike the TN 
LCD, the twist angle of the MTN mode can vary from 0° to 90° and its operating mechanism is based on 
the proper mixing of the polarization rotation and birefringence effects. Molsen and Tillin of Sharp Corp. 
incorporated the MTN mode into their transflective LCD design [47], as shown in Figure 9.13(a). 
Compared to the transflective TN LCD shown in Figure 9.11(a), this transflective MTN LCD exhibits 
two different features. First, the transflector is located inside the LC cell; thus no parallax problem 
occurs. Secondly, a half-wave film and a quarter-wave film are inserted on each side of the MTN LC cell. 
These two films together with the adjacent linear polarizer function as a broadband circular polarizer 
over the whole visible spectral range [48]. Thereby, a good dark state can be guaranteed over the whole 
visible range for the R mode. 

In the voltage-off state, the MTN LC layer is equivalent to a quarter-wave film. In the R mode, the 
incident unpolarized ambient light is converted into linearly polarized light after passing through the top 
polarizer. After penetrating the top two films and the MTN LC layer, the linearly polarized light still 
keeps its linear polarization except it has been rotated 90° from the original polarization direction. Upon 
reflection from the transflector, it experiences the MTN LC layer and the top two films once again. Hence 
its polarization state is restored back to the original one, resulting in a bright output from the top 
polarizer. In the T mode, the unpolarized backlight turns into linearly polarized light after passing 
through the bottom polarizer. After it has passed through the bottom two films, penetrated the 
transflector, and continued to traverse the MTN LC layer and the top two films, it becomes circularly 
polarized light. Finally, a partial transmittance is achieved from the top polarizer. 

In the voltage-on state, the bulk LC directors are almost fully tilted up and the two unaffected 
boundary layers compensate each other in phase. Therefore, the LC layer does not affect the polarization 
state of the incident light. In the R mode, the linearly polarized light generated by the top polarizer turns 
into orthogonal linearly polarized light after a round trip in the top two films and the activated LC layer. 
Accordingly, this orthogonal linearly polarized light is blocked by the top polarizer, leading to a dark 
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Figure 9.13 (a) Schematic device configuration and (b) voltage-dependent transmittance and 

reflectance curves of a transflective MTN LCD 


state. In the T mode, the linearly polarized light, caused by the bottom polarizer, passes through the 
bottom two films, penetrates the transflector, then continues to pass through the activated LC layer and 
the top two films. Before it reaches the top polarizer, its linear polarization state is rotated by 90°, which 
is perpendicular to the transmission axis of the top polarizer, and the dark state results. 

As an example, Figure 9.13(b) depicts the voltage-dependent transmittance and reflectance curves of a 
transflective MTN LCD with </> = 90° and dAn = 240 nm. Here both T and R modes operate in a NW 
mode. Generally speaking, for TN- or MTN-based LCDs, the NW display is preferred to as the normal- 
black (NB) state because the dark state of the NW mode is controlled by the on-state voltage. Thus, the 
dark state of the NW mode is insensitive to cell gap variation. A large cell gap tolerance is highly 
desirable for improving manufacturing yield. 
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Twist angle of LC layer (deg.) 

Figure 9.14 The maximum obtainable normalized reflectance and transmittance in the transflective 
MTN LCD and the transflective TN LCD as a function of twist angle 

By comparing Figure 9.13(b) to Figure 9.11(b), we can see two distinctions between the transflective 
MTN LCD and the transflective TN LCD. First, without the absorption from the bottom polarizer, the 
reflectance of the transflective MTN LCD is higher than that of the transflective TN LCD. Secondly, the 
transmittance of the transflective MTN LCD is much lower than that of the transflective TN LCD. This is 
because the maximum obtainable normalized transmittance is always less than 100% for a transmissive 
TN cell sandwiched between two circular polarizers [49]. Figure 9.14 shows the maximum obtainable 
normalized reflectance and transmittance in optimized transflective MTN and TN LCDs as a function of 
twist angle. Here, the normalized reflectance and transmittance represent the modulation efficiency of 
the polarization state; the light losses caused by the polarizers and reflector are all neglected. Due to the 
effect of the circular polarizer on both sides of the MTN cell, as long as the twist angle is larger than 0°, 
the maximum obtainable normalized transmittance gradually decreases in spite of the dAn value of the 
MTN LC layer, as represented by the solid gray line in Figure 9.14. For instance, in the 90° MTN cell 
with a circular polarizer on both sides, the maximum obtainable normalized transmittance is ~33%. On 
the other hand, the dark dashed line shows that the maximum obtainable normalized reflectance holds 
steadily at 100% until the twist angle reaches beyond 73°. In short, although the transflective MTN LCD 
overcomes the parallax problem, its maximum obtainable transmittance in the T mode is too low. A low 
transmittance demands a brighter backlight which, in turn, will consume more battery power and reduce 
its lifetime. 

(3) Patterned-retarder transflective LCDs 

If we can remove both circular polarizers in the T mode, the maximum transmittance can be boosted to 
100% for any twist angle from 0° to 100°, as designated by the solid dark line shown in Figure 9.14. 
Without the circular polarizers, the T mode operates in the same way as a conventional transmissive TN 
LCD. Philips Research Group proposed a dual-cell-gap transflective MTN/TN LCD using patterned 
phase retarders. Figure 9.15(a) shows the schematic device structure. Each pixel is divided into a 
transmission region and a reflective region by a derivative openings-on-metal type of transflector. A 
patterned broadband phase retarder is deposited on the inner side of the top substrate. More specifically, 
the patterned phase retarder is located right above the reflection region, while no phase retarder exists 
above the transmission region. In addition, the cell gap in the transmission region is around twice that of 
the reflection region and the LC layer twists 90° in both regions. The patterned phase retarder actually 
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Figure 9.15 (a) Schematic device configuration and (b) voltage-dependent transmittance and 

reflectance curves of the patterned-retarder transflective MTN/TN LCD 


consists of a half-wave film and a quarter-wave film fabricated by wet coating techniques [50]. In the 
transmissive region, the cell is identical to the traditional transmissive TN LCD, while in the reflective 
region, it is a MTN mode. Figure 9.15(b) shows the voltage-dependent transmittance and reflectance 
curves with dAn = 416 nm in the transmission region and dAn = 240 nm in the reflective region. From 
the figure, both T and R modes have a very good gray-scale overlapping. Since the maximum normalized 
reflectance of the 90° MTN mode is around 88%, the reflectance is slightly lower than the transmittance. 

The patterned-retarder transflective MTN/TN LCD has advantages in the matched gray scale, high 
contrast ratio, and low color dispersion. However, under oblique incident angles, the ambient light might 
not pass through the patterned retarder; similarly, the backlight might pass through the patterned 
retarder. Thus, a deteriorated image may arise when viewed from an oblique angle. In addition, to 
fabricate such small-scale patterned phase retarders on a glass substrate and align them well with the 
transmission/reflection pixels is a challenging task. 
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(4) Transflective mixed-mode LCDs 


To compensate for the intrinsic optical path differences between the transmission and reflection regions, 
Sharp Corp. proposed an approach to generate different director configurations simultaneously in both 
regions [51]. The different director configurations can be realized by such things as applying different 
alignment treatments, exerting different driving voltages, generating different electric fields, producing 
different cell gaps in both regions, and so on. Thus, the transmission region may, in principle, operate in a 
different LC mode from the reflection region, which leads to the name of transflective mixed-mode 
LCDs. 

If two circular polarizers are indispensable in both sides of the cell, one solution to maximize the 
normalized transmittance is to decrease the LC twist angle to 0° in the transmission region while still 
maintaining a twist profile in the reflection region. Thus the transmission region can operate in 
electrically controlled birefringence (ECB) mode while the reflection region still runs in MTN mode. 
Figure 9.16(a) shows the device configuration of a transflective MTN/ECB LCD using the openings-on- 
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Figure 9.16 (a) Schematic device configuration and (b) voltage-dependent transmittance and 

reflectance curves of a dual-rubbing transflective MTN/ECB LCD 
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metal transflector [52]. The top substrate is uniformly rubbed while the bottom substrate has two rubbing 
directions: in the reflective region the LC layer twists 75°, and in the transmission region the LC layer has 
zero twist, i.e., homogenous alignment. Therefore, the reflective region works in the 75° MTN mode 
while the transmission region operates in the ECB mode. Coincidently, their dAn requirements are very 
close to each other; therefore, a single cell gap device configuration is adopted in both regions. 
Figure 9.16(b) plots the voltage-dependent transmittance and reflectance curves with dAn = 278 nm in 
both regions. Both T and R modes in the transflective MTN/ECB LCD almost simultaneously reach their 
maximum light efficiency through such a dual-rubbing process. Still, one might notice that the T mode 
has a slightly lower light efficiency than the R mode. This is because the dAn requirement for both T and 
R modes is slightly different and a compromise is reached to optimize the R mode. 

Besides the above-demonstrated dual-rubbing transflective MTN/ECB LCD, other similar 
dual-rubbing transflective mixed-mode LCDs are possible, such as the dual-rubbing transflective 
VA/HAN LCD [53] and the dual-rubbing transflective ECB/HAN LCD [54]. The common characteristic 
of these dual-rubbing transflective LCDs is that different rubbing directions or different alignment 
layers are required on at least one of the substrates. This leads to two obstacles for widespread 
applications. First of all, the dual-rubbing requirement induces a complicated manufacturing process and 
hence an increased cost. More seriously, the dual rubbing usually introduces a disclination line on the 
border of different rubbing regions, which lowers the image brightness and deteriorates the contrast ratio 
as well. 

To avoid the dual-rubbing process while still maintaining a single cell gap device configuration, an 
alternative way to achieve different director configurations in both regions is to introduce different 
electric field intensities in both regions. For example, the transflective VA LCD utilizes periodically 
patterned electrodes to generate different LC tilt angle profiles in both regions [55]. Nevertheless, the 
metal reflector there is insulated from its surrounding ITO electrodes, which increases the manufacturing 
complexity. On the other hand, the patterned reflector is either connected to the common electrode or 
electrically floated, which results in either a dead zone in the reflection region or charge stability 
uncertainties. Another example is the transflective IPS LCD, which uses the different twist angle profiles 
along the horizontal direction of interdigitated electrodes for both transmission and reflection regions 
[56]. In this design, the in-cell retarder is used between the transflector and LC layer. When there is no 
voltage applied, the LC layer is homogeneously aligned. The LC cell together with the in-cell retarder 
acts as a broadband quarter-wave film. Such a design has two shortcomings. First, unlike the 
conventional transmissive IPS LCD, the dark state here is very sensitive to the LC layer thickness. 
Secondly, the in-cell retarder is difficult to fabricate inside the cell. 


9.5 Dual-cell-gap Transflective LCDs 

Unless identical display modes are adopted in both T and R modes, there will always be some 
discrepancies between their voltage-dependent transmittance and reflectance curves. This is the reason 
that none of the above-mentioned transflective mixed-mode LCDs has perfectly matched voltage- 
dependent transmittance and reflectance curves. Different from the mixed display modes employed 
between transmission and reflection regions as described above, Sharp Corp. also introduced the dual- 
cell-gap concept for transflective LCDs [57]. 

Figure 9.17(a) shows the schematic device configuration of a dual-cell-gap transflective ECB LCD. 
Similar to the case of the dual-rubbing transflective MTN/ECB LCD, this dual-cell-gap transflective 
ECB LCD also uses a circular polarizer on both sides of the cell. The role of the circular polarizer is to 
make the display operate in a NW mode so that its dark state is not too sensitive to cell gap variation. 
Each pixel is divided into a transmission region with cell gap dr and a reflection region with cell gap dR. 
The LC directors are all homogeneously aligned within the cell; therefore, no dual-rubbing process is 
necessary and both regions operate identically in the ECB mode. Since the homogeneously aligned LC 
layer only imposes pure phase retardation on the incident polarized light, dR is set to be around half of dr 
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Figure 9.17 (a) Schematic device configuration and (b) voltage-dependent transmittance and 

reflectance curves of the dual-cell-gap transflective ECB LCD 


to compensate for the optical path difference between ambient light and backlight. Figure 9.17(b) depicts 
the voltage-dependent transmittance and reflectance curves with d^An = 168 nm and dr An = 336 nm. 
As expected, both curves perfectly match each other and both modes reach the highest transmittance and 
reflectance simultaneously. Here djiAn and dr An are designed to be slightly larger than A/4 and A/2, 
respectively, in order to reduce the on-state voltage. 

The downside of the dual-cell-gap approach is three-fold. First, due to the cell gap difference, the LC 
alignment is distorted near the boundaries of the transmissive and reflective pixels. This area should be 
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covered by black matrices in order to retain a good contrast ratio. Secondly, the thicker cell gap in the 
transmission region results in a slower response time than the reflective region. Fortunately, the dynamic 
response requirement in mobile applications is not as strict as those for video applications. This response 
time difference, although not perfect, is still tolerable. Thirdly, the view angle of the T mode is rather 
narrow because the LC directors are tilted up along one direction by the external electric field. By 
substituting the quarter-wave film with a biaxial film on each side of the cell, the viewing angle can be 
greatly improved [58]. Because the manufacturing process is compatible with the state-of-the-art LCD 
fabrication lines, the dual-cell-gap transflective ECB LCD is so far the mainstream approach for 
commercial transflective LCD products. 

Besides the above dual-cell-gap transflective ECB LCD, others dual-cell-gap transflective LCDs are 
also proposed, such as the dual-cell-gap transflective VA LCD [59], dual-cell-gap transflective HAN 
LCD [60], and dual-cell-gap transflective FFS (Fringe-Field Switching) LCD [61, 62]. Similar to the 
dual-cell-gap transflective ECB LCD, both the dual-cell-gap transflective VA LCD and dual-cell-gap 
transflective HAN LCD also operate in ECB mode, although the initial LC alignment is different. On the 
other hand, in the dual-cell-gap transflective FFS LCD, LC molecules are switched in the plane parallel 
to the supporting substrates. Its dark state is achieved by a half-wave film and the initially homo¬ 
geneously aligned LC layer. Consequently, the dark state is very sensitive to LC cell gap variation, which 
causes difficulties with maintaining a good dark state in both transmission and reflection regions due to 
the dual-cell-gap device configuration. 


9.6 Single-cell-gap Transflective LCDs 

Different from the dual-cell-gap transflective LCD, the single-cell-gap transflective LCD renders a 
uniform cell gap profile throughout the cell. Therefore, the dynamic responses of both T and R modes are 
close to each other. For instance, a single-cell-gap transflective LCD using an internal wire-grid polarizer 
has been proposed [63]. For the reflective mode, the imbedded wire grid polarizer serves as a 
polarization-dependent reflector for the ambient light. While for the transmissive mode, no achromatic 
quarter wave film is needed. This device can work as a normal-black mode by using a vertical-aligned 
cell or a normal-white mode by using a twisted-nematic cell. This device concept is fairly simple and has 
several outstanding performance characteristics. However, to implement the wire-grid polarizer in the 
inner surface of the bottom LC substrate could be a challenging task. 

As a matter of fact, several transflective LCDs described in the above sections also belong to this 
single-cell-gap category, such as transflective TN and STN LCDs, transflective MTN LCDs, dual¬ 
rubbing transflective MTN/ECB LCDs, dual-rubbing transflective VA/HAN LCDs, dual-rubbing 
transflective ECB/HAN LCDs, transflective VA LCDs utilizing periodically patterned electrodes, 
and transflective IPS LCDs. Due to the fact that the ambient light travels twice while the backlight 
propagates only once in the LC layer, the light efficiency of both T and R modes cannot reach the 
maxima simultaneously unless mixed display modes are employed. This leads to the transflective mixed¬ 
mode LCDs as described in Figure 9.16. As discussed there, the transflective mixed-mode LCDs require 
either a dual-rubbing process or complicated electrode designs. Consequently such single-cell-gap 
transflective mixed-mode LCDs have not yet been commercialized. 


9.7 Performance of Transflective LCDs 

We have just described the basic operating principles of some main transflective LCDs. The simulation 
results are based on some ideal assumptions. It is understandable that many other factors can affect the 
display image qualities, such as color balance, image brightness, and viewing angle. 
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9.7.1 Color balance 

Because the reflection beam passes through the color filter (CF) twice while the transmission beam only 
passes through once, generally speaking, the transflective LCD experiences unbalanced color between the 
T and R modes. To solve the color imbalance problem, different CF approaches have been developed. 
Sharp Corp. proposed a multi-thickness color filter (MT-CF) design for the transflective LCDs [64]. In this 
design, the CF thickness in the reflection region is around one-half of that in the transmission region. 
Because the ambient beam passes through the thinner CF twice, while the transmission beam passes 
through the thicker CF once, as a result these two beams experience almost the same spectral absorption. 
Therefore, such a CF thickness difference ensures almost identical color saturation between the 
transmission and reflection regions, resulting in a good color balance between T and R modes. 

In addition to the MT-CF design, a pinhole-type CF design was also proposed by Sharp, in which the 
thicknesses of the CF in both regions are equal, but the CF in the reflection region is punched with some 
pinholes. Therefore, a portion of the ambient light does not ‘see’ the CF; instead, it passes through the 
pinholes directly. The problem of such a pinhole-type CF is its narrow color reproduction area because 
the ambient light spectrum is mixed with the RGB primary colors, which causes the color impurity. 

An alternative approach to obtain the same color balance between the T and R modes is to fill the CF 
with some scattering materials in the reflection region [65]. The filled scattering materials serve two 
purposes. First, the equivalent CF thickness in the reflection region is decreased to around one-half of 
that in the transmission region. Secondly, the scattering materials can steer the reflection beam away 
from the specular reflection direction; therefore, a pure flat metal reflector can be used in the reflection 
region, which greatly simplifies the manufacturing process. 


9.7.2 Image brightness 

Image brightness is a very important feature for transflective LCDs. However, many factors decrease the 
overall image brightness. For instance, the red, green, and blue color filters have different light 
attenuation, which affects the overall brightness of the display panel. Furthermore, the reflection region 
of the openings-on-metal transflector, usually made from aluminum, has ~92% reflectivity over the 
visible spectral region [66], which leads to a slightly lower light efficiency in the R mode. 

In the case of the openings-on-metal transflector, the transflector area is intended for either the 
reflection or transmission region. To increase the backlight utilization efficiency while still keeping the 
ambient light efficiency unchanged, a transflective LCD design using a microtube array below the 
transmission pixels region has been proposed [67]. The microtube structure, which is similar to a funnel 
in shape, allows most of the backlight to enter from a larger lower aperture and to exit from a smaller 
upper aperture. Consequently, the backlight utilization efficiency can be greatly enhanced, provided that 
the transmission/reflection area ratio still remains unchanged. After optimization, the average backlight 
utilization efficiency is improved by ~81%. 


9.7.3 Viewing angle 

Although the display panel size for most transflective LCDs is not too large, viewing angle is another 
important concern. The user of a cell phone would like to see clear images from every angle. The future 
cell phone will have expanded functions, such as videos and movies. The dual-cell-gap transflective 
ECB LCD has a relatively narrow viewing angle in the T mode, but by substituting the quarter-wave film 
with a biaxial film on each side of the cell, the viewing angle of the T mode can be greatly widened. In the 
R mode, surface reflection is the main factor deteriorating the image contrast ratio and viewing angle. To 
solve this problem, a bumpy reflector in the reflection region is commonly employed. The bumpy 
reflector serves two purposes: (1) to diffuse the reflected light which is critical for widening viewing 
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angle; and ( 2 ) to steer the reflected light away from the specular reflection so that the images are not 
overlapped with the surface reflections. To design bumpy reflectors [ 68 ], one needs to consider the fact 
that the incident beam and reflected beam might form different angles with respect to the panel normal. 
In optical modeling of the R mode, the asymmetric incident and exit angle features should be taken into 
consideration [69]. 

Homework Problems 

9.1 Let us design a normal-black reflective LCD using a 45° twisted nematic cell for projection displays. 
We want the display to be independent of beta angle (/?), the angle between the top LC rubbing 
direction and the incoming polarization axis. What is the required dAn value at 2 = 550 nm? 

9.2 In a transflective LCD, the reflective part usually has a lower contrast ratio and narrower viewing 
angle than the transmissive part. Why? 

9.3 In most transflective LCDs, the reflective part usually has a broadband quarter-wave film. Explain 
why. 

9.4 Sketch the device configuration of a transflective LCD using a double-cell-gap VA cell. The LC 
parameters are: An = 0.1(2 = 550nm), Ae = —4, K\\ = lOpN, K 22 = 6 pN, X 33 = 20pN, and 
yi = 0. IPa s. (1) What are the cell gaps for the R and T regions? (2) Estimate the optical decay time. 
(3) Sketch the expected voltage-dependent transmittance and reflectance curves. 

9.5 Sketch the device configuration of a transflective LCD using a double-cell-gap TN cell. The LC 
parameters are: An = 1.0(2 = 550nm), Ae = 10, K\\ = lOpN, K 22 = 6 pN, X 33 = 20pN, and 
y x = 0. IPa s. (1) What are the cell gaps for the R and T regions? (2) Estimate the optical decay time. 
(3) Sketch the expected voltage-dependent transmittance and reflectance curves. 

9.6 Given two linear sheet polarizers, a vertical aligned cell filled with a negative Ae LC, a wire grid 
polarizer (WGP), and a backlight, construct a normal-black transflective LCD. Assume the WGP 
can be deposited at any portion of the pixel. (1) Sketch the display configuration and show how it 
works. (2) Sketch the voltage-on state LC configuration and find the required dAn value for 
achieving maximum reflectance. 

9.7 Given two linear sheet polarizers, a 90° TN cell, a wire grid polarizer (WGP), and a backlight, 
construct a normal-white transflective LCD. Assume the WGP can be deposited at any portion of the 
pixel. (1) Sketch the display configuration and show how it works. (2) Sketch the voltage-off state 
LC configuration and find the required dAn value for achieving maximum reflectance and 
transmittance. 
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10 

Liquid Crystal Display 
Matrices, Drive Schemes, 
and Bistable Displays 


Liquid crystal displays are a dominant display technology. They are used in electronic watches, 
calculators, handheld devices such as cellular phones, head-mounted displays, laptop and desktop 
computers, direct-view and projection TVs, and electronic papers and books. They have the 
advantages of a flat panel, light weight, energy saving, and low drive voltage. In display applications, 
the liquid crystals modulate the light intensity because of their birefringence. Liquid crystals can 
also be reoriented by externally applied electric fields because of their dielectric anisotropies or 
ferroelectricity, which makes it possible to show spatial images when patterned electric fields are 
applied. 


10.1 Segmented Displays 

In order for a liquid crystal display to display images, multiple elements are needed. The simplest 
multi-element displays are the segmented displays where each element has its own electrodes that are 
separated from the electrodes of other elements [1]. Voltages can be applied to each element 
independently. As an example, a segmented numerical liquid crystal display is shown in 
Figure 10.1. When a proper voltage is applied between the common electrode and a segmented 
electrode, an electric field is generated in the region between the electrodes and the liquid crystal in 
that region is switched to the field-on state. For example, when the voltage is applied to electrodes 1, 
2, 4, 6, and 7, the numeral 5 is displayed. The segmented displays are also referred to as direct-drive 
displays. This type of display is only good for low-information-content displays because one electrode 
is needed for each element. 
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Segmented 



Figure 10.1 Schematic diagram of the segmented numerical liquid crystal display 

10.2 Passive Matrix Displays and Drive Scheme 

In order to display high-information-content images, an xy matrix must be used [1,2]. There are striped 
electrodes on the substrates as shown in Figure 10.2. The overlapped region between a front electrode 
and a rear electrode is a display element referred to as a pixel. For a display consisting of N rows and M 
columns, there are TV x M elements, but there are only N + M electrodes. In the xy matrix, the structure 
of the electrode is greatly simplified. Driving the pixels, however, becomes complicated. It is impossible 
to apply a voltage to a pixel without affecting the other pixels in the matrix. For the purpose of simplicity, 
let us consider a 2 x 2 matrix display as shown in Figure 10.3(a). The equivalent circuit is shown in 
Figure 10.3(b). The liquid crystals in the pixels can be regarded as capacitors. If we want to switch Pixel 
11, we apply a voltage V to Column 1 and ground Row 1. The voltage across Pixel 11 is V. As can be seen 
from Figure 10.3(b), there is also a voltage V/3 applied to the other three pixels, which may partially 
switch the pixels. This undesired voltage that is applied to the other pixels and partially switches them is 
referred to as cross-talking. 

Now we consider how to address a N x M (N rows and M columns) xy matrix display. The display is 
addressed one row at a time. The row electrodes are called scanning electrodes and the column electrodes 
are called signal electrodes or data electrodes. The state of the pixels is controlled by the voltages applied 
to the column electrodes. There are three issues that must be considered. The first issue is that there are 
voltages applied to the pixels on the rows not being addressed because of the column voltages. The 
second issue is that the voltages across the pixels on the row after addressing are not retained. The third 
issue is the frame time Tf. If the time interval to address a row is At, the frame time is Tf = N At. The 
frame time must be not only shorter than the response time (~ 40 ms) of the human eye, but also shorter 
than the relaxation time of the liquid crystal. When the frame time is shorter than the relaxation time of 
the liquid crystal, the state of the liquid crystal in a pixel is determined by the averaged (over the frame 
time) rms voltage applied across the pixel. 

Let us consider a normal-black liquid crystal display. At zero volts, the transmittance of the liquid 
crystal display is zero and the display is black. At the voltage V on , the display is switched to the bright 
state. A pixel of the display to be addressed in the bright state is called the selected pixel and a pixel 
to beaddressed in the dark state is called the non-selected pixel. We consider a simple drive scheme. 
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Rear electrodes 


Figure 10.2 Schematic diagram of xy matrix 
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Figure 10.3 (a) Schematic diagram of a 2x2 matrix display, (b) The equivalent circuit 


The column voltage to select the bright state is — V/b and the column voltage to select the black state is 
V/b, where b is a constant [2-4]. The row voltage to the row being addressed is (b — 1 )V/b and the 
row voltage to the rows not being addressed is zero. For the selected pixel, the applied voltage is 
(b — 1 )V/b — {—V/b) = V when being addressed and 0 — (±V/b) = ^V afterward. For the non- 
selected pixel, the applied voltage is (b — \)V/b — V/b = {b — 2)V/b when being addressed and 
0 — (±K/Z?) = =fF afterward. The rms voltage on the selected pixel is 


\N 


1 ■ V z + (iV — 1) ( f 


1/2 


The rms voltage on the non-selected pixel is 


v » = U 


H b -^y) 2 +^-^{V 2 


1/2 


The ratio between these two voltages is 


V„s 


b 2 + (N — 1) 


{b—2) z + (N — 1) 


1/2 


( 10 . 1 ) 


( 10 . 2 ) 


In order to optimize the performance of the display, the parameter b should be chosen to maximize R : 


dR 2 _ 4[-b 2 + 2b + (N - 1)] 
db ~ (b-2) 2 + (N- 1) 


which gives 


b = VN +1 


(10.3) 


(10.4) 


The maximized ratio is 


/vV+l \ 1/2 
VvV — 1/ 


(10.5) 


R m as a function of N is shown in Figure 10.4. The larger the number of rows is, the smaller the 
difference between the selected voltage and the non-selected voltage becomes. 
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Figure 10.4 The ratio of the selected voltage and non-selected voltage as a function of the number of 
rows in the display 


In passive matrix displays, the quality of the displayed images depends on the electro-optical response 
of the liquid crystal material. Consider a liquid crystal display whose voltage-transmittance curve is 
shown in Figure 10.5. In order to achieve high contrast, the non-selected voltage V ns should be set below 
V\o such that the transmittance of the black pixel is less than Tm'm + 0.1 AT. The maximum selected 
voltage is V s = R m V ns • If V s is lower than F 90 , the transmittance of the bright pixel is lower than 
Tmax — 0 . 1A T, which is clearly not good. Therefore the quality of the displayed images depends on the 
steepness of the voltage-transmittance curve of the liquid crystal and the number of rows of the display. 
The steepness of the voltage-transmittance curve can be characterized by the parameter y defined by 


V 90 




V 10 


( 10 . 6 ) 


If y < R m , images with good contrast and high brightness can be displayed. In other words, for a given 
liquid crystal display, y is fixed. The maximum number of rows the passive matrix display can have is 
given by 


N max — 



(10.7) 


1/TVmax is sometimes referred to as the duty ratio. For TN liquid crystal displays (LCDs), y~ 1.4, 
Mnax ~ 9. This number of rows is only suitable for displays on simple calculators. 



Figure 10.5 The voltage-transmittance curve of the TN liquid crystal display 
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In order to increase the number of rows of TN LC passive matrix displays, the steepness of the 
voltage-transmittance curve must be increased. The steepness is measured by the difference between the 
saturation voltage V s and the threshold voltage V^. A smaller A V = V s — V t h generates steeper voltage- 
transmittance curves. The steepness can be achieved by the following methods [4]: (1) Increasing the 
twist angle, because the threshold voltage increases with the twist angle as shown in Figure 7.5. (2) 
Decreasing the pretilt angle, because the threshold voltage increases with decreasing pretilt angle as 
discussed in Chapter 5. (3) Decreasing the ratio between the cell thickness h and the pitch P of the LC, 
because the saturation voltage decreases with increasing pitch. The twist elastic energy is smaller for 
larger pitch. (4) Increasing K^/K\\, because the threshold voltage increases with K 33. There is bend 
deformation in the field-activated states with small tilt angles but not in the saturated state. (5) decreasing 
K 22 /KU, because the saturation voltage decreases with X 22 . (6) Decreasing Ae/s^. 

Usually AC voltage waves are used in addressing LCDs in which the LC molecules interact with 
applied electric fields through dielectric interaction. AC voltages can prevent the injection of ions into 
the LCS, which degrade the displays through long-term effects. The waveforms of the addressing 
voltages and the corresponding transmittance of the display are schematically shown in Figure 10.6 



Figure 10.6 Waveform of the column, row, and pixel voltages and the transmittance of the display 
under the pixel voltages 
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where the labeled voltages are the voltages of the first half of the voltage pulses [2]. If the column voltage 
is varied between — V/b and +V/b, gray-scale transmittances can be obtained. 


10.3 Active Matrix Displays 


Active matrix displays using thin-film transistors (TFTs) as electrical switches to control the transmis¬ 
sion state of LC pixels offer excellent image quality and are commonly employed for direct-view 
displays [5, 6]. Figure 10.7 shows the device structure of a transmissive TFT LCD using amorphous 
silicon (a-Si) transistors for large-screen displays. Since LC do not emit light, a backlight is needed. A 
diffuser is used to homogenize the backlight. Since most LCDs require linearly polarized light for 
achieving high contrast ratio, two sheets of stretched dichroic polarizers are commonly used for large- 
screen direct-view displays. The first glass substrate contains TFT arrays which serve as light switches. 
Each display pixel is independently controlled by a TFT. Since a-Si exhibits photoelectric character¬ 
istics, TFTs need to be protected from backlight (by gate metal lines) and ambient light (by black 
matrices). Because of the black matrices, the actual aperture ratio (the transparent indium-tin-oxide 
electrode area) drops to 80-50%, depending on the device resolution and panel size. The LC layer is 
sandwiched between two substrates. The cell gap is usually controlled at around 4 pm for transmissive 
LCDs. The performance of the display such as light throughput, response time, and viewing angle are all 
determined by the LC mode employed. 

For direct-view displays, such as notebook computers and desktop monitors, compact size and light 
weight are critically important. Under such circumstances, color filters are usually imbedded on the inner 
side of the second substrate. Some development efforts are attempting to integrate color filters on the 
TFT substrate. Three sub-pixels (red, green, and blue) form a color pixel. Each sub-pixel transmits only 
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Figure 10.7 Device structure of a TFT LCD color pixel 
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one color; the rest are absorbed. Thus, the transmittance of each color filter alone is less than 33%. The 
color filters are made of pigment materials, where transmittance at each color band is about 80-85%. 
Thus, the final transmittance of each color filter is ~27%. Including polarizers, color filters, and TFT 
aperture ratio, the overall system optical efficiency is about 6-7% for a direct-view LCD panel. Low 
optical efficiency implies high power consumption. For portable displays, low power consumption is 
desirable because it lengthens the battery’s operating hours. For LCD TVs, although the power 
consumption issue is not a burning issue at this stage, it will be addressed in due course. 

For large-screen direct-view LCDs, a-Si TFT is a preferred choice because of its simpler manufactur¬ 
ing process and lower cost than poly-silicon (p-Si) TFT. However, the electron mobility of a-Si is about 
two orders of magnitude lower than that of p-Si, and the required pixel size is larger in order to maintain a 
good storage capacitance. A typical sub-pixel size for the a-Si TFT LCD is ~ 80 pm x 240 pm. It takes 
three sub-pixels (RGB) to form a color pixel. Therefore, the pixel size of each color pixel is about 
240 pm x 240 pm. On the other hand, p-Si has higher electron mobility than a-Si so its pixel size can be 
made smaller and its device resolution is therefore higher. This advantage is particularly important for 
small-screen LCDs where the aperture is an important issue. 


10.3.1 TFT structure 

The most commonly used TFT is the inverse-staggered (called bottom-gate) type, as shown in 
Figure 10.8. The ohmic layer (n + a-Si) in the channel region can be etched either directly or by 
forming a protective film on the a-Si thin film. Each method has its own merits and demerits. The 
inverse-staggered structure offers a relatively simple fabrication process and its electron mobility is 
~30% larger than that of the staggered type. These advantages make the bottom-gate TFT structure 
a favored choice for TFT LCD applications. 

Because a-Si is photosensitive, the a-Si TFT must be protected from incident backlight and ambient 
light, especially if the backlight is quite strong. Furthermore, the a-Si layer should be kept as thin as 
possible in order to minimize the photoinduced current, which would degrade the signal-to-noise ratio. 
In the bottom-gate TFTs, an opaque gate electrode is first formed at the TFT channel region, where it 
also serves as a light-shield layer for the backlight. On the color filter substrate, a black matrix shields 
the TFT from ambient light irradiation. In Figure 10.8, the drawing is not in scale: the TFT and black 
matrix parts should be much smaller than the transparent ITO part. A more realistic dimension is shown 
in Figure 10.7. 



Figure 10.8 The bottom-gate TFT structure. S stands for source, G for gate, D for drain, BM for 
black matrix, and CF for color filter 
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Figure 10.9 Equivalent circuit of a single pixel of TFT LCD 


10.3.2 TFT operating principles 

Figure 10.9 shows the equivalent circuit of a single pixel of a TFT LCD. Once the gate voltage exceeds a 
threshold, the TFT switch is open. The source (S) data voltage is transferred to the drain (D) which is 
connected to the bottom pixel electrode (ITO). The bottom pixel electrode and a gate line form a storage 
capacitor (Cs) which plays an important role in holding the voltage. If the voltage across the LC layer is 
higher than the threshold voltage of the employed LC material, the LC directors will be reoriented by the 
voltage, resulting in light modulation of the backlight. The detailed transmission characteristics depend 
on whether the LC is in normal-white mode (TN) or normal-black mode (in-plane switching and multi- 
domain vertical alignment). In both situations, the polarizers are crossed. 

DC voltage would induce undesirable electrochemical degradation in the organic LC molecules and 
should be avoided. Therefore, the polarity of the voltage has to be alternated every other frame. In normal 
operation, the gate voltage is set at 20V for the switch-on or at — 5V for the switch-off state. Under these 
operating conditions, the a-Si TFT exhibits an on/off current ratio larger than 10 6 . Figure 10.10 illustrates 
the TFT operating principles. 



Figure 10.10 Keeping DC balance of the LC voltage 
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Let us assume that the common ITO electrode is biased at +5 V. For a given gray scale, the data 
voltage is at +8 V. When the gate is open, the TFT is turned on and the current flows through the channel 
and charges up the storage capacitor. The drain terminal has the same voltage as the data terminal, i.e., 
Vd = +8 V. Since the drain is connected to the bottom pixel electrode, the effective voltage across the 
LC cell is +3 V, as shown in the top left quadrant (defined as the first quadrant) of Figure 10.10. If the 
gate voltage is removed or below threshold, the TFT is turned off for a frame time which is 
16.7ms(60Hz frame rate). In this period, the storage capacitor holds the charges so that the pixel 
voltage remains at +3 V. To balance the DC voltage, in the next frame the data voltage is reduced to 
+2 V, as shown in the third quadrant (clockwise). When the TFT is turned on, the voltage across the LC 
cell is reversed to —3 V, which is opposite to the +3 V shown in the previous frame. When the TFT is 
turned off as shown in the fourth quadrant, the storage capacitor holds the charges and the LC voltage 
remains at —3 V. 

The LC reorientation dynamics depends on the square of the electric field, i.e., it is independent of the 
polarity of the electric field. However, if the LC is biased at a DC voltage for too long, then the ions will 
be swept to the polyimide alignment layer interface and stay there to form a thin layer to shield the 
voltage. The gray-scale voltage will be misrepresented. Therefore, to reduce the undesirable DC voltage 
effect, the polarity of the DC pulses needs to be alternated and a high-resistivity LC mixture needs to be 
employed. 

10.4 Bistable Ferroelectric LCDs and Drive Scheme 

Multiplexibility of LC materials is necessary for their use in high-information-content displays. There 
are three ways to achieve this goal. The first one is to develop displays with a steep voltage-transmittance 
curve as discussed in the first section. The second way is to use active matrices where the voltage on a 
pixel can be controlled independently. The third way is to develop bistable LCS, the subject of the rest of 
this chapter. 

As discussed in Chapter 4, surface-stabilized ferroelectric liquid crystals (SSFLCs) have two stable 
states at zero field. The two states have different planar orientational angles as shown in Figure 4.9. In the 
SSFLC display, the LC is sandwiched between two crossed polarizers. The transmission axis of the 
entrance polarizer is parallel to the orientation direction of one of the stable states, say state 1. The 
transmittance of state 1 is then zero. When the LC is in the other state, say state 2, the LC director makes 
an angle 26 with the entrance polarizer, and the transmittance is T = sin 2 (AS) sin 2 (nAnh / X), where 26 is 
the cone angle. When 26 is near n/4 and nAnh/X is close to zr/2, the transmittance of state 2 is one. The 
LC is switched between the two states by DC voltage pulses. When a voltage pulse with positive polarity 
is applied across the LC, say, the LC is switched into state 1. After the pulse, the LC remains in state 1. 
When a voltage pulse with negative polarity is applied, the LC is switched into state 2 and remains there 
afterward. 

Experiments show that FLCs with high spontaneous polarizations respond accumulatively to voltage 
pulses [6-8]. The switching between the two stable states is determined by the ‘ voltage-time-area ’ A 
defined by 


A = 



where the voltage is applied from time t\ to time ^• When the voltage is applied sufficiently long or 
its amplitude is sufficiently high so that A is larger than a threshold A t h, the LC starts to transform 
from one state to the other as shown in Figure 10.11. If the FLC is initially in state 1 with low 
transmittance 7), when the voltage-time-area is below the threshold A^, the LC remains in state 1. 
When the voltage-time-area is increased above A t h, the LC starts to transform into state 2 and the 
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Figure 10.11 Schematic diagram showing the transmittance of the SSFLC display as a function of 
voltage-area 


transmittance increases. When the voltage-area is increased above A s , the LC is completely switched 
to state 2, and the transmittance reaches the maximum value When the applied voltage is 
removed, the LC remains in state 2. When a voltage with negative polarity is applied, the voltage- 
time-area is negative. When the voltage-time-area is decreased below —A t h, the LC starts to 
transform back to state 1 and the transmittance begins to decrease. When the voltage-area is 
decreased below — A s , the LC is completely switched back to state 1 and the transmittance decreases 
to the minimum value T \. 

A drive scheme for the SSFLC display is shown in Figure 10.12. At the beginning of each frame, 
the LC is reset to the dark state by applying a positive/negative (P/N) voltage pulse to all the rows. 
The column voltage to select the bright state is P/N and the column voltage to retain the dark state is 
negative/positive (N/P). A N/P voltage pulse is applied to the row being addressed. If the column 
voltage is P/N, the pixel voltage-time-area of the second half of the pulse is higher than A s , and 
thus the bright state is selected. If the column voltage is N/P, the pixel voltage-time-area of the 
second half of the pulse is lower than A t h, and thus the dark state is retained. The voltage applied to 
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Figure 10.12 Waveform of the column, row, and pixel voltages and the transmittance of the display 
under the pixel voltages 
































































BISTABLE NEMATIC DISPLAYS 283 


the rows not being addressed is zero. The voltage-time-areas of the voltages applied to the pixels on 
the rows not being addressed are higher than —A^ but less than A t h, and therefore their states do not 
change. AC voltage pulses are used to reduce undesired ionic effects. 

10.5 Bistable Nematic Displays 

10.5.1 Introduction 

There are several types of bistable nematic LCDs which have good performance characteristics, 
namely twisted-untwisted bistable nematic LCDs [9-13], zenithal bistable nematic LCDs [14, 15], 
surface-induced bistable nematic LCDs [16-19], mechanically bistable nematic LCDs, and bistable 
STN LCDs [20-24]. A bistable nematic material has two bistable states with different optical 
properties. Once the LC is driven into a bistable state, it remains there. It can be used to make 
highly multiplexed displays on passive matrices. There is no limitation on the information content. 
Bistable nematic LCDs exhibit high contrast ratios and large viewing angles. The drawback is that 
most bistable nematic LCDs do not have gray-scale capability. 

10.5.2 Twisted-untwisted bistable nematic LCDs 

In the bistable twisted-untwisted nematic (BTN) (also called 2n bistable) LCD, the two bistable 
states are selected by making use of the hydrodynamic motion of the LC as discussed in Chapter 5 
[9, 11, 25]. Under one hydrodynamic condition, the LC is switched to one twisted state; under 
another hydrodynamic condition, the LC is switched to the other twisted state. An example is shown 
in Figure 10.13. One stable state is the 0° twist state shown by Figure 10.13(a) and the other stable 
state is the 360° state shown by Figure 10.13(c). Besides this particular design, there are other possible 
designs [26, 27]. Generally speaking, the twist angles of the two bistable states are </> and (f> + 2n 
respectively. </> is the angle between the alignment directions of the alignment layers on the bottom 
and top substrates of the cell. The angle </> is usually in the region between —7i/2 and7i/2. The twist 
angle difference between the two bistable states is 2n. 
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Figure 10.13 The LC director configurations of the states in the bistable TN LC 
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(1) Bistability and switching mechanism 

We first consider the 07360° BTN LC where the alignment directions on the two cell surfaces are 
parallel, as shown in Figure 10.13. Chiral dopants are added to the nematic LC to obtain the intrinsic 
pitch P such that h/P = 1/2, where h is the cell thickness. The real stable state is the 180° twist state, as 
shown in Figure 10.13(b); it has a free energy lower than both the 0° and 360° twist states. The 0° and 
360° states are actually metastable. 

The hydrodynamic effect is used to switch the LC between the bistable states in the BTNLC. As 
discussed in Chapter 5, the rotational motion of the LC director and the translational motions of 
the LC are coupled [28, 29]. On one hand, a rotation of the LC produces a viscous stress that results 
in a translational motion. On the other hand, a translational velocity gradient produces a viscous 
torque and affects the rotation of the director. In the BTN LC (Ae > 0), when an electric field 
slightly higher than the threshold V t h of the Freedericksz transition is applied, the LC is switched to 
the homeotropic state as shown in Figure 10.13(d). In this state, the LC is aligned homeotropically 
only in the middle of the cell and has no twisting. The LC near the surface of the cell has some 
twisting. Once the field is turned off, the LC relaxes into the 0° twist state, because the 0° twist state 
and the homeotropic state are topologically the same, while the 180° twist state is topologically 
different. If a very high field, higher than saturation voltage V sa , is applied to the LC, the LC in most 
regions except very near the cell surfaces is aligned homeotropically and has low elastic energy. The 
LC director changes orientation rapidly in space near the surface and has a very high elastic energy. 
When the applied field is removed suddenly, in the region near the cell surface the LC director 
rotates very quickly because of the high elastic torque while the LC director in the middle rotates 
slowly because of the low elastic torque. Thus a translational motion is induced, which will affect 
the rotation of the LC in the middle in such a way that the tilt angle increases instead of decreasing. 
If the LC is a nematic LC without chiral agents, the opposite rotations of the director near the 
surface and the director in the middle produce a distortion of the director, which is not energetically 
favored. The angle of the director in the middle eventually decreases again, resulting in the backflow 
phenomenon [30-32]. If the LC has an intrinsic twist, the angle of the director in the middle can 
increase further and the LC is switched into the 360° twist state. In order for the angle of the LC in 
the middle to reach a value close to n, the LC must gain sufficient momentum at the beginning. If 
the initially applied voltage is not sufficiently high or a bias voltage is applied when the high voltage 
is turned off or the applied voltage is removed slowly, the LC in the middle cannot obtain a 
sufficiently high angular velocity to transform into the 360° twist state, and therefore the LC ends in 
the 0° twist state. 

The parameters controlling the bistability are the angle </> between the aligning directions of the 
alignment layers and intrinsic pitch P of the LC. So far bistability has been observed for —n/2 < </> < n/2. 
The intrinsic pitch of the LC should be chosen heuristically in such a way that the (</> + n) twist state has 
minimum free energy, i.e., (</> + n) is the intrinsic twist. Hence 2n(h/P) = </> + n [26]. 

The 07180° BTN LC has also been reported [33,34]. In this LC, the two stable states are the 0° twisted 
and 180° twisted states. The chiral dopant concentration is chosen such that the two states have the same 
energy. The switching between the two states also makes use of the hydrodynamic effect. When a 
sufficiently high voltage is applied, the LC is switched to the homeotropic state. If the applied voltage is 
turned off slowly, the LC relaxes into the 0° twisted state. If the applied voltage is turned off abruptly, the 
LC relaxes into the 180° twisted state. With the employment of one tilted strong anchoring alignment 
layer and one weak planar anchoring alignment layer, the time interval of the addressing pulse can be 
reduced to microseconds. 

(2) Optical properties 

When a BTN display is optimized, the transmittance of one of the stable states should be zero and the 
transmittance of the other stable state should be one. The parameters of the display are the twist angles 
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(</>, 271 + (ji) of the stable states, the angle a/ of the entrance polarizer, the angle a 0 of the exit polarizer, 
and the retardation T of the LC. As discussed in Chapter 3, the transmittance of a uniformly TN display 
in the geometry shown in Figure 3.3 is 


T 


= cos 2 (a 0 — a/ — O) — sin 2 0 sin[2(a 0 — $)] sin (2a/) 

® 2 9 ® 

— sin ® cos [2(a 0 — ®)] cos (2a/) — — sin (20) sin [2(a 0 — a/ — ®)] 


( 10 . 8 ) 


where ® is the twist angle, h is cell thickness, T = (2n/X)(n e — n Q )h is the total phase retardation angle, 
and 0 = [® 2 + (r/2) 2 ] 1 / 2 . As an example, we consider how to choose the parameters for the (0° 360°) 
BTN LC. Put the entrance polarizer at 45° with respect to the LC at the entrance plane, i.e., a/ = n/4. Put 
the exit polarizer at —45° with respect to the LC at the entrance plane, i.e., oc Q = — n/ 4. When the LC is in 
the state with a twist angle of 0°, namely ® = 0, the transmittance is 


no 0 ) 



(10.9) 


When the LC is in the state with a twist angle of 360°, namely ® = 2n, the transmittance is 


r(360°) = sin 2 




( 10 . 10 ) 


In order to find the retardation T which maximizes the contrast, the difference of the transmittances 
is calculated and plotted as in Figure 10.14. Good performance is achieved when the transmittance 
difference is maximized. When the difference of the transmittances is maximized, the transmittances of 
the stable states and the corresponding retardation are as listed in Table 10.1. The good choices are: (1) 
T = 0.97271, which generates T( 0°) = 0.998 and T(360°) = 0.033 [10]; (2) T = 6.92471, which 
generates T( 0°) = 0.986 and T(360°) = 0. 

The angles of the polarizers as well as the twist angle </> can also be varied to achieve 
good performance. For example, consider a (—90°, 270°) BTN LC where </> = —90°. The angles of 



Figure 10.14 

the LC 


Transmittance difference of the two stable states of the BTN LC vs. the retardation of 
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Table 10.1 Some of the retardations with which the performance of the BTN LC is optimized 


T/n 

r(o°) 

r(360°) 

0° Twist state 

360° Twist state 

0.972 

0.998 

0.033 

Bright state 

Dark state 

2.000 

0 

0.491 

Dark state 

Bright state 

4.000 

0 

0.267 

Dark state 

Bright state 

6.000 

0 

0.894 

Dark state 

Bright state 

6.924 

0.986 

0 

Bright state 

Dark state 

8.000 

0 

0.993 

Dark state 

Bright state 


the polarizers are —a z - = a 0 = n/4. When the LC is in the —90° twist state, ® = —n/2. The 
transmittance is 


r(-90°) = 1 - sin 2 




1/2 > 




1/2 > 


When the LC is in the 270° twist state, ® = 3n/2. The transmittance is 


r(270°) = 1 - sin 2 




1/2 > 


371 

+ 7T 


1/2 > 


( 10 . 11 ) 


( 10 . 12 ) 


When T = 2>/2n, 7(-90°) = 0 and T(270°) = 0.965 [26]. With the help of the simplified Mueller 
matrix method and Poincare sphere, a general condition for optimized performance can be derived. The 
optimization considered here is only for one wavelength. In reality, the transmission spectra of the two 
stable states are wavelength dependent because the phase retardation angle T is wavelength dependent. 
Therefore in designing BTN displays, the wavelength dispersion of the transmission spectra must be 
considered [35-39]. The BTN LC can also be used to make reflective displays [35]. 


(3) Drive schemes 

Bistability of a display material does not guarantee multiplexibility. Proper drive schemes must 
be designed in order to make multiplexed displays on a passive matrix. A good drive scheme should 
possess the properties of fast addressing speed, low drive voltage, no cross-talk, and simple waveform. 
According to the number of phases in the addressing, there are three major types of drive scheme for the 
BTN LC: (1) one-phase, (2) two-phase, and (3) three-phase drive schemes. 

(a) One-phase drive scheme The one-phase drive scheme is shown schematically in Figure 10.15. 
The state of the LC is changed by one voltage pulse [10, 26, 40]. A low-voltage V L addressing pulse 



Figure 10.15 Schematic diagram of the one-phase drive scheme and the response of the BTN LC 
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Reset selection 

phase phase 



Figure 10.16 Schematic diagram of the two-phase drive scheme and the response of the BTN LC 

switches the material in to the low twisted state while a high-voltage V H addressing pulse switches 
the material into the high twisted state. The low voltage is slightly higher than the threshold V t h of the 
Freedericksz transition. When the low voltage is applied, independent of the initial state of the LC, the 
LC is switched to a homeotropic state where the LC is aligned homeotropically only in a small region in 
the middle of the cell. When the low voltage is turned off, the LC relaxes into the low twisted state 
because it does not have sufficiently high potential. The high voltage is higher than the saturation voltage 
V sa , which is much higher than the threshold of the Freedericksz transition. When the high voltage is 
applied, independent of the initial state, the LC is switched to a homeotropic state where the LC is 
aligned homeotropically in most regions of the cell except very close to the cell surfaces, and gains a high 
potential. When the high voltage is turned off, the LC relaxes into the high twisted state because of 
the hydrodynamic effect. 

In addressing the display, the row voltage for the row being addressed is V rs = (Vl + Vjj)/ 2; the row 
voltage for the row not being addressed is V rns = 0 V. The column voltage is V con = —(Vh~ Vl)/ 2 to 
select the high twisting state and V co ff = (Vh — Vl)/ 2 to select the low twisting state. The threshold of 
the Freedericksz transition of the LC must be higher than (Vh — V £)/2 in order to prevent cross-talk. 
The problem of this drive scheme is that the time interval to address one line is on the order of 10 ms, and 
thus the addressing speed is slow. 

(b) Two-phase drive scheme The two-phase drive scheme is shown in Figure 10.16 [26]. In the reset 
phase, a high voltage Vr( > V sa ) is applied to switch the LC to the homeotropic state. When the reset 
voltage is turned off, the LC begins to relax. In the selection phase, if the selection voltage V s is the low 
voltage V L , there is no hindrance to the rotation of the LC molecules in the middle of the cell; the tilt 
angle at the middle plane increases and the LC relaxes to the high twisted state. If the selection voltage V s 
is the high voltage V H , the applied voltage hinders the rotation of the LC molecules in the middle of the 
cell; the tilt angle at the middle plane decreases and the LC relaxes to the low twisted state. The time 
interval of the reset phase is on the order of 10 ms while the time interval of the selection phase is on the 
order of 1ms. (Vh — Vl) / 2 must be lower than the threshold of the Freedericksz transition of the LC in 
order to prevent cross-talk. Although the reset phase is long, multiple lines can be put into the reset phase 
such that the time is shared, which is known as the pipeline algorithm. Therefore the addressing speed of 
the two-phase drive scheme is faster than that of the one-phase drive scheme. 

(c) Three-phase drive scheme The three-phase drive scheme is shown in Figure 10.17. It consists of 
three phases: reset, delay, and selection [41]. The physics behind this drive scheme is that at the 
beginning of the relaxation after the reset phase, the LC is allowed to relax freely, and the hydrodynamic 
effect can be controlled by a voltage in the late stage of the relaxation. Therefore the time interval of the 
selection phase is reduced. In the reset phase, the high voltage Vr( > V sa ) switches the LC into the 
homeotropic texture. In the delay phase, the applied voltage V D is zero and the LC starts to relax. In 
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selection Delay Reset 



Figure 10.17 Schematic diagram of the three-phase drive scheme and the response of the BTN LC 

the selection phase, if the applied voltage V s equals the high voltage V H , the rotation of the LC molecules 
in the middle of the cell is hindered. After the selection phase, the liquid crystal is addressed to the low 
twisted state. If the applied voltage V s equals the low voltage V L , the rotation of the LC molecules in the 
middle of the cell is not hindered and the tilt angle increases. After the selection phase, the LC is 
addressed to the high twisted state. (Vh — Vl)/ 2 must be lower than the threshold of the Freedericksz 
transition of the LC in order to prevent cross-talk. The time intervals of the reset and delay phases can be 
shared using the pipeline algorithm. The time interval of the selection phase can be as short as 100 ps. 
Therefore the addressing speed is increased dramatically and video rate display becomes possible with 
this drive scheme. 


7 0.5.3 Surface-stabilized nematic LCDs 

In LCDs, the LC are usually sandwiched between two substrates. A certain alignment of the LC at the 
surface of the substrates is usually necessary in order for a display to operate properly. Bistable nematic 
LCs can be created by using surface alignment layers. They are divided into two categories: zenithal 
bistable TN and azimuthal TN. 

(1) Zenithal bistable TN LCs 

The zenithal (Z) bistable nematic LC was developed by Bryan-Brown et al ., using surface stabilization 
[15]. One substrate of the cell has an alignment layer with homeotropic anchoring and the other substrate 
is a one-dimensional grating as shown in Figure 10.18. The groove of the grating is along the y direction. 
The grooves are made from a photoresist. The non-symmetric profile of the grooves is obtained by using 



Figure 10.18 Schematic diagram of the LC director configurations of the two bistable states of the Z 
bistable nematic LC 
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UV light incident obliquely at 60° in the photolithography. A surfactant is coated on top of the grooves to 
obtain homeotropic anchoring. 

The LC in the Z bistable cell has two stable states at zero field. One is the high-tilt state shown in 
Figure 10.18(a); the other is the low-tilt state shown in Figure 10.18(b). The flexoelectric effect plays an 
important role in switching the LC between the two stable states. As discussed in Chapter 4, the 
polarization produced by the flexoelectric effect is given by P = e \«(V • n) + ^(V x n) x n. In the cell 
geometry shown in Figure 10.18, the LC director deformation occurs mainly near the grating surface; the 
bend deformation is dominant. The bending directions in the two states are different and therefore the 
induced polarization is upward in one of the states and downward in the other. The LC has a positive 
dielectric anisotropy. Besides the flexoelectric interaction, there is a dielectric interaction when a voltage 
is applied across the cell. When a sufficiently high voltage with one polarity is applied, the LC is 
switched to a homeotropic state with the LC near the grating substrate having a configuration similar to 
that in the high-tilt state; it relaxes into the high-tilt state after the applied voltage is removed. When a 
sufficiently high voltage with the opposite polarity is applied, the LC is switched to a homeotropic state 
with the LC near the grating substrate having a configuration similar to that in the low-tilt state; it relaxes 
into the low-tilt state after the applied voltage is removed. 

In building a transmissive Z bistable display, crossed polarizers are used. The polarizers make an angle 
of 45° with the grating groove direction. Hence the plane containing the LC director makes an angle of 45° 
with the polarizers. The cell thickness and birefringence of the LC are chosen in such a way that the 
retardation of the low-tilt state is n, and therefore the transmittance of the low-tilt state is high. The 
retardation of the high-tilt state is small and therefore its transmittance is low. The Z bistable display can be 
addressed by DC voltages pulses. The width of the addressing voltage pulse is about 10 ps for a field of 
about 10 V/pm, with which video rate is possible. The relaxation time from the field-on state to the low-tilt 
state is about 20ms and the relaxation time from the other field-on state to the low-tilt state is about 1ms. 
The material can also be used to make reflective displays with the retardation adjusted properly. 

The Z bistable nematic LC can also be used to make displays by using a different geometry: the cell is 
made of the grating substrate and another substrate with a homogeneous anchoring [14,42]. The aligning 
direction of the homogeneous anchoring makes an angle of 90° with respect to the LC director near the 
grating surface in the low-tilt state. Thus a hybrid TN LC is formed. In making a transmissive display, 
two crossed polarizers are used. The groove of the grating is arranged parallel to one of the polarizers. 
When the LC is in the low-tilt state, the material acts as a polarization guide and the transmittance of the 
display is high. When the LC is in the high-tilt state, the polarization of the incident light is rotated only 
slightly and therefore the transmittance is low. The selection of the states is made by using DC voltage 
pulses in the same way as already described. In this design, higher contrast is achieved. Furthermore, 
written images are retained at zero field even if the display is squeezed. 

(2) Azimuthal bistable nematic LCs 

The alignment of a LC at the cell surface is due to the intermolecular interaction between the molecules 
of the alignment layer and the LC molecules as well as the geometrical shape of the surface of the 
alignment layer through the elastic energy of the LC. For an alignment layer having unidirectional 
grooves (grating), the LC is aligned along the groove direction. For an alignment layer having grooves in 
two perpendicular directions (bi-grating), two alignment directions can be created with properly 
controlled groove amplitude and pitch. The LC can be anchored along either direction. Thus two 
bistable orientation states can be achieved [43]. In order to be able to select the two states by applying a 
voltage in the cell normal direction, the pretilt angles of the two anchoring directions must be different. 

Alignment layers with two anchoring directions and different pretilt angles can be produced by 
obliquely evaporating SiO on glass substrates twice. The blaze direction of the first evaporation is in the 
x—z plane (with azimuthal angle </> = 0°) and the blaze direction of the second evaporation is in the y-z 
phase (with azimuthal angle </> = 90°). The resulting alignment layer has two alignment directions: one 
has azimuthal angle <f> = 45° and a non-zero pretilt angle, and the other has azimuthal angle </> = —45° 
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Figure 10.19 Schematic diagram of the azimuhtal bistable nematic LC 

and zero pretilt angle. In a cell with two such alignment layers on the two substrates, there are two stable states 
as shown in Figure 10.19. Because of the non-zero pretilt angle, there are splay deformations in the two 
bistable states, which induce flexoelectric polarizations. In the state shown in Figure 10.19(a), the flexo- 
electric polarization is upward, while in the state shown in Figure 10.19(b), the flexoelectric polarization is 
downward. Therefore these states can be selected by using DC voltages applied across the cell. 


10.6 Bistable Cholesteric Reflective Displays 

70.6.7 Introduction 

Cholesteric (Ch) LC have a helical structure in which the LC director twists around a perpendicular axis 
named the helical axis [29]. The distance along the helical axis for the director to twist 2n is called the 
pitch and is denoted by P 0 . In this section we only discuss Ch LC with short pitches (in the visible and IR 
light regions). The optical properties of a Ch LC depend on the orientation of the helical axis with respect 
to the cell surface. There are four states as shown in Figure 10.20 [44]. When a Ch LC is in the planar 
state (also called planar texture) where the helical axis is perpendicular to the cell surface as shown in 
Figure 10.20(a), the material reflects light. A microphotograph of the planar state is shown in 
Figure 21(a). The dark lines are the disclination lines, called oily streaks [45-47], where the Ch layers 
are bent. When the LC is in the focal conic state (texture), the helical axis is more or less random 
throughout the cell as shown in Figure 20(b). It is a multi-domain structure and the material is scattering. 
A microphotograph of the focal conic state is shown in Figure 10.21(b), which is similar to the focal 
conic texture of smectic-A LC because the Ch LC can be regarded as a layered structure [46]. When an 
intermediate electric field is applied across the cell, the LC is switched to the fingerprint state (texture), 
and the helical axis is parallel to the cell surface as shown in Figure 10.20(c). A microphotograph of the 
fingerprint state is shown in Figure 10.21(c). When a sufficiently high field is applied across the cell, the 
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Figure 10.20 Schematic diagram of the Ch states 
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Figure 10.21 


Microphotographs of the Ch textures 


LC (Ae > 0) is switched to the homeotropic state where the helical structure is unwound with the LC 
director perpendicular to the cell surface as shown in Figure 10.20(d) [48]. The material is transparent 
in this state. When homeotropic alignment layers or weak homogeneous alignment layers are used 
(known as surface stabilization) or a small amount of polymer is dispersed in the LC (known as polymer 
stabilization), both the planar state and the focal conic state can be stable at zero field [49-54]. 


10.6.2 Optical properties of bistable Ch reflective displays 

(1) Reflection 

Bistable Ch reflective displays are operated between the reflecting planar state and the non-reflecting 
focal conic state. When a Ch LC is in the planar texture, the refractive index varies periodically in the cell 
normal direction. The refractive index oscillates between the ordinary refractive index n Q and the 
extraordinary refractive index n e . The period is PJ2 because n and —n are equivalent. The LC exhibits 
Bragg reflection at the wavelength 2 0 = 2n{P 0 /2 ) = nP Q for normally incident light [28], where n = 
(n e + n 0 )/2 is the average refractive index. The reflection bandwidth is given by A nP Q , where An = 
n e — n Q is the birefringence. The reflected light is circularly polarized with the same handedness as the 
helical structure of the LC. If the (normally) incident light is unpolarized, then the maximum reflection 
from one Ch layer is 50%; 100% reflection can be achieved by stacking a layer of left-handed Ch LC and 
a layer of right-handed Ch LC. In bistable Ch reflective displays, a color absorption layer is coated on the 
bottom substrate. When the LC is in the planar state, the reflection of the display is the sum of the 
reflection from the LC and the reflection from the absorption layer. When the LC is in the focal conic 
state, the reflection of the display is only contributed by the reflection of the absorption layer. If the 
absorption layer is black and the LC reflects green light, the planar state appears green while the focal 
conic state is black [55]. If the absorption layer is blue and the LC reflects yellow light, the planar state 
appears white and the focal conic state appears blue [56]. 

(2) Viewing angle 

When light is obliquely incident at an angle 6 on the Ch LC in the planar state, the central wavelength of 
the reflection band is shifted to A = nP o cos0. This shift of the reflection band is undesirable in display 
application if the LC is in the perfect planar state, because the color of the reflected light changes with 
viewing angle and the reflected light is only observed at the corresponding specular angle. This problem 
can be partially solved by dispersing a small amount of polymer in the LC or by using an alignment layer 
which gives weak homogeneous anchoring or homeotropic anchoring. The dispersed polymer and the 
alignment layer produce defects and create a poly-domain structure as shown in Figure 10.22(a). In this 
imperfect planar state, the helical axis of the domains is no longer exactly parallel to the cell normal but 
distributed around the normal. For incident light at one angle, light reflected from different domains is in 
different directions, as shown in Figure 10.22(b). Under room light condition where light is incident at 
all angles, at one viewing angle, light reflected from different domains has different colors. Because the 
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Figure 10.22 (a) Microphotograph of the imperfect planar state, (b) The reflection from the 

imperfect planar state under room light conditions 


observed light is a mixture of different colors, the colors observed at different viewing angle are not 
much different. The poly-domain structure of the imperfect planar state and the isotropic incidence of 
room light are responsible for the large viewing angle of the Ch display [57]. 

(3) Polymer-stabilized black-white Ch display 

The deviation of the helical axis from the cell normal direction in the poly-domain planar texture 
depends on the amount of the dispersed polymer. In the regular polymer-stabilized Ch display, the 
polymer concentration is low and the deviation is small. The reflection spectrum of the planar texture is 
not very wide as shown in Figure 10.23(a). The color of the reflected light is pure. The reflection spectra 
of surface-stabilized Ch displays are similar. The reflection of the focal conic texture is low as shown in 
Figure 10.23(a). If the polymer concentration is high, the deviation becomes large. When hP Q equals the 
wavelengh of red light, the reflection spectrum of the planar texture becomes very broad as shown in 
Figure 10.23(b). The planar texture has a white appearance. The display is called a polymer-stabilized 
black-white Ch display [58, 59]. In this display, the scattering of the focal conic texture is stronger than 
that of the focal conic texture of the regular polymer-stabilized Ch displays. 


(4) Gray scale 


The bistable Ch displays exhibit gray-scale memory states because of their multi-domain structure [55, 
60, 61]. For each domain, it is bistable that it is either in the planar state or in the focal conic state. For 
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Figure 10.23 The reflection spectra of the Cholesteric displays: P, planar texture; F, focal conic 
texture, (a) The regular polymer-stabilized Ch display, (b) The polymer-stabilized black-white display 
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different domains, the voltages to switch them from the planar state to the focal conic state are different. 
Once a domain is switched to the focal conic state, it remains there even after the applied voltage is 
turned off. If initially the LC is in the planar state, under a low applied voltage, few domains are 
switched to the focal conic state and the resulting reflectance is high; under a high applied voltage, many 
domains are switched to the focal conic state and the resulting reflectance is low. Therefore gray-scale 
reflectances are possible in bistable Ch reflective displays. The domain has a size around 10 pm and 
cannot be observed by the naked eye. 

(5) Multiple color Ch displays 

In a Ch display with a single layer of Ch LC, only a single color can be displayed. In order to make 
multiple color displays, Ch LCs with a variety of pitches must be used. This can be done either by 
stacking multiple layers of Ch LC with different pitches or by using one layer of Ch LC with different 
pitches partitioned in-plane. 

Multiple color displays from one layer can be made from pixelation of colors. The displays have three 
alternating types of stripes of Ch LCs with three different pitches refelcting blue, green, and red light. 
Partition or other means of preventing interstripe diffusion must be used. Polymer walls, especially field- 
induced polymer walls, are good candidates. The different pitches can be achieved by two methods. In 
the first method, empty cells with partitions are filled with three Ch LCs with different pitches. The 
second method is photo color tuning [62, 63]. A photo-sensitive chiral dopant is added to the LC. The 
dopant undergoes a chemical reaction under UV irradiation and thus its chirality changes, and the pitch 
of the LC changes. After the display cells are filled with the mixture, the cells are irradiated by UV light 
with photomasks. By varying the irradiation time, different pitches are achieved. In this method, 
partitions are fabricated either before or after the photo color tuning. A polymer dispersing technique 
with large LC droplets can also be used with this method [64]. The major drawback of one-layer multiple 
color displays is that the reflection is low. 

Multiple color displays from multiple layers are made by stacking three layers of Ch LCs with pitches 
reflecting blue, green, and red light [65-68]. Single layer displays with the three colors are fabricated first. Then 
they are laminated togther. In order to decrease parallax, thin substrates, preferably substrates with a conducting 
coating on both sides, should be used to decrease the distance between the LC layers. Because of the scattering 
of the Ch LC, experiments show that the best stacking order from bottom to top is red, green, and blue. 

70.6.3 Encapsulated Ch LCDs 

When Ch LC are encapsulated in droplet form, the bistability can be preserved when the droplet size is 
much larger than the pitch [64]. There are two methods which are used to encapsulate Ch LCs: phase 
separation and emulsification. In the phase separation method [69], the Ch LCs is mixed with monomers 
or oligomers to make a homogeneous mixture. The mixture is coated on plastic substrates and then 
another substrate is laminated on. The monomers or oligomers are then polymerized to induce phase 
separation. The LC phase separates from the polymer to form droplets. In the emulsification method 
[70-73], the Ch LC, water, and a water-dissolvable polymer are placed in a container. The water 
dissolves the polymer to form a viscous solution, which does not dissolve the LC. When this system is 
stirred with a propeller blade at a sufficiently high speed, micron-size LC droplets are formed. The 
emulsion is then coated on a substrate and the water is allowed to evaporate. After the water evaporates, a 
second substrate is laminated to form the Ch display. 

The encapsulated Ch LCs are suitable for flexible displays with plastic substrates. They have much 
higher viscosities than pure Ch LCs and can be coated on substrates in a roll-to-roll process [71, 72]. The 
polymers used for the encapsulation have good adhesion to the substrates and can make the materials 
self-adhesive to sustain the cell thickness. Furthermore, the encapsulated Ch LCs can no longer flow 
when squeezed, which solves the image-erasing problem in displays from pure Ch LCs where squeezing 
causes the LC to flow and to be switched to the planar state. 
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Figure 10.24 Schematic diagram showing the transitions among the Ch states 

10.6.4 Transition between Ch states 

The state of a Ch LC is mainly determined by surface anchoring, cell thickness, and applied fields. The 
LC can be switched from one state to another by applying electric fields. There are many possible 
transitions among the states as shown in Figure 10.24 [50, 54]. In order to design drive schemes for the 
bistable Ch reflective display, it is essential to understand the transitions. The Ch LC considered here 
have positive dielectric anisotropies unless otherwise specified. 

(1) Transition between planar state and focal conic state 

Under a given electric field and boundary conditions, a LC system is in a state with minimum free 
energy. In considering the state of the Ch LC in the bistable Ch display, the energies involved are the 
elastic energy of the deformation of the LC director, electric energy, and surface energy. In both the 
planar and focal conic states, the helical structure is preserved. In the planar state, the elastic energy is 
zero because there is no director deformation, while in the focal conic state, the elastic energy is positive 
because of the bend of the Ch layers. The electric energy is given by —(1 /2)A ss 0 (E ■ n) 2 , which depends 
on the orientation of the LC director. In the planar state, the electric energy is zero because the LC 
director n is perpendicular to the field everywhere, while in the focal conic state, the electric energy is 
negative because the LC is parallel to the applied field in some regions. The elastic energy is against the 
planar-focal conic (P—F) transition while the electric energy favors the transition. When the applied field 
is sufficiently high, the planar state becomes unstable and the LC transforms from the planar to the focal 
conic state. There are two possible mechanisms for the transition from the planar to the focal conic state. 
One mechanism is the oily streaks as shown in Figure 10.25 [45,47]. The oily streaks are bent Ch layers 
whose structure is shown in Figure 10.25(b). When the applied field is higher than a threshold E oi i y , the 




(a) (b) 

Figure 10.25 (a) Microphotograph of the oily streaks in the Ch LC. The bright finger is the oily 

streak. The dark background is the planar texture, (b) Schematic diagram showing the structure of the 
oily streak in cross-section 
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(a) (b) 


Figure 10.26 (a) Microphotograph of Helfrich deformation, (b) Schematic diagram showing the 

structure of Helfrich deformation in a plane perpendicular to the cell surface 

oily streaks nucleate from seeds such as impurities, guest particles, and surface irregularities; they grow 
with time until the whole system is switched into the focal conic state. The other mechanism is Helfrich 
deformation, as shown in Figure 10.26. Helfrich deformation is a 2-D undulation in the plane parallel to 
the cell surface [29,45,74,75]. The structure of the LC in a vertical plane is shown in Figure 10.26(b). The 
wavelength of the undulation is X = ( 2 X 33 (hPffi) 1 ^ 1 . When the applied field is above a threshold 

EHelfrich 9 the Ch layers start to undulate. Helfrich deformation is a homogeneous process and can take 
place simultaneously everywhere, and therefore it is much faster than the process of the oily streak. Once 
the applied field is above the threshold E He ifr ic h, the amplitude of the undulation increases with increasing 
voltage, and eventually the amplitude diverges and the LC transforms into the focal conic state. 

In bistable Ch reflective display applications, it is desirable that the threshold of the transition from the 
planar state to the focal conic state be high so that the Ch LC can remain in the planar state and the 
display does not exhibit flicker under addressing column voltage. 

Once the Ch LC is in the focal conic state, it may remain there, depending on the surface anchoring 
condition. In bistable Ch reflective displays where either weak tangential or homeotropic alignment layers 
are used or polymers are dispersed in the LC, the LC remains in the focal conic state when the applied 
voltage is turned off. In order to switch the LC from the focal conic state back to the planar state, a high 
voltage must be applied to switch it to the homeotropic texture, then it relaxes back to the planar state after 
the high voltage is removed. This will be discussed in more detail later. If the cell has strong homogeneous 
alignment layers, the focal conic texture is not stable and the LC relaxes slowly back to the planar texture. 

(2) Transition between the fingerprint state and homeotropic state 

When the LC is in the focal conic state and the externally applied electric field is increased, more LC 
molecules are aligned parallel to the field. The LC is gradually switched to the fingerprint state. There is 
no sharp boundary between the focal conic state and the fingerprint state. When the applied field is 
increased further, the pitch of the LC becomes longer as shown in Figure 10.27. When the applied field is 
above a threshold E c , the helical structure is unwound [29,48], the pitch becomes infinitely long, and the 
LC is switched to the homeotropic state. 

We first consider the unwinding of the helical structure. As the applied field is increased, the pi-walls 
(the narrow regions in which the LC director rotates by n) are propelled apart horizontally and 
annihilated at the boundaries far away. In the fingerprint state, the LC director is given by n x = sin 6 (y), 
n y = 0, n z = cos 0(y). The free energy is given by 

/ = ^K 2 2 [n ■ (V X n) + q„] 2 - ss 0 (n ■ E) 2 

= ^ K 22 (O' — q 0 ) 2 + ^AsE o E 2 sm 2 0 + constant 


(10.13) 
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Figure 10.27 Schematic diagram showing the process of unwinding the helical structure in the 
fingerprint-homeotropic transition 


where 6 ' = d6/dy. The constant in this equation does not affect the director configuration and can be 
omitted. Using the dimensionless variables 

<A = f/Knql, £ = q 0 y, <? = e/e 0 


where 




we have the dimensionless free energy density 


•A 


1 fde 

2 



(10.14) 


Using the Euler-Lagrange equation to minimize the free energy, we obtain 

dd 

d£ 

where A is the integration constant, which is field dependent. When e = 0, dO/dt; = 1 then A = 1. 
When e>ec= E c /E 0 , dO/d£ = 0 and 6 = 0, hence. Thus, as the applied field is increased from 0 to 
e c , A changes from 1 to 0. The state normalized periodicity of the fingerprint state is ( P/2)q 0 and is 
given by 


(f sine) +A 


(10.15) 


71 

(P/2)q 0 = J A+ (y sine ) 


- 1 - 1/2 


d6 


(10.16) 


By substituting Equation (10.15) into Equation (10.14), we have the free energy density 

/ 1 /. do (ne\2 . 2 n 

* = 2 {1+A) -di + V2) sme 


(10.17) 
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The free energy density is a periodic function of £ with the a period of (P/2)q 0 . The averaged free energy 
density is given by 


P/2 

f |"1 d6 (Tie . y 

J [2 (1+A) -^ + (y sin0 ) 
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(P/2)qo 
dd 


/*ri dO (Tie . \ 


dc 
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_7t + /{/ A + (? sin0 ) 
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Minimizing x// with respect to A, dxj//dA = 0, which gives 
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(10.18) 


(10.19) 


At any applied field e, the value of A can be found by solving Equation (10.19). Once the value of A is 
known, the helical pitch P can be calculated from Equation (10.16). At the threshold e c , A = 0. From 
Equation (10.19), we can obtain that e c = 1. At this field, the pitch is 


(P/2)q 0 = 


n 



) 



0 


TC 



— 1 

dO = oo 


Therefore the critical field unwinding the helical structure is 


_n I K 2 2 _ n 2 I K 2 2 
2 y SqAs Pq y GqAs 


( 10 . 20 ) 


In reality, the pi-walls in the fingerprint-homeotropic transition are not parallel to each other. Instead, 
they form circles. The pi-wall circles shrink with increasing field. They annihilate at a threshold, which 
depends on the cell thickness and anchoring condition, slightly higher than E c . 

The fingerprint state homeotropic transition is reversible. The LC can transform directly from the 
homeotropic state back to the fingerprint. The transition is, however, a nucelation process and therefore is 
slow (on the order of 100 ms). There is also a hysteresis where the transition occurs only when the applied 
field is decreased below a threshold which is lower than the threshold to unwind the helical structure. If 
there are no nucelation seeds, the formation of helical structure in the middle of the homeotropic state 
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Relaxation from the homeotropic state to the planar state 
Figure 10.28 Schematic diagram showing the rotation of the LC in the H-P relaxation mode 


always causes the free energy to increase, i.e., there is an energy barrier against the homeotropic- 
fingerprint (H-F) transition. Experiments have shown that the threshold Ehf of the H-F transition is about 
0.9 E c . The hysteresis plays an important role in the dynamic drive scheme which will be discussed shortly. 


(3) Transition between the homeotropic state and the planar state 

For the LC in the homeotropic state, when the applied field is turned down, there are two relaxation 
modes. One is the H-F mode in which the LC relaxes into the fingerprint state (and then to the focal conic 
state) as discussed in the previous section. The other is the H-P mode in which the LC relaxes into the 
planar state [76, 77]. The rotation of the liquid crystal in the H-P mode is shown in Figure 10.28. The 
liquid crystal forms a conic helical structure with the helical axis in the cell normal direction. As the 
relaxation takes place, the polar angle 6 increases. When the polar angle 6 is zero, the LC is in the 
homeotropic state. When the polar angle is 7 i/ 2 , the LC is in the planar state. 

We now consider the static conic helical structure. It is assumed that the polar angle 6 is a constant 
independent of z and the azimuthal angle </> varies along z with a constant rate q, i.e., the twisting is 
uniform. The components of the director n are given by n x = sin^cos (qz), n y = sin6sin(qz), and 
n z = cos 6. The free energy is given by 

/ = ^^ 22(^0 — qsin 2 0) 2 + ^K^q 2 sin 2 0cos 2 0 + ^ As£ o E 2 sin 2 0 (10.21) 

With the dimensionless variables K 3 = K 33 /K 22 , 2 = q/q 0 , = f /Kyic^, and e = E/E c , the free 

energy becomes 

i// = i (1 — 2 sin 2 d ) 2 + ^^ 32 2 sin 2 dcos 2 d + ^ sin 2 d ( 10 . 22 ) 


By minimizing \/j with respect to 2, we obtain 

2 = —2- 1 - t 

sin 2 d + cos 2 6 

That is, Q = _?£_ 

sin 2 d + K^cos^O 


(10.23) 


When the polar angle 6 is very small, q = q 0 /E^ = ^ 22 ^ 0 /^ 33 , and the pitch is P = (K^/K 22 )P 0 - 
For most liquid crystals, K 33 /K 22 ~ 2. Hence the pitch p of the conic helical structure with small polar 
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angle is about twice the intrinsic pitch P Q . When the polar angle 6 is n/2, q = q 0 , i.e., P = P Q . After 
the minimization with respect to A, the free energy is 


/ 1 1 ■ 

= - + -sm 2 0 
2 2 




1 


^3 + (l-^ 3 )sin 2 0 


(10.24) 


We then examine whether there is any stable conic helical structure. We minimize the free energy with 
respect to the polar angle 6, 


d\1/ 1 /7t \ 2 

d{sin 2 0) ~ 2 \2 7 2[K 3 + (1 - /sT 3 )sin 2 0] 2 

a 2 iA Jr 3 (i-g 3 ) 

<7(sin 2 7) 2 A's + (1 — )sin 2 0] 3 


(10.25) 

(10.26) 


Because K$> 1, the second-order derivative is negative, and therefore there is no minimum free 
energy state in the region 0 <6 <n/2; therefore there is no stable conic helical structure. The LC is 
either in the homeotropic state with 6 = 0 or in the planar state with 6 = n/2. In Figure 10.29 the free 
energy of the conic helical structure given by Equation (10.24) is plotted as a function of sin 2 0 at three 
different fields; e eq = 2/n is the field at which the planar state and the homeotropic state have the same 
free energy. At this field however, there is an energy barrier between the two states. When the applied 
field is increased from e eq , the free energy of the homeotropic state becomes lower than that of the planar 
state, but the energy barrier persists. The energy barrier becomes lower with increasing field. When the 
field is sufficiently high, the energy barrier decreases to zero, and the planar state will become absolutely 
unstable. The critical field e p h = (2/n)y/K^ can be obtained from the equation 


dxjj 

d(sin 2 0) 


= 0 

0=n/2 


The un-normalized critical field for the P-H transition is 


Eph — 

71 

For a LC with K 33 /K 22 = 2, Eh p = 0.9 E c , which is slightly lower than the critical field E c to unwind the 
helical structure in the fingerprint state. If the field is decreased from e eq , the free energy of the planar 




Figure 10.29 The free energy of the conic helical structure as a function of the polar angle 6 at 
various applied fields 
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state becomes lower than that of the homeotropic state, but the energy barrier persists. The energy barrier 
becomes lower with decreasing field. When the field is sufficiently low, the energy barrier decreases to 
zero, and the homeotropic state will become absolutely unstable. The critical field ep p = (2/n)/ 
can be obtained from the equation 


dxl/ 

d(sin 2 0) 


= 0 

0=0 


The un-normalized critical field under which the H-P relaxation can occur is 


Ehp — 

71 

For a liquid crystal with K 33 /K 22 = 2, E^ p = 0.45 E c , which is much lower than the threshold E^f for 
the H-F relaxation mode. Detailed dynamic studies show that in the H-P transition, the polar angle 
changes quickly but not the twisting rate. When the polar angle changes from 0 to 7i/2, the twisting rate 
is still around (^ 22 /^ 33 )<7o which corresponds to the pitch ( K^/Ky^Eo- This planar state with the 
pitch (Ky$/K22)P 0 is called the transient planar state. The transition from the homeotropic state to the 
transient planar state is a homogeneous transition with the transition time Tp p ttyP^/Kn- For a LC 
with y = 5 x 10 -2 NS/m 2 , K 22 = 10“ 11 N, and P Q = 0.5 pm, T^p ~ 1 ms. The transient planar state is 
unstable because its elastic energy is still high and the LC will relax through a nucleation process into 
the stable planar state with intrinsic pitch P Q [78]. The transition time is of the order of 100 ms. 

In summary, if the LC is in the homeotropic state and the applied field is reduced, there are two 
possible relaxation modes. If the applied field is reduced to the region E^ p < E < E^f, the LC relaxes 
slowly into the fingerprint state and then to the focal conic state when the applied field is reduced further. 
If the applied field is reduced below E^ p , the LC relaxes quickly into the transient planar state and then to 
the stable planar state. In bistable Ch reflective displays, the way to switch the LC from the focal conic 
state to the planar state is by first applying a high field to switch it to the homeotropic state, and then 
turning off the field quickly to allow it to relax to the planar state. 



10.6.5 Drive schemes for bistable Ch displays 

As discussed in previous sections, Ch LC exhibit two bistable states at zero field: the reflecting planar 
state and the non-reflective focal conic state. They can be used to make multiplexed displays on passive 
matrices. In this section, we consider the drive schemes for the bistable Ch displays. 

(1) Response of bistable Ch material to voltage pulses 

In order to design drive schemes, we first must know the electro-optical response of the bistable Ch LC to 
voltage pulses. A typical response of a bistable Ch LC to a voltage pulse is shown in Figure 10.30 [51]. 
The horizontal axis is the amplitude of the voltage pulse. The vertical axis is the reflectance measured not 
during the pulse but a few hundred milliseconds after the removal of the voltage pulse , when the 
reflectance no longer changes. The response depends on the initial state of the Ch material. Curve a 
represents the response of the material initially in the planar state which is obtained by applying a voltage 
pulse higher than V$. When the voltage of the pulse is below V\ = 18 V, the stability threshold voltage, 
the Ch material remains in the planar state during and after the pulse. When the voltage of the pulse is 
increased above V \, some domains are switched into the focal conic state during the pulse and stay in 
the focal conic state after the pulse, and thus the reflectance after the pulse decreases. The higher the 
voltage of the pulse, more domains are switched to the focal conic state. When the voltage of the pulse 
reaches V 2 = 34 V, all the domains are switched to the focal conic state and the minimum reflectance is 
reached. The region from V\ and V 2 is the best region to achieve gray-scale reflectance. When the 
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Figure 10.30 The response of the bistable Ch LC to voltage pulses 40 ms wide: a, initially in the 
planar state; b, initially in the focal conic state 

voltage of the pulse is increased above V 3 = 38 V, some domains are switched to the homeotropic state 
and the remaining domains are switched to the focal conic state during the pulse. The domains switched 
to the homeotropic state relax to the planar state after the pulse, and therefore the reflectance increases 
again. When the voltage of the pulse is increased above V 5 = 46 V, all domains are switched to the 
homeotropic state during the pulse and relax to the planar state after the pulse, and the maximum 
reflectance is obtained. Curve b represents the response of the material initially in the focal conic state 
which is obtained by applying an intermediate voltage pulse with a voltage, say, V 3 . When the voltage of 
the pulse is below V 4 = 44 V, the Ch material remains in the focal conic state during and after the pulse. 
When the voltage of the pulse is increased above V 4 , some domains are switched to the homeotropic state 
and the remaining domains stay in the focal conic state during the pulse. The domains switched to the 
homeotropic state relax to the planar state after the removal of the pulse, and therefore the reflectance 
increases. When the voltage of the pulse is increased above V& = 52 V, all the domains are switched to 
the homeotropic state during the pulse and relax to the planar state after the pulse, and the maximum 
reflectance is obtained. 

(2) Conventional drive scheme for bistable Ch displays 

Because of the bistability and high stability threshold of Ch LC, they can be used to make multiplexed 
displays on a passive matrix. In the conventional drive scheme for the bistable Ch display, the display is 
addressed one line at a time [51, 54]. A high-voltage pulse switches the LC into the reflecting planar state 
and a low-voltage pulse switches the LC into the non-reflecting focal conic state. For the Ch LC whose 
response to a voltage pulse is shown in Figure 10.30, for the row being addressed, the applied voltage is 
V a = (y^ ~F Vf)/2 — 45 V, as shown in Figure 10.31. The column voltage to select the planar state is 
— \tSV = —\(Ve — V 3 ) = —7 V (out of phase with respect to the row voltage). The voltage across the 
pixel to be addressed to the planar state is V a — (—\ AV) = V The column voltage to select the focal 
conic state is \ AV = — V 3 ) = +7 V (in phase with respect to the row voltage). The voltage across 

the pixel to be addressed to the focal conic state is V a — \ AV = V 3 . If the column voltage is varied 
between — \ AV and \ AV, gray-scale reflectance can be obtained [79]. For the rows not being addressed, 
the applied voltage is V na = 0. For the pixels on the row not being addressed, the absolute value of the 
voltage applied across them is |^AL| =7V, which is lower than the stability threshold voltage 
V\ = 18Y, as shown in Figure 10.30. Therefore the state of the Ch LC in these pixels remains 
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Figure 10.31 Schematic diagram showing how the Ch display is addressed by the conventional drive 
scheme 

unchanged. In this drive scheme, the time interval to address one line is usually a few tens of 
milliseconds. Therefore this drive scheme is only suitable for low-information-content displays. 

(3) Dynamic drive scheme for bistable Ch displays 

The dynamic drive scheme makes use of the dynamic process of the H-P transition and the hysteresis 
in the focal conic-homeotropic transition, and is much faster. The dynamic drive scheme consists 
of three phases: preparation, selection, and evolution, as shown in Figure 10.32 [54, 80]. In the 



Figure 10.32 Schematic diagram of the dynamic drive scheme for the Ch display 
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preparation (with the time interval A tp ~ 50 ms), a high-voltage pulse is applied to switch the Ch LC 
into the homeotropic state. In the selection phase (with the time interval Ats ~ 1 ms), if the applied 
voltage is V H , which is higher than V hp , the LC remains in the homeotropic state because of the high 
voltage and short time interval. If the applied voltage is V L , which is lower than V hp , the LC relaxes 
into the transient planar state. In the evolution phase (with the time interval Ats ~ 50 ms), the applied 
voltage is between V hf and V c . If the LC is selected to remain in the homeotropic state in the selection 
phase, it remains in the homeotropic state in the evolution phase because the applied voltage is higher 
than the threshold voltage V h f and thus the material cannot relax into the focal conic state [50, 81]. If 
the LC is selected to transform into the transient planar state in the selection phase, it is switched to 
the focal conic state but not the homeotropic state in the evolution phase because the transient planar 
state is unstable under the field and the applied voltage is lower than V c . After the evolution phase, the 
applied voltage is reduced to zero. If the LC remains in the homeotropic state in the evolution phase, it 
relaxes to the planar state. If it is switched to the focal conic state in the evolution phase, it remains in 
the focal conic state. Although time intervals of the preparation and evolution phase are long, time can 
be shared by simultaneously putting multiple lines in the preparation and evolution phases. The time 
(frame time) needed to address a AMine display is A tp + N x A ts + A tp, which is much shorter than 
the frame time of the conventional drive scheme. The addressing speed of the dynamic drive scheme is 
fast enough for electronic book and paper applications, where an updating rate of one page per second 
is required, but not fast enough for video rate applications. 


Homework Problems 

10.1 Multiplexed STN LCD on a passive matrix. In order to have 100 rows, how steep must the 
voltage-transmittance curve be at least? Hint: find the y value defined by Equation (10.6). 

10.2 Consider a (0°, 180°) bistable TN LC where the entrance polarizer is at 45° with respect to the LC 
at the entrance plane and the exit polarizer is at —45° with respect to the LC at the entrance plane. 
Find the three values of the retardation with which the display has contrast ratios. Give the trans- 
mittances of the bright and dark states under those retardation values. 

10.3 In the Helfrich deformation shown in Figure 10.26, the thickness of the cell is h. The cholesteric 
liquid crystal has pitch P and dielectric anisotropy Ae( > 0). For small undulations, calculate the 
field threshold End frich and the wavelength 2 of the undulations. 

10.4 In the fingerprint-homeotropic transition shown in Figure 10.27, calculate the integration constant 
A and the normalized pitch P/P Q as a function of the normalized electric field E/Eq. 
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11 


Liquid Crystal/Polymer 
Composites 


11.1 Introduction 

Liquid crystal/polymer composites (LCPCs) are a relatively new class of materials for use in displays, 
light shutters, optical fiber telecommunications, and switchable windows [1—5]. They consist of low- 
molecular-weight liquid crystals and high-molecular-weight polymers, which are phase separated. 
According to the morphology, LCPCs can be divided into two sub-groups: polymer-dispersed liquid 
crystals (PDLCs) and polymer-stabilized liquid crystals (PSLCs). In a PDLC, the liquid crystal exists 
in the form of micron- and submicron-size droplets which are dispersed in the polymer binder. The 
concentration of the polymer is comparable to that of the liquid crystal. The polymer forms a 
continuous medium, but the liquid crystal droplets are isolated from one another. A scanning electron 
microscope (SEM) picture of a PDLC sample is shown in Figure 11.1(a). In a PSLC, the polymer 
forms a sponge-like structure. The concentration of the liquid crystal is much higher than that of 
the polymer. The liquid crystal forms a continuous medium. A SEM picture of a PSLC is shown in 
Figure 11.1(b). LCPCs can also be divided into two sub-groups according to the application: scattering 
device and non-scattering device. In a scattering device, the polymer produces or helps to produce a 
poly-domain structure of the liquid crystal in one field condition. The domain size is comparable to the 
wavelength of the light to be scattered. The material is highly scattering because of the large 
birefringence of the liquid crystal. In another field condition the liquid crystal is aligned unidir- 
ectionally along the applied field and the material becomes transparent. Two scattering devices from 
LCPCs are shown in Figure 11.2(a) and (b). In a non-scattering device, the liquid crystal is used to 
stabilize states of the liquid crystal. 


11.2 Phase Separation 

LCPCs are phase-separated systems. In order to understand the phase separation involved, we will 
first discuss the basics of phase separation. Composites (or mixtures) have two or more components. 
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Figure 11.1 (a) SEM picture of a PDLC. It was taken after the PDLC sample was fractured and 

the liquid crystal was extracted. The dark circles correspond to the liquid crystal droplets, (b) SEM 
picture of a PSLC. The picture was taken after the cell was split and the liquid crystal was 
extracted 


They can be divided into two classes: homogeneous mixture and heterogeneous mixture. In a 
homogeneous mixture, the constituents are mixed on an atomic (or molecular) scale to form a single 
phase. Conversely, a heterogeneous mixture contains two or more distinct phases. Whether a 
composite forms a homogeneous single phase or phase separates to form a heterogeneous mixture is 
determined by the free energy. If the homogeneous mixture has a lower free energy than the 
heterogeneous mixture, the composite is in the homogeneous phase. If the heterogeneous mixture has 
a lower free energy than the homogeneous mixture, the composite is in the heterogeneous phase. The 
mixing free energy F m is defined as the free energy F^ omo of the homogeneous mixture minus the 
free energy Fhetero of the completely phase separated system, namely, F m = Fh om o — ^hetero- Phase 
separation depends on the details of the curve of the mixing free energy as a function of 
concentrations of the components. 



Figure 11.2 (a) Photo of the light shutter from polymer-stabilized cholesteric texture (PSCT) normal 

material, (b) Photo of the display from PSCT reverse-mode material 
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11.2.1 Binary mixture 

The simplest mixture is a binary mixture that has two components A and B. In order to understand phase 
separation in this system, we consider its mixing free energy which is composed of two parts, mixing 
interaction energy U m and mixing entropy S m : 

F m — U m — TS m (11.1) 

where T is the temperature. The mixing interaction energy is the interaction energy of the 
homogeneous mixture minus the interaction energy of the completely phase-separated heterogeneous 
mixture. In the calculation of the mixing interaction energy, we assume that the molecules only 
interact with their nearest neighbor molecules. The interaction energies are uaa for the interaction 
between A and A , ubb for the interaction between B and B, and uab for the interaction between A 
and B. The total number of particles of the system is N , among which the total number of A particles 
is Na and the total number of B particles is Nb . The molar fraction of component B is xb = x = 
Nb/N and the molar fraction of component A is xa = l — x = Na/N. The number of nearest 
neighbors is P. In the homogeneous phase, among the nearest neighbors, the average number of A 
particles is (1 — x)P and the average number of B particles is xP. The total interaction energy of the 
homogeneous mixture is [6] 

f^homo -{Na [(1 — x)Puaa + xPuab] + Nb [(1 — x)Puab + xPubb] } 

N (H-2) 

-P{(1 -*)[(1 -x)u A a +xuab\ +*[(1 -x)u A b T xu B b]} 

where the factor 1/2 is used to take care of double counting the interaction energy. When the 
components are completely phase separated, the total interaction energy is 

f^hetero ^N A Pu A A + ^N B xPu B B = ^NP[(l - x)uaa + XU B b\ (11.3) 


Therefore 


FJ m — f^homo f^hetero — ^ PNx(\ x) (7.11 a B ^AA u Bb) (11*4) 

The average mixing interaction energy per particle is 

= Y = \ Px ( l -x){2u A b - uaa- u B b ) ( 11 . 5 ) 

Now we consider the mixing entropy. Imagine putting the Na A particles and Nb B particles into a lattice 
with N = Na+Nb lattice sites. The number of distinct states (arrangements of the particles) is [6] 

N\ N\ 

G ~ N a \N b \ ~Jn z Nb)W. (11 ' 6) 


When the system is completely phase separated, the number of states is close to one. Therefore the 
mixing entropy is 


S m = k B \n G- k B \n 1 = k B [lnN\\ - lnAfc!| - ln{N - N B )\] 


(11.7) 



310 LIQUID CRYSTAL/POLYMER COMPOSITES 



Figure 11.3 Schematic diagram showing the mixing free energy/as a function of the fraction v at 
two temperatures 


For a macroscopic system, N^>1, Na 1, and N B ^>1. Using the Sterling approximation that 
In A/1 = N(lnN — 1), Equation (11.7) becomes 


Sm — 

-Nk B [( 1 

— v)ln(l — 

x) +xlnx\ 

(11.8) 

The mixing entropy per particle is 





Sm 

~k B ( 1 - 

- v)ln(l — x) 

— k B x In v 

(11.9) 

The mixing free energy per particle is 





fm = Ts m — 

ax( 1 — 

x) + k B T[( 1 

— x)ln(l — x) — x\nx\ 

(11.10) 


where a = \P(2uab — uaa — u BB ). In future discussions, the subscript m is omitted and when we say the 
free energy, we mean the mixing free energy. The entropic part of the mixing free energy is always 
negative and therefore always favors mixing. If the mixing interaction energy is negative, then the mixing 
free energy is negative and the system will be in the homogeneous phase. If the mixing interaction energy 
is positive, we have to look at the details of the/ vs. x curve in order to see whether the system will phase 
separate or not. From Equation (11.10) we have 

U = ~ a + k BT (l + i/x) (1L11) 

The second-order derivative has a minimum value at x = 0.5, which is (d 2 f/dx 2 ) min = —a + 4k B T. 
When the temperature T is greater than a/4k B , the second-order derivative is positive at any fraction x. 
The / vs. v curve is shown by curve (1) in Figure 11.3. The system is in the homogeneous phase. When 
the temperature T is less than a/4k B , d 2 f/dx 2 < 0 in some region. The / vs. x curve is shown by curve 
(2). We will show that in this case the system phase separates into an A-rich phase (more A particles in 
the phase) and a B-rich phase (more B particle in the phase). We say the system is partially mixing. 

Now we examine the partial mixing case in more detail. Consider a mixture with N particles and 
the fraction (of B particles) x Q . The number of A particles in the mixture is Na = (1 — x)N and 
the number of B particles in the mixture is Na = xN. Its free energy per particle of the homogeneous 
mixture is f Q as shown in Figure 11.4. Assume that it phase separates into two new phases: phase 1 
with the fraction x\ and phase 2 with the fraction x^. N\ particles are in phase 1 and Afc particles are in 
phase 2. Because of the conservation of particles, we have 


Na - (1 x a )N = (1 - xi)Ni + (1 - x 2 )N 2 


( 11 . 12 ) 


Nb = x 0 N = x\Ni + x 2 N 2 


(11.13) 
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Figure 11.4 Schematic diagram showing how the mixing free energy / changes in the phase 
separation 

Solving these two equations, we have 

Ni = / 2 N (11.14) 

(X2 -xi) 

Ni= (Xo JZ XlJ N (U15) 

(*2 -Xl) 

The average free energy per particle after phase separation is 

fl2 +N 2 fl ] + (/2 -fi) (11-16) 

which is the free energy value of the intersection point of the straight line 12 and the vertical line 
at x Q . It can be seen from the figure that /12 is lower than f Q . Therefore the phase separation can 
take place. It can also be seen that the free energy can even be lowered further if the mixture 
phase separates into phase a and phase /. Points a and / are the tangential points of the straight 
line a/ to the free energy curve [6]. Now the average free energy per particle after the mixture 
phase separating into phases a and / is 


/mmg/. + fo —X fp-U) (11-17) 

(xp-x a ) 

Therefore, if x a <x<xp , the single homogeneous phase is not stable and the mixture phase 
separates into phase a and phase /. If 0<x<x a and xp<x<l, the free energy increases if the 
mixture phase separates, and therefore the mixture does not phase separate and the single 
homogeneous phase with the initial fraction is stable. 

The criterion to determine partial phase separation is the second-order derivative of the free 
energy with respect to the concentration. If d 2 f / dx 2 > 0 for any v, it is impossible to draw a straight 
line that is tangential to the free energy curve at two points, and there is no phase separation. If 
d 2 f/dx 2 < 0 in some region, the free energy curve must have a local maximum at a fraction within 
this region, and it is possible to draw a straight line tangential to the free energy curve at x a and xp. 
The single homogeneous phase is not stable in the region (x a ,xp) and phase separation will take 
place. 

We next discuss how the mixing free energy changes as phase separation is taking place. Consider 
a composite with the initial fraction x 0 ; before phase separation, the free energy is f Q =f(x 0 ). As 
shown in Figure 11.5, if x Q is in the region (x a ,xp), the homogeneous phase is not stable and the 
system phase separates into two phases: phase 1 with the fraction xi = * 0 — Axi and phase 2 with 
the fraction X 2 = x c + Ax 2 . When the phase separation just begins to take place, Axi and Ax 2 are 
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Figure 11.5 Schematic diagram showing how the mixing free energy / changes as phase separation 
takes place 

very small. Because of particle conservation, the percentage of the material in phase 1 is 
[Ax 2 /(Axi + AX 2 )] and the percentage of the material in phase 2 is [Ax\/(Ax\ + AX 2 )]. The change 
of the free energy is (keeping up to second-order terms) 


A/= 
A/= 


-f{x 0 - Axi) + r^~?TZ^f( x o + Ax 2 ) -fix 0 ) 


(Ax\ + AX 2 ) 
AX2 


(Avi + AX2) 
Ax 1 


f{x ° )+ Tx 


(Ax\ + Ax 2 ) 


(Ax\ + AX 2 ) 

1 d 2 f 

Af =2 


fM+ fx 


iAx2)+ \U 


(-Ax ,) 2 


(Ax 2 ) 2 


— f( x o) 


(11.18) 


There are two types of phase separation in the region (x a ,xp). When x! <x 0 <x", erf /dx 1 < 0, the 
free energy decreases as phase separation takes place. The phase separation is known as the spinodal 
phase separation. When the phase separation occurs simultaneously throughout the system, it is 
referred to as the homogeneous transition. When x a < x Q < x f or x" <x () < xp, d 2 f / dx 2 > 0, the free 
energy increases in the initial stage of the phase separation process, which means there is an energy 
barrier against the transition. The phase separation is known as the binodal phase separation. When the 
deviation of the fractions of the phase-separated phases from the initial fraction is sufficiently large, the free 
energy will then decrease. In the phase separation, nucleation seeds are required to overcome the energy 
barrier, referred to as the nucleation transition. 


7 1.2.2 Phase diagram and thermally induced phase separation 

As mentioned earlier, the free energy of a binary mixture depends on the temperature. Therefore the 
phase separation also depends on the temperature. The phase diagram of a binary composite is shown 
in Figure 11.6. At low temperatures, the entropy term of the free energy does not contribute much 
to the free energy; d 2 f / dx 2 < 0 for fraction x in some region. The free energy is lowered when the 
system phase separates into two phases. For example, when the temperature is T\, the system phase 
separates into phase 1 with the fraction x\ and phase 2 with the fraction X 2 . The fractions x\ and X 2 
are the values of the intersection points of the horizontal line at T\, referred to as the tie line , with the 
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phase boundary of the two phase regions. As the temperature is increased, the entropy term plays 
a more important role which tends to make the system homogeneously mixing. The two-phase region 
becomes narrower. The summit point (x c , T c ) of the phase boundary curve is the critical point. At this 
temperature, the minimum value of the second-order derivative becomes zero. 

g = 0 <11.19) 

Because the second-order derivative has a minimum value at the critical point, we have 


dx \dx 2 J 



( 11 . 20 ) 


Equation (11.20) gives the location where the second-order derivative has a minimum. Equation (11.19) 
means the minimum of the second-order derivative is zero. When the temperature is above T c , 
d 2 f/dx 2 >0 for any fraction v. The system is in a single phase where the components are homo¬ 
geneously mixed. When the temperature is decreased from the single phase region into the two-phase 
region, the system transforms from single phase into two phases. This method can be used to produce 
phase separation in LCPCs, which is referred to as thermally induced phase separation (TIPS) [3, 7]. 

TIPS is used to make PDLCs. For example, 50% thermoplastic poly methyl methacrylate 
(PMMA) is mixed with 50% nematic liquid crystal E7 (from Merck). The glass transition 
temperature of PMMA is 105°C and the isotropic-nematic phase transition (the clearing point) 
temperature is 60.5°C. The materials can be uniformly mixed initially with the help of a common 
solvent, such as chloroform, in a bottle (more details will be given in the section on solvent-induced 
phase separation). Spacers can be added to help achieve uniform thickness of the PDLC film when 
the material is later sandwiched between two substrates. After mixing, the material is cast on a 
substrate and the solvent is allowed to evaporate in an open space. After evaporation of the 
chloroform, a cover glass is put on top of the PDLC. Pressure can be applied on the substrates to 
obtain uniform PDLC film thickness. At high temperature (> 70°C), the mixture is in a single 
homogeneous isotropic phase and the film appears clear. At room temperature, the liquid crystal 
phase separates from the thermoplastic to form droplets and the film is opaque. The droplet size can 
be controlled by the cooling rate with a smaller droplet formed at a faster cooling rate. TIPS is rarely 
used in manufacturing large-area PDLC films because it is difficult to achieve uniform thickness. It 
is, however, very useful in scientific investigations because PDLCs from thermal plastics can be 
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thermally cycled many times. Different droplet sizes can be obtained in one sample using different 
cooling rates. It should be noted that phase separation in LCPCs is complicated because of the 
involvement of mesophases. 


/ 7.2.3 Polymerization-induced phase separation 

The mixing entropy given by Equation (11.9) is only valid when both components of the binary 
composite are small molecules. When one (or both) of the components is a polymer, the number of 
distinct states decreases because of the constraint that consecutive monomers in a polymer chain must be 
in the neighboring lattice sites. Therefore the mixing entropy decreases [8]. 

We consider a system consisting of a polymer and a solvent (a low-molecular-weight molecule such 
as liquid crystal). There are n polymer molecules and m solvent molecules. The degree of poly¬ 
merization (number of monomers) of the polymer is v. One solvent molecule and one monomer of the 
polymer occupy the same volume. We calculate the number of distinct configurations of the system, 
from which the mixing entropy can be calculated. Imagine putting the polymer and solvent molecules 
into a lattice with N = nx + m lattice sites. Z is the number of nearest neighbors in the lattice. The 
polymer molecules are put into the lattice one by one. When the (i + l)th polymer molecule is put into 
the lattice, the first monomer of the polymer can be put into one of the N — ix lattice sites, because ix 
lattice sites have been occupied by the first i polymer molecules. Therefore the number of ways to put 
the monomer into the lattice is N — ix. The second monomer can only be put into one of the Z nearest 
neighbor lattice sites of the first monomer as shown in Figure 11.7. These lattice sites, however, may 
have been occupied by the first i polymer molecules. The number of lattice sites occupied by the first 
i polymers and the first monomer of the (i + l)th polymer is (ix +1). The probability that a lattice site 
is not occupied is (N — ix — l)/N. Therefore the average number of ways to put the second monomer 
into the lattice is Z[(N — ix)/N]. The third monomer can only be placed on the nearest neighbor lattice 
sites of the second monomer. One of these nearest neighbor sites is occupied by the first monomer. Now 
the probability that a lattice site is not occupied is (TV — ix — 2)/N. Therefore the number of ways to put 
the third monomer into the lattice is (Z — 1 ) [(TV — ix — 2)/N]. In such a way the remaining monomers of 
the (i + l)th polymer can be put into the lattice. The number of ways to put the (i + l)th polymer into 
the lattice is 


a-+1 = 2 P—«)]■ 


r {N-ix- 1) 


N 


(Z-l 


(N-ix-2) 


N 


(Z-l) 


[IV — (z +1 +1] 
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1Z/Z-1\ X - 2 ( N-ix )! 
21V \ N J (IV-ix-x)! 


( 11 . 21 ) 
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Figure 11.7 Schematic diagram showing how to put a polymer molecule into the lattice 
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where the factor 1/2 takes care of the fact that any of the two end monomers can be chosen as the first 
monomer. The number of ways to put the n polymer molecules into the lattice is 


G = - 
nl ■? 


ift*-a 

1= 1 


(Z-X 
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( 11 . 22 ) 


where the factor 1 /n\ takes care of the fact that the polymer molecules are not distinguishable. 
Because the solvent molecules are also not distinguishable, there is only one way to put them into the 
lattice sites not occupied by the polymer molecules. Therefore the number of distinct configurations is 
G. When the polymer and solvent are completely phase separated, the number of distinct config¬ 
urations of the n polymer molecules is (equivalently, putting the polymer molecules into a lattice with 
nx lattice sites) 


G 0 =—. 

n\ 


2 (nx) 


Z-l 


x—2 


(nx)l 

“or 


(11.23) 


The total mixing entropy is 

ASjfi — kj$ In Gr &£lnG 0 
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N~n(x~ 1)^1 
ml 


— &flln[(ftv) 


— n(x— 1 ) 
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(11.24) 


The volume fractions of the polymer and solvent are (j) n = nx/N = nx/(m-\-nx) = (j) and 
(f) m =m/N = m/(m-\-nx) =!—</), respectively. Therefore the total mixing entropy is [8-10] 


A S m = —kgN 

The mixing entropy per particle is 

A s m = — kfi 


^In0 + (1 -0)ln(l -0) 


^ln0 + (1 - 4 >) ln(l - 0) 


(11.25) 


(11.26) 


The mixing interaction energy per particle is (see Equation (11.5)) 


A u m — 2 z <K! u nn u mm ) 


(11.27) 


where u nn is the interaction energy between two monomers, u mm is the interaction energy between two 
solvent molecules, and u nm is the interaction energy between a monomer and a solvent molecule. The 
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Figure 11.8 Phase diagram of the polymer/liquid crystal system 
mixing free energy is 


f = Au m -TAs m = k B T 




(11.28) 


where Q = Z(2u nm — u nn — u mm )/2k B . This equation is known as the Flory-Huggins equation. The 
phase diagram of a polymer/liquid crystal system is shown in Figure 11.8. At high temperatures, the 
entropy dominates in the free energy and the system is in a homogeneous phase. At low temperatures, 
the mixing entropy cannot compensate for the mixing interaction energy, and the system phase 
separates into two phases. The summit point of the phase boundary between the single phase region 
and the two-phase region is the critical point. Thus the critical point (T c ,<f) c ) is an indication of the 
phase boundary is. The critical point can be calculated by using Equations (11.19) and (11.20): 


d 2 (f/k B T ) 


d<{> 2 

d^if/keT) 


<t> C Jc 




1 -<t>c + X(j)c 2 T c 


■ = 0 


<P C ,T C “ 4c) X( t>c 


From these two equations we have 


4*c 
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1 + yfx, 


T C = 2Q- 
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(1 + y/x) 2 


(11.29) 

(11.30) 

(11.31) 

(11.32) 


For large x(^>l), (j) c = l/y/x, T c = 2Q{\ — 2y/x) = 2Q{\ — 2(j) c ). With increasing degree of 
polymerization x, the critical volume fraction of the polymer decreases and the critical temperature 
increases, which indicates that the phase boundary moves upward and the two-phase region becomes 
larger. For example, consider a system with polymer fraction </> 0 at temperature T 0 as shown in 
Figure 11.8. Initially the degree of polymerization is x\ which is low. The mixing entropy is large. 
The system is in the homogeneous single phase. As the polymerization takes place, the degree of 
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polymerization increases, and the entropy decreases. The two-phase region expands. When the 
degree of polymerization becomes * 2 , the point (T 0 , </> 0 ) is now in the two-phase region. The liquid 
crystal and the polymer phase separate. This method can be used to produce phase separation in 
LCPCs, and is referred to as polymerization-induced phase separation (PIPS) [7]. The size of the 
liquid crystal droplets formed in this method depends on the polymerization rate. Under a faster 
polymerization rate, smaller droplets are formed. 

This method, especially with photopolymerization, is suitable for large-volume manufacture. In 
photopolymerization, monomers with acrylate or methylacrylate end groups, which have a double 
bond, are used. Some photo-initiators are also added. Upon absorbing a photon, the photo-initiator 
becomes a free radical which reacts with the acrylate group. The opened double bond reacts with 
another acrylate group. The chain reaction propagates until the opened double bond reacts with 
another free radical or open double bond, and then the polymerization stops. As an example, Norland 
66 (which is a combination of acrylate monomers and photo-initiators) and E7 (EM Chemicals) are 
mixed in the ratio 1:1. The mixture is sandwiched between two substrates with electrodes and then cured 
under the irradiation of UV light of a few milliwatts per square centimeter. The polymerization rate is 
determined by the photo-initiator concentration and UV intensity. Smaller droplets are formed under 
higher UV irradiation or higher photo-initiator concentrations. 

7 7.2.4 Solvent-induced phase separation 

It is difficult to mix liquid crystals directly with polymers because polymers are usually in solid state 
at room temperature. A solvent can be added to mix liquid crystals with polymers. We now consider 
phase separation in ternary mixtures with three components: liquid crystal (A), polymer (B), and 
solvent (C). We consider only the case where components A and B are immiscible in some region or 
fraction. Components A and C are miscible in any proportion and components B and C are also 
miscible in any proportion. 

A ternary mixture is specified by the three fractions xj, xg, and xc of the three components A, B, 
and C. Because xj +xb +xc = 1, only the fractions of two of the components have to be specified. 
Therefore a ternary mixture is represented by a point on a 2-D surface. The common way to represent 
ternary mixtures is the equilateral triangle diagram , as shown in Figure 11.9. The length of the three 
sides AB, BC, and AC of the triangle is one. The three comers A, B and C correspond to the three 
components. For a composite represented by a point P in the triangle, the fraction of a component is 
equal to the length of the line drawn from P to the side opposite to the comer representing the 
component, which is parallel to one of the sides from the corner. The fraction of A is PQ = xa, the 
fraction of B is PR = xb and the fraction of C is PS = xc- It can be shown from geometry that 
xa + xb + xc = 1. The equilateral triangle diagram has the following properties: 

(1) All the points on a line drawn from one comer of the triangle to the opposite side represent the 
composites in which the relative fractions of the two components represented by the other two 
comers remain unchanged. 


C 



Figure 11.9 Equilateral triangle representation of a ternary mixture 
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(2) When a mixture represented by point P phase separates into two phases represented by points U and 
V, the three points, P, U, and V, lie on a straight line and point P is between points U and V. The 
percentages of the material in the phases V and U are equal to PU/UV and PV/UV, respectively. 

The mixing free energy of a ternary mixture is given by 

/ = ~p[xaxb(2uab — uaa — ubb) +x a x c (2u A c — uaa — ucc ) +xbxc(2ubc — ubb — ucc\ 

~\~k B T [x A In va + x c In x B + x c In x c \ (11.33) 

where uaa is the interaction energy between A and A, ubb is the interaction energy between B and B, 
ucc is the interaction energy between C and C, uab is the interaction energy between A and B, uac 
is the interaction energy between A and C, ubc is the interaction energy between B and C, and p 
is the number of nearest neighbors. We consider the case where (2uab — uaa — ubb)>0, 
(2 uac ~ uaa ~ ucc) and (2ubc~ ubb~ wcc)< 0- When xc is large, Aw m <0, the three components 

are homogeneously mixed. When xc becomes small, A u m becomes positive. At sufficiently low 
temperatures, the system phase separates into two phases. The phase diagram is shown in Figure 11.10. 
For a composite, represented by point P, in the two-phase region, it will phase separate into two phases 
represented by points U and V which are the intersection points of a straight line, referred to as the tie 
line, with the phase boundary of the two-phase region. Point P lies on the straight line UV. UV is not 
necessarily parallel to AB and in this case the critical point T does not coincide with the summit point W. 
If the initial composite has a high fraction of the solvent, it is in the homogeneous single phase, say, it is 
represented by point I. When the solvent is allowed to evaporate, the point representing the composite 
moves along the straight line Cl toward the side AB, because the ratio between the fractions of the liquid 
crystal and polymer is fixed. When the fraction of the solvent becomes sufficiently low, the representing 
point moves across the two-phase region boundary at point F into the two-phase region; the system will 
phase separate into two phases. This method is also used to make PDLCs and is referred to as solvent- 
induced phase separation (SIPS). The droplet size can be controlled by the solvent evaporation rate 
with smaller droplets formed at higher evaporation rates. 

For example, 5% nematic liquid crystal E7 (Merck), 5% PMMA, and 90% chloroform are put into a 
closed bottle to mix. Then the homogeneous mixture, which is clear in appearance, is cast on a glass 
plate. The glass plate is put into a chamber with inject and vent holes. Air is blown into the chamber and 
then vented out at controlled rates. After a sufficient amount of chloroform has evaporated, the material 
changes to opaque when liquid crystal droplets begin to form. After all the chloroform has evaporated, 
another glass plate is put on top of the first glass plate to sandwich the PDLC. In practice, the SIPS 
method is rarely used, because it is difficult to control the solvent evaporation rate. This method is, 
however, very useful in preparing the initial mixtures for TIPS. 


C 



Figure 11.10 Phase diagram of the ternary mixture 
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7 7.2.5 Encapsulation 

PDLCs formed by encapsulation are also called emulsion-based PDLCs [1,11,12]. In this method, a 
nematic liquid crystal, water, and a water-dissolvable polymer, such as polyvinyl alcohol, are put 
into a container. The water and the polymer dissolve each other to form a viscous solution. This 
aqueous solution does not dissolve the liquid crystal. When this system is stirred by a propeller blade 
at a sufficiently high speed, micron-size liquid crystal droplets are formed. Smaller liquid crystal 
droplets form at higher stirring speeds. Then the emulsion is coated on a substrate and the water is 
allowed to evaporate. After evaporation of the water, a second substrate is laminated to form PDLC 
devices. 

11.3 Scattering Properties of LCPCs 

The scattering of LCPCs is caused by the spatial variation of refractive index in the materials [13]. It is 
similar to the scattering of clouds in which water droplets are dispersed in air, or milk in which fat 
particles are dispersed in water. In PDLCs, the scattering is due to the refractive index mismatch 
between the liquid crystal and the polymer. In PSLCs, the scattering is due to the refractive index 
mismatch between the liquid crystal and the polymer network as well as that between liquid crystal 
domains. A precise calculation of the scattering of LCPCs is very difficult because of the birefringence 
of the liquid crystals, dispersion in domain size, and irregularity of domain shape. Here we will 
include only some qualitative discussion on the scattering. 


7 7.3.7 Rayleigh-Gans scattering theory 

When light is propagating in a medium, the electric field of the light induces a dipole moment at each 
point, which oscillates with the frequency of the light [13]. Each oscillating dipole radiates light in all 
directions, and the net electric field at any point is the vector sum of the fields produced by all the dipole 
radiators, as schematically shown in Figure 11.11. 

The incident light is collimated and the electric field at the source point r is 

E in (r,t) =E 0 e- iR °-' +imt (11.34) 

The total induced dipole moment in the volume element d 3 r is given by 

dP(r,t)= a • E in = a • E 0 e~ i ^ a ' r+i<ot (11.35) 



Figure 11.11 Schematic diagram showing the scattering of a medium 
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Figure 11.12 Schematic diagram showing the wavevectors of the incident and scattered light 


where a is the polarizability and K a is the wavevector of the incident light, a is related to the dieletric 
tensor by a (r) = s 0 [ £ (r) — I ], where I is the unit matrix. K 0 is related to the frequency co by 
K 0 = K 0 k 0 = ( co/C)k 0 = (2n/X)k 0 , where C and X are the speed and wavelength of light in vacuum, 
respectively, and k Q is a unit vector along the incident direction. The wavevector of the scattered light is 
K = K 0 k , as shown in Figure 11.12: 


K s = 2 K 0 sin(0/2) 


(11.36) 


where 6 is the scatering angle. 

The scattered field radiated by the dipole moment in the volume element d 3 r is given by 
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(11.37) 


For a far-field point, R^>r, |/? — r\ &R. Equation (11.37) becomes 

dE s (R,t) = - { - - ^ElEtM. e iKs-r e im-i^-R d 3 r 

y ' Ane 0 R 

The total scattered field is given by 

E s (R,t)= --EE e io>‘-iK R f g x x [a(r) -Eojje^d 3 
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(11.38) 


8 0 RX 


(11.39) 


where 


a {K s ) = 2 J a (r)e ,Ks ' r d 3 r 
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is the Fourier component of the polarizability and V is the volume of the scattering medium. The 
intensity of the scattered light is 


/ S =|£ s | 2 «- f 


4n£ 0 


1 




(11.40) 


The factor 1/A 4 describes the wavelength dependence of the Rayleigh light scattering, which is 
responsible for the blue background of the sky: when sunlight propagates through the atmosphere, blue 
light is scattered more than red light by air density fluctuations. The factor | s (^)| describes the 
wavelength dependence of the light scattering due to the structure of the medium. If the medium 
consists of many domains with a linear size around D, the Fourier component of the refractive index 
peaks at 2n/D, which means that light with wavelength around D is scattered strongly. 

We define the coordinates for the incident light in such a way that the z axis is parallel to the 
incident direction and the x axis is in the plane defined by K 0 and K and the coordinates for the 
scattered light in such a way that the z 7 axis is parallel to the scattering direction and the x' axis is also 
in the plane defined by K 0 and K , as shown in Figure 11.13. If the incident field E 0 is linearly 
polarized in a direction making an angle a with the v axis, in matrix form, 


6,-1 

,E ro J V sin a 


defined in frame xyz. The scattered field is 


E s = 


Els 


defined in frame x'y'z!. Rewriting Equation (11.39) in matrix form 
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Figure 11.13 The coordinates for the incident and scattered light 
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is the scattering matrix. The two components of the differential scattering cross-section are 


/ da ^ 

< \Els\ 2 2 

1 i , . 2 



= 1 ' R 2 

] l \Eo\ 2 

= Yi 1 s u cos “ + s ir sm a| 

(11.42) 

f da\ 

\Ers\ 2 r2 
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E \Eo\ 2 

= —y o/ r cos a + o rr sm a 

^o 

(11.43) 


The total differential scattering section is 

da f da\ / da\ 

dQ = \d&) r 

As an example, let us first consider the scattering of an isotropic spherical droplet with refractive 
index n and radius a. Then a (K$) • E 0 = ot(Ks)E 0 and 

E b im# ■ ^-i/-K 3 0 Va(K s )k' x [k' x E 0 ] J 
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Therefore the scattering matrix is 

^ 1 ~ -> (cos 6 0\ 

5 =l 4ir/’ Vc ‘ (K - } {o J <ll46) 

Now we calculate the Fourier component of the polarizability: 

«{K S ) = i Ja(r)e~'^ s ' r d 3 r 
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(11.44) 


(11.45) 
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The first integral is zero and a* n = s 0 (s — 1) = s Q (n 2 — 1). The medium outside the droplet is also 
isotropic with refractive index n Q and oc out = s 0 (n 2 — 1). Hence 

ot(K s ) =—s 0 (2nAn) 2 Je~ l ^ s ' r d 2 r (11.47) 

inside droplet 

where n = (n — n 0 ) and A n = {n — n 0 ). We define 

m = \ fe~*‘- f d 3 r 

inside droplet 

For the integration, we use polar coordinates with K s in the polar direction: 

n a 

Q(0) = ^ JJe~ lKsrcos P sin fir 2 dr = [sin(a^) - aK s cos (aK s )\ (11.48) 

o o 

The differential scattering cross-section for unpolarized incident light is given by 

^ = ^ j^(2nAn) 2 (cos 2 6(cos 2 oc) + (sin 2 a))|^ [sin(a^) -a^cos(a^)]| (11.49) 

We know that K s = 2K 0 sm{9/2). Let A = aK 0 . Then 

da 2 / -a \2 (cos 2 0 + 1) (sin[2A sin(0/2)] — 2A sin(0/2)cos[2A sin(0/2)] 

_ = na {2nAn) __ |--- 

The light scattered in the forward direction is given by 
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The scattering cross-sections of the materials with n 0 = 1.5 and n = 1.7 are plotted in Figure 11.14 
where the unit of the vertical axis is na 2 . When the droplet size a is smaller than the wavelength 2 
(A = 2na/X), the forward and backward scattering cross-sections are about the same. When the 
droplet size is larger than the wavelength, most of the scattered light is in the forward direction. 

The scattering of liquid crystal droplets can be calculated in the same way except that dielectric 
tensor has to be used [14-16]. The calculation is more complicated and is not presented here. 
Readers interested in the detailed calculation of the scattering of PDLCs are referred to the papers 
published by Zumer, Kelly, and co-workers. The formulation presented in this section is called 
Rayleigh-Gans scattering and uses the following three assumptions: (1) \n/n 0 — 1| <C 1, therefore 
refraction at the droplet interface can be neglected; (2) 2K 0 a\n — n Q \ <C 1; and (3) a 1, therefore there 
is no multiple scattering inside the droplet and the incident light intensity at any point inside the medium 
is the same. 

7 1.3.2 Anomalous diffraction scattering theory 

As a matter of fact, in PDLCs, the droplet diameter is about 1 pm and \n — n 0 \~ 0.2, so 2 K 0 a \n n Q | > 1 
for visible light. The assumptions for Rayleigh-Gans scattering do not hold. Hence Rayleigh-Gans 
scattering theory does not describe well the scattering of PDLCs. A better approach for PDLCs is the 
anomalous diffraction theory [17,18]. Here the assumptions are: (1) \n/n 0 — l|<Cl, meaning that 
refraction at the droplet interface can be neglected; and (2) K 0 a 1, meaning that a light ray can be 
traced. In this theory, the light ray goes through the liquid crystal droplet without scattering, as shown 
in Figure 11.15. The phase and polarization state of the ray are calculated using the Jones matrix 
method. Consider a plane beyond the droplet which is perpendicular to the incident light propagation 
direction; the phase is no longer a constant on the plane but modified by the liquid crystal droplet. 
Take all the points on the plane as the centers of secondary spherical waves as in Huygen’s principle. 
The scattered field is calculated by summing over all the fields of the secondary waves. One of 
the predictions of the theory is that the scattered light is concentrated in a cone of linear angle 30° in 
the forward direction, which agrees with experimental results. 

When there are sufficient scattering objects in the medium, light will be scattered multiple times. 
Multiple scattering tends to make the scattering profile broader [19]. 

11.4 PDLCs 

In PDLCs, the concentrations of polymer and liquid crystal are comparable. Liquid crystals 
form isolated droplets embedded in polymers. We will consider first the liquid crystal director 
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Field point 


Figure 11.15 Schematic digaram showing how the scattered field is calculated in the anomalous 
diffraction theory 


configuration inside droplets, and then consider the electro-optical properties of PDLCs as well as 
their applications. 

77.4.7 Liquid crystal droplet configurations in PDLCs 

The liquid crystal dispersed in the polymer of a PDLC can be in one of the many possible liquid crystal 
phases such as nematic, cholesteric, smectic-A, and smectic-C* [4]. The most common PDLC is polymer- 
dispersed nematic liquid crystal, which is the one we will discuss here. Inside a nematic droplet, the 
director configuration is determined by the droplet shape and size, the anchoring condition on the droplet 
surface and the externally applied field, as well as the elastic constants of the liquid crystal. There are four 
main types of nematic droplets as shown in Figure 11.16. When the anchoring condition is tangential, there 
are two types of droplets. One is the bipolar droplet as schematically shown in Figure 11.16(a) [20,21], the 
other is the toroidal droplet as shown in Figure 11.16(b) [1,22]. When the anchoring condition is 
perpendicular, there are also two types of droplets. One is the radial droplet as shown in Figure 11.16(c) 
[23], the other is the axial droplet as shown in Figure 11.16(d) [23]. When a droplet is larger than 5 pm in 
diameter, it is possible to identify the droplet configuration using an optical microscope. 

In the bipolar droplet, the rotational symmetry axis is referred to as the bipolar axis. The droplet 
director N is defined as a unit vector along the bipolar axis. In the bipolar droplet with strong anchoring, 
there are two point defects at the ends of the diameter along the bipolar axis. The director field on a plane 
containing the bipolar axis is shown in Figure 11.16(a). The liquid crystal director is tangential to the 
circle along the circumference and parallel to the bipolar axis along the diameter. At other places 
inside the droplet, the director is oriented in such a way that the total free energy is minimized. There is a 
rotational symmetry of the director around the bipolar axis. A typical microphotograph of a sample with 
bipolar droplets under a microscope with crossed polarizers is shown in Figure 11.17(a). The dark 
brushes are the region where the liquid crystal director is parallel or perpendicular to the polarizers. The 
elastic deformations involved are splay and bend. When there is no externally applied field, the 
orientation of N is arbitrary for perfect spherical droplets. In practice, the droplets are usually deformed. 
The deviation of the droplet from spherical shape results in a certain orientation of N [24,25]. Preferred 
deformed bipolar droplets can be made by applying stresses or external fields during the formation of 
the droplets. When a sufficiently high external electric field is applied, the liquid crystal (Ae > 0) is 
reoriented with the bipolar axis parallel to the field. 
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Figure 11.16 Liquid crystal director configurations confined in droplets in PDLCs: (a) bipolar 
droplet, (b) toroidal droplet, (c) radial droplet, and (d) axial droplet 


In the toroidal droplet, the liquid crystal director is aligned along concentric circles on planes 
perpendicular to a diameter, as shown in Figure 11.16(b). There is a line defect along the diameter 
of the droplet and rotational symmetry around the defect line. The bend elastic deformation is the 
only one involved. Toroidal droplets exist when the bend elastic constant is smaller than the splay 
elastic constant, otherwise the droplets take on the bipolar configuration. Toroidal droplets rarely 
exist because, for most liquid crystals, the bend elastic constant is usually larger than the splay elastic 
constant. Nevertheless, toroidal droplets have been reported [22]. When the droplet is sufficiently large 



Figure 11.17 Microphotographs of PDLCs: (a) bipolar droplet; (b) radial droplet 
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or an external field is applied, the director near the defect line will escape in a direction parallel to the 
symmetry axis so that the total free energy is reduced. 

In the radial droplet, the director everywhere is along the radial direction [23], and there is a point 
defect in the center of the droplet. The director configuration on a plane cut through the droplet 
center is shown in Figure 11.16(c). There is rotational symmetry around any diameter of the droplet. A 
microphotograph of a sample with radial droplet under a microscope with crossed polarizers is shown in 
Figure 11.17(b). The dark cross is the region where the liquid crystal director is parallel or perpendicular 
to the polarizers. One striking feature of radial droplets is that they have only one texture which does not 
change when the sample is rotated with the microscope stage. Note that the dark cross at the center is 
narrow, because only in a small region is the director parallel to the propagation direction of the light. 
Splay elastic deformation is the only one present in the radial droplet. 

In the axial droplet, there is line defect along the equator. The director on the plane perpendicular 
to the equator is shown in Figure 11.16(d) [21]. There is rotational symmetry around the diameter 
perpendicular to the plane of the equator. The texture of the axial droplet with symmetry axis parallel 
to the propagation direction of the light is similar to that of the radial droplet, except the dark cross at 
the center is wider, indicating that the director is aligned closer to the symmetry axis in the center. 
Both splay and bend elastic deformations exist in the axial droplet. The splay elastic energy of the 
axial droplet is lower than that of a radial droplet if all the material parameters and droplet size 
are identical. The axial droplet is more stable than the radial droplet if the anchoring is weak, or the 
droplet is small, or an external field is applied. If the liquid crystal is in the radial configuration at zero 
electric field, when a sufficiently high electric field is applied, it can be switched to the axial 
configuration with the symmetry axis parallel to the field. 

Besides the four droplet configurations discussed above, other droplet configurations could exist 
under appropriate conditions. For example, there is the twisted bipolar droplet where the splay and bend 
elastic energy is reduced by introducing twist deformation. The point defect in the radial droplet could 
escape away the center in an effort to reduce the total free energy. 


7 7.4.2 Switching PDLCs 

Devices from PDLCs make use of two states of the liquid crystal droplets. One of the states is the 
field-off state in which either the droplet director orients randomly throughout the PDLCs or the liquid 
crystal director inside the droplet orients in all directions. The liquid crystal is in the directoral con¬ 
figuration in which the sum of the elastic and surface energies is minimized. The other state is the 
field-on state in which the droplet director is aligned uniformly along the applied field. If the 
droplets are bipolar droplets, in the field-off state, the bipolar axes (droplet director) of the droplets 
are oriented randomly throughout the cell; in the field-on state, the bipolar axes of the droplets are 
aligned along the applied field. If the droplets are axial droplets, in the field-off state, the symmetry 
axes (droplet director) of the droplets are oriented randomly throughout the cell; in the field-on state, 
the symmetry axes of the droplets are aligned parallel to the applied field. If the droplets are radial, in 
the field-off state, there is no droplet director; in the field-on state, they are switched to the axial droplet 
with symmetry axis parallel to the applied field. In order to have the transition from the first state to the 
second state in all those cases, the applied field must be sufficiently high so that the decrease of the 
electric energy can compensate for the increase of the elastic energy and surface energy. The threshold 
field, above which the applied field can produce the transition, depends on the following factors: (1) 
droplet size, (2) droplet shape, (3) anchoring condition, and (4) the material parameters, such as elastic 
constants and dielectric anisotropy, of the liquid crystal [3,24,25]. 

We discuss qualitatively the effects of droplet size on the drive voltage. Let us consider a PDLC with 
droplet size D. In the switching of a PDLC droplet, there are three energies involved: elastic energy, 
surface energy, and electric energy. The elastic energy density f e i as is proportional to ^(1/D) 2 , and the 
total elastic energy F e i as of the droplet is proportional to D 3 • K(l/D) 2 = KD , where K is the elastic 
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constant. The surface energy density is proportional to the anchoring strength W. The surface 
extrapolation length is defined by d e = K/ W. The total surface energy of the droplet is proportional 
to WD 2 = KD 2 /d e = (. D/d e )KD . The total electric energy of the droplet is proportional to —A sE 2 D 3 . 
Depending on the droplet size and anchoring strength, there are three possible cases. 

(1) D^>d e , corresponding to large droplet or strong anchoring 

The liquid crystal on the surface of the droplet is oriented along the anchoring easy direction; the change 
of surface energy in the switching is negligible. Because the surface of the droplet is curved, the director 
inside the droplet cannot be uniform, and therefore elastic energy KD dominates. In the field-off state, the 
liquid crystal inside the droplet is in the state where the elastic energy is minimized. In the field-on state, 
the elastic energy is higher and the electric energy is lower. At the threshold field E c , the decrease of the 
electric energy, —A F e i ectric , can compensate for the increase of the elastic energy, A F e i astic , namely 

AFelastic = ^elastic KD ~ A F e i ectr ( c = a e i eC f r i c AcE c D 

where a e i ast i c and a e i ectr i c are constants. The threshold field is given by 

( a elastic ^ ^ 1 1 

E c = -t — oc — 

\ a electric ^ J F) D 

The threshold field is sometimes referred to as the switching field and the corresponding voltage is 
referred to as the switching voltage. When the droplet size is varied in a relatively small region, the 
switching field will change in such a way that E C D remains fixed. 

(2) D<^d e , corresponding to small droplet or weak anchoring 

The liquid crystal inside the droplet is uniformly oriented along the direction N at the sacrifice of the 
surface energy. The change of the elastic energy in the switching is small and negligible and the surface 
energy dominates. In the field-off state, N is in the direction such that the surface energy is minimized. 
In the field-on state, N reorients parallel to the applied field. The surface energy is higher and the 
electric energy is lower. At the threshold field E c , the decrease of the electric energy, —A F e i ectric , can 
compensate for the increase of the surface energy, A F e i astic , namely 

^F sur j ace — a sur f ace WD ~ A F e i ectr ( c = a e i ec i r \ c ArE c D (11.55) 


(11.53) 


(11.54) 


where a sur f ace is a constant. The threshold field is given by 


E c 


' asurfaceW \ 1/2 1 ^ J_ 

P electric^) y/D \fl) 


(11.56) 


When the droplet size is varied in a relatively small region, the switching field will change in such a way 
that E c y/D remains fixed. 


(3) D~d e , corresponding to medium droplet size and medium anchoring strength 

In this case, the liquid crystal in the bulk of the droplet is not aligned uniformly along one direction, 
nor is the liquid crystal on the surface of the droplet aligned along the anchoring easy direction. 
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Figure 11.18 Drive voltage of the PDLC with strong anchoring as a function of the droplet sizes 


Both elastic energy and surface energy are involved. At the threshold field, the decrease of the 
electric energy must compensate for the increase of the elastic energy and surface energy: 


AF surface T ^F sur j ace — CL e i aS fi c KD + UsurfaceWD ~ AF e i ectr ( c — d e i eC f r i c AsE c D (11.57) 



(11.58) 


The droplet size dependence of the switching field can be used to obtain information on the droplet size 
and anchoring strength. 

In PDLCs with strong anchoring, the drive voltage is usually high. Such an example is the PDLC made 
from PVA and ZLI2061 (from Merck) using the NCAP method [26]. The drive voltage Vd is 
approximately linearly proportional to 1 /D, as shown in Figure 11.18 where the cell thickness is 13 pm. 

In PDLCs with weak anchoring, the drive voltage is usually low. Such an example is the PDLC made 
from E7 (from Merck) andNOA65 (Norland Optical Adhesive) by photo-PIPS [27]. The cell thickness is 
12 pm. The square of the drive voltage Vd is approximately linearly proportional to 1 /D, as shown in 
Figure 11.19. 
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Figure 11.19 Square of the drive voltage of the PDLC with weak anchoring as a function of the 
droplet size 
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Figure 11.20 Orientation of liquid crystal inside the PDLC droplets in the field-off and field-on states 

/ 7.4.3 Scattering PDLC devices 

We consider the working principle of scattering PDLC devices. As an example, we consider a PDLC 
with bipolar droplets. At zero field, the droplet director N is oriented randomly throughout the cell as 
shown in Figure 11.20(a). For normal incident light with linear polarization in the plane defined by the 
propagation direction of the light and the bipolar axis, when it propagates through a droplet whose 
droplet director makes an angle 0 with the normal of the cell, it encounters a refractive index given 
approximately by 


n(6) 


«||K± 

(n|cos 2 0 + n 2 sin 2 0) 12 


(11.59) 


where n\\ and n± are the refractive indices for light polarized parallel and perpendicular to the liquid 
crystal director, respectively. The (isotropic) polymer is chosen such that its refractive index n p is the 
same as n±. The light encounters a different refractive index when it propagates through the polymer and 
the liquid crystal droplet. Therefore the PDLC is a non-uniform optical medium and the light is scattered 
when it goes through the PDLC. When a sufficiently high electric voltage is applied across the PDLC 
cell, the droplets are reoriented with their droplet director N parallel to the normal of the cell as shown in 
Fig 11.20(b). 6 = 0 for all the droplets. Now, when the normal incident light propagates through the 
droplets, it encounters the refractive index n± which is the same as the refractive index encountered when 
it propagates through the polymer. The PDLC is a uniform optical medium for the light. Therefore the 
light goes through the PDLC without scattering. The PDLC discussed here is a normal-mode light shutter 
in the sense that it is opaque in the field-off state and transparent in the field-on state. 

A typical voltage-transmittance curve of PDLCs is shown in Figure 11.21 [28]. At 0 V, the material 
is in the scattering state and the transmittance is low. As the applied voltage is increased, the droplet 
director is aligned toward the cell normal direction and the transmittance increases. The drive 
voltage (at which the transmittance reaches 90% of the maximum value) is about 25 V. The maximum 
transmittance is about 90% (normalized to the transmittance of an empty cell). 

The measured transmittance of PDLCs in the scattering state depends on the collection angle of 
the detection [29]. A typical scattering profile S(6) of PDLCs as a function of polar angle 6 defined 
with respect to the incident direction is shown in Figure 11.22 [30]. The scattering is independent of 
the azimuthal angle. The full width at half maximum (FWHM) of the scattering profile of the 
scattering state is about 30°. When the collection is 23 , the measured light intensity is 
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Figure 11.21 Typical voltage-transmittance curve of PDLCs 
The contrast ratio is 


C = 



( 11 . 61 ) 


The larger the collection angle is, the more the scattered light will be collected, and thus the lower 
the contrast ratio is. 

In the field-on state, the transmittance of the PDLC depends on the incident angle of light. For 
normally incident light, the refractive index encountered in the liquid crystal droplet is n± which is 




(a) (b) 


Figure 11.22 (a) The scattering profile of the PDLC as a function of the polar angle 6 in the field-off 

and field-on states, (b) Measurement geometry 
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Figure 11.23 Schematic diagram showing the scattering of the PDLC in the field-on state 


matched to that of the polymer, and therefore there is no scattering. For obliquely incident light 
as shown in Figure 11.23, if the polarization of the incident light is perpendicular to the incident 
plane, the light encounters the refractive index n±, and therefore is not scattered. If the polarization 
is in the incident plane, when the incident angle is a, the refractive index encountered is 
n(a) = «||«i_/(ftyCOS 2 a + nj_sin 2 oc) 1//2 , which is different from the refractive index of the polymer, 
and therefore it is scattered. The larger the incident angle is, the more the refractive index encountered in 
the liquid crystal droplet is mismatched to the refractive index of the polymer, and the stronger the 
scattering is. The transmittance of the light with this polarization as a function of the incident angle 
a is shown in Figure 11.24 [20]. The transmittance decreases by half when the incident angle is increased 
to 30°. If the incident light is unpolarized, the component with the parallel polarization is scattered at 
oblique angles, which makes the PDLC milky. This limitation on the viewing angle can be eliminated 
when a linear polarizer is laminated on the PDLC with the tradeoff that the on-state transmittance is 
decreased by half. 


7 7.4.4 Dichroic dye-doped PDLCs 

Dichroic dyes can be incorporated into PDLCs [31,32]. The dye molecules are usually elongated and 
have low molecular weight as liquid crystals and good solubility in the liquid crystal, but not in the 
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Figure 11.24 Angular dependence of the transmittance of the PDLC in the on-state for incident light 
polarized in the incident plane 
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Figure 11.25 Schematic diagram showing how the dichroic dye-doped PDLC works: (a) absorbing 
state; (b) transparent state 


polymer. The dye and the liquid crystal phase separates from the polymer binder. The dye molecule 
are inside the droplet and can be switched. The used dye must be a positive type in the sense that 
the absorption transition dipole is along the long molecular axis. When the polarization of the incident 
light is parallel to the long axis of the dye molecules, the light is absorbed. When the polarization of the 
incident light is perpendicular to the long axis of the dye molecules, the light is not absorbed. In the field- 
off state, the dye molecules are randomly oriented with the droplets, as shown in Figure 11.25(a). When 
the cell is sufficiently thick, there are droplets oriented in every direction. The unpolarized incident light 
is absorbed. In the field-on state, the dye molecules are aligned in the cell normal direction with the liquid 
crystal, as shown in Figure 11.25(b). They are always perpendicular to the polarization of normally 
incident light. Therefore the light ideally passes through the cell without absorption. In practice, there is 
some absorption even in the field-on state, because of the thermal fluctuation of the dye molecules and 
the anchoring of the curved surface of the droplet. 

There are a few points worth noting: (1) The dye molecules dissolved in the polymer do not change 
orientation under the applied field, and therefore tend to decrease the contrast of the PDLC. Therefore 
it is desirable that the solubility of the dye in the polymer is as low as possible. (2) Oblate droplet 
shape is desirable, because inside such a droplet, the dye molecules are oriented more in the plane 
parallel to the cell surface and absorb the light more strongly. (3) In the field-off state, the scattering 
of the material increases the optical path length of the light inside the cell, and therefore enhances 
the absorption. (4) Dye-doped PDLCs do not need polarizers, because of the random orientation 
of the droplets in the field-off state, which is an advantage over nematic dichroic dye displays. 
(5) Dye-doped PDLCs have gray levels, because as the applied field is increased, the droplets are 
gradually aligned toward the cell normal direction, which is an advantage over cholesteric dichroic 
dye displays. 


/ 7.4.5 Holographic PDLCs 

In PDLCs formed by PIPS, spatial variations in structure can be achieved when non-uniform 
polymerization conditions are introduced. Such an example is holographically formed PDLC 
[33-40]. The mixture of a liquid crystal and a photopolymerizable monomer is sandwiched between 
two glass substrates. A coherent laser light is used to initiate the polymerization. In the polymeriza¬ 
tion, the cell is irradiated by the laser light from both sides as shown in Figure 11.26. The two incident 
light rays interfere with each other inside the cell and form the intensity pattern as shown on the right 
side of the figure. In the region where the light intensity is high, more free radicals are produced, 
which initiates polymerization. When monomers migrate into that region, they will be likely to be 
polymerized and will not come out. The net effect is that monomers are attracted into the high-light- 
intensity regions to form the polymer and the liquid crystal molecules are pushed out. Thus alternating 
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Figure 11.26 Schematic diagram showing how the holographic PDLC is formed. B, beam splitter; 
M, mirror 


polymer-rich and liquid crystal-rich layers are formed. The period d (the thickness of one layer of 
polymer plus the thickness of one layer of liquid crystal) is determined by the wavelength and incident 
angle of the laser light. 

The liquid crystal and polymer are chosen such that the ordinary refractive index n 0 of the 
liquid crystal is equal to the refractive index n p of the polymer. At zero field, the liquid crystal has 
a random orientation structure as shown in Figure 11.27(a), and the cell has a periodic refractive 
index. If the incident light satisfies the Bragg condition X = Jcos 0 , it will be reflected. When a 
sufficiently high external electric field is applied across the cell, the liquid crystal (As > 0) will be 
aligned perpendicular to the layers as shown in Figure 11.27(b). The incident light encounters 
the same refractive index in the polymer-rich layer and liquid crystal-rich layer, and passes through 
the material without reflection. Thus holographic PDLC can be used for switchable mirrors and 
reflective displays. 

The spectral response of a holographic PDLC to applied electric fields is shown in Figure 11.28 
where white incident light is used [37]. At 0V, due to the periodic refractive index, the cell has a 
high narrow reflection peak. When the applied voltage is increased, the liquid crystal is aligned 
toward the layer normal direction. The amplitude of the oscillation of the refractive index decreases 
and the reflection of the cell decreases. The drive voltage is approximately equal to the product of the 
field threshold of the Freedericksz transition of the liquid crystal layer and the cell thickness. 



Figure 11.27 Schematic diagram showing how the holographic PDLC is used for reflective displays 
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Figure 11.28 Reflection spectra of the holographic PDLC under various applied voltages [37] 

II.5 PSLCs 


In PSLCs, the polymer concentration is usually less than 10%. The monomer used may be mesogenic 
with rigid cores similar to those of liquid crystal molecules [2,41—44]. Before polymerization, the 
mixture of the monomer and the liquid crystal is in a liquid crystal phase. The polymerization 
environment is anisotropic due to the aligning effect of the liquid crystal on the monomer and the 
anisotropic diffusion of the monomer in the liquid crystal. Anisotropic fiber-like polymer networks are 
usually formed, which mimic the structure of the liquid crystal during polymerization. Because the liquid 
crystal and monomer are homogeneously mixed and in liquid crystal phase during polymerization, 
external fields and surface alignment techniques can be applied to create various polymer network 
structures. Therefore many fascinating structures can be achieved. 

After polymerization, polymer networks tend to stabilize the state in which they are formed. In a 
PSLC, liquid crystal near the polymer network is aligned along the polymer network. The strength of the 
interaction between the liquid crystal and the polymer network is proportional to the surface area of the 
polymer network. The surface area of the polymer network can be increased by using higher polymer 
concentrations or producing smaller lateral size polymer networks. 


77.5.7 Preparation of PSLCs 

PSLCs are usually made from mixtures of liquid crystals and monomers. The monomer can be directly 
dissolved in the liquid crystal. Although any type of polymerization method can be used, photo-initiated 
polymerization is fast and is usually used. The monomer is usually acrylate or methyl acrylate because 
of its fast reaction rate. In order to form stable polymer networks, the functionality of the monomer must 
be larger than one. A small amount of photo-initiator is added to the mixture. The concentration of the 
photo-initiator is typically 1-5% of the monomer. When irradiated under UV light, the photo-initiator 
produces free radicals which react with the double bonds of the monomer and initiate the chain reaction 
of polymerization. 

When the mixture of the liquid crystal, monomer, and photo-initiator is irradiated by UV light, the 
monomer is polymerized to form a polymer network. The UV intensity is usually a few milliwatts per 
square centimeter and the irradiation time is on the order of minutes. SEM [45,46], neutron scattering, 
confocal microscopy [47], birefringence study, and the Freedericksz transition technique have been used 
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to study the morphology of polymer networks in PSLCs [48,49]. The results suggest a bundle structure 
for the polymer networks. The lateral size of the bundle, as shown in Figure 11.1(b), is on the order of 
submicrons. The bundle consists of polymer fibrils with lateral size around a few nanometers and liquid 
crystals. The morphology of the polymer network is affected by the following factors: structure of the 
monomer, UV intensity, photo-initiator type and concentration, and the temperature. The lateral size of 
polymer networks is determined by the polymerization rate, mobility, and concentration of monomers [48]. 
Polymer networks with smaller lateral sizes are obtained with higher polymerization rates which can be 
achieved with higher UV intensities or high photo-initiator concentrations in photopolymerization. 
Polymer networks with smaller lateral sizes are also obtained with low mobility of monomers, which 
can be achieved with lower polymerization temperature. For example, 96.7% nematic liquid crystal E7,3% 
monomer BAB6 {4,4'-bis[6-(acryloyloxy)-hexy]-l,l'-biphenylene}, and 0.3% benzoin methyl ether 
(BME) are mixed. The mixture is in nematic phase at room temperature. The viscosity of the mixture 
is comparable to that of the nematic liquid crystal and can be easily filled into cells in a vacuum chamber. 
The cells are then irradiated under UV light for the monomer to form a polymer network. 

Monomers used in PSLCs preferably have a rigid core and flexible tails. They form anisotropic fibril¬ 
like networks. If the monomer does not have flexible tails, it forms a bead-like structure which is not 
stable under perturbations such as externally applied fields. If the monomer does not have a rigid core 
and is flexible, it can still form anisotropic networks. 

7 7.5.2 Working modes of PSLCs 

Polymer networks formed in liquid crystals are anisotropic and affect the orientation of liquid crystals. 
They tend to align the liquid crystal in the direction of the fibrils. They are used to stabilize desired liquid 
crystal configurations and control the electro-optical properties of liquid crystal devices. Polymer 
networks have been used to improve the performance, such as drive voltage and response times, of 
conventional liquid crystal devices such as TN and IPS displays. 

(1) Polymer-stabilized nematic liquid crystals 

(a) Polymer-stabilized homogeneously aligned nematic liquid crystal light shutter The 

polymer-stabilized homogeneously aligned nematic liquid crystal light shutter is made from a mixture 
of a nematic liquid crystal and diacrylate liquid crystal monomer [41,50,51]. Cells with anti-parallel 
homogeneous alignment layers are filled with the mixture and then photopolymerized in the nematic 
phase. The polymer network formed is parallel to the cell surface as is the liquid crystal. The nematic 
liquid crystal has a positive dielectric anisotropy. Figure 11.29 schematically shows how the shutter 
works. In Figure 11.29(a), when there is no applied voltage across the cell, the liquid crystal and the 



Figure 11.29 Schematic diagram showing how the polymer-stabilized homogeneously nematic liquid 
crystal light shutter works 
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polymer network are homogeneously aligned in the v direction. When a light goes through the material, it 
encounters the same refractive index in the liquid crystal and polymer regions, and therefore it passes 
through the material without scattering. In Figure 11.29(b), the voltage applied across the cell intends 
to align the liquid crystal in the z direction while the polymer network tries to keep the liquid crystal in 
the x direction. As a result of the competition between the applied field and the polymer network, the 
liquid crystal is switched into a multi-domain structure. The liquid crystal molecules orient along the 
same direction within each domain but vary from domain to domain. The directions of the domains 
are random in the x—z plane. For light polarized in the x direction, when it goes through the cell it 
encounters different refractive indices in different domains and therefore is scattered. For light 
polarized in the y direction, when it goes through the cell it always encounters the ordinary 
refractive index of the liquid crystal because the liquid crystal is oriented in the x-z plane, and 
therefore it can pass through the cell without scattering. If the incident light is unpolarized, this 
shutter does not work well. 

(b) Polymer-stabilized homeotropic nematic liquid crystal light shutter In order to overcome 
the problem where only one polarization component of unpolarized incident light is scattered in the 
polymer-stabilized homogeneously aligned nematic liquid crystal light shutter, the polymer-stabilized 
homeotropically aligned nematic liquid crystal was introduced [52]. The liquid crystal has a negative 
dielectric anisotropy (As < 0). It is mixed with a small amount of diacrylate monomer and cells with 
homeotropic alignment layers are filled with it. The cells are irradiated by UV light for photopolymer¬ 
ization in the homeotropically aligned state. Thus the formed polymer network is perpendicular to the 
cell surface. 

At zero field, the liquid crystal is in the uniform homeotropic state as shown in Figure 11.30(a); 
the material is a homogeneous optical medium. The light propagates through the material without 
scattering. When an electric field is applied, the liquid crystal molecules are tilted away from the field 
direction because of their negative dielectric anisotropy. The material is switched to a multi-domain structure 
as shown in Figure 11.30(b). When light propagates through the cell, it encounters different refractive indices 
in different domains because of the different tilts of the liquid crystal. The material is optically non-uniform 
and therefore it is scattering. When the liquid crystal molecules tilt, they tilt toward the x direction in some 
domains but toward the y direction in other domains. Therefore light polarized in both x and y directions is 
scattered. The polymer-stabilized homeotropically aligned nematic liquid crystal is a reverse-mode light 
shutter in the sense that it is transparent in the field-off state and scattering in the field-on state. 

(2) Polymer-stabilized cholesteric liquid crystals 

Cholesteric liquid crystals (CLCs) have a helical structure where the liquid crystal director twists around 
a perpendicular axis, namely the helical axis. They exhibit three main textures (also referred to as states), 




Figure 11.30 Schematic diagram showing how the polymer-stabilized homeotropically nematic 
liquid crystal light shutter works 
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depending on the boundary condition and the applied field. When a CLC is in the planar texture (also 
referred to as Grandjean texture), the helical axis is perpendicular to the cell surface, and the material 
reflects light around the wavelength nP , where n is the average refractive index and P is the pitch of the 
liquid crystal. When the CLC is in the focal conic texture, the helical axis is more or less random 
throughout the cell, and the material is usually optically scattering. When a sufficiently high field is 
applied across the cell (along the cell normal direction), the CLC (Ae > 0) is switched to the homeotropic 
texture where the helical structure is unwound and the liquid crystal director is aligned in the cell normal 
direction. The material is transparent. Polymer networks can be used to stabilize the planar texture or the 
focal conic texture at zero field. 

(a) Polymer-stabilized cholesteric texture normal-mode light shutter The polymer-stabilized 
cholesteric texture (PSCT) normal-mode material is made from a mixture of CLC and a small amount of 
monomer [43,53]. The pitch of the liquid crystal is a few microns (~ 0.5—5 pm). No special cell surface 
treatment is needed. The mixture is in the homeotropic texture in the presence of an external field when 
the monomers are polymerized. The polymer network formed is perpendicular to the cell surface as 
shown in Figure 11.31. 

When the PSCT normal-mode light shutter is in a zero field state, the liquid crystal tends to have the 
helical structure, while the polymer network tends to keep the liquid crystal director parallel to it. The 
competition between these two factors results in the focal conic texture as shown in Figure 11.31(a). In 
this state, the material is optically scattering. When a sufficiently high electric field is applied across 
the cell, the liquid crystal (Ae > 0) is switched to the homeotropic texture as shown in Figure 11.31(b), 
and therefore it becomes transparent. Because the concentration of the polymer is low and both the 
liquid crystal and the polymer are aligned in the cell normal direction, the PSCT normal-mode light 
shutter is transparent at any viewing angle. A photograph of a PSCT normal-mode light shutter is 
shown in Figure 11.2(a). 

In order to scatter visible light strongly, the focal conic domain size has to be around the wavelength of 
the light. The main factors affecting the domain size are the pitch, polymer concentration, and curing UV 
intensity. The drive voltage is mainly determined by the pitch and the dielectric anisotropy of the liquid 
crystal. Faster responses can be achieved with shorter pitch CLCs. There is a hysteresis in the transition 
between the focal conic texture and the homeotropic texture, which also exists in pure CLCs. 

(b) PSCT reverse-mode light shutter The PSCT reverse-mode light shutter is also made from a 
mixture of CLC (Ae > 0) and a small amount of monomer. The pitch of the liquid crystal is a few 
microns (~ 3—15 pm). A cell with homogeneous alignment layers is filled with the mixture. The 
mixture is in the planar texture at zero field because of the alignment layers. The monomers are 
polymerized in the planar texture. The polymer network formed is parallel to the cell surface 
[43,53,54]. 
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Figure 11.31 Schematic diagram showing how the PSCT normal-mode light shutter works 
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Figure 11.32 Schematic diagram showing how the PSCT reverse-mode light shutter works 

At zero field, the material is in the planar texture as shown in Figure 11.32(a). Because the pitch is 
in the IR region, the material is transparent to visible light. When an external field is applied across the 
cell, the field tends to align the liquid crystal in the cell normal direction while the polymer network 
tends to keep the liquid crystal in the planar texture. As a result of the competition between these two 
factors, the liquid crystal is switched to the poly-domain focal conic texture as shown in 
Figure 11.32(b), and the material becomes scattering. The polymer concentration must be sufficiently 
high and the polymerization rate should be low so that the polymer network is strong and not damaged 
(reoriented) under the applied field. A photograph of a PSCT reverse-mode light shutter is shown in 
Figure 11.2(b). 

(3) Aerosil-frame stabilized nematic liquid crystal 

Besides polymer networks, other networks can be used to stabilize liquid crystals [55-58]. One interesting 
example is the dispersion of nematic liquid crystal and silica particles. The volume fraction of the silica 
particles is a few percent. The silica particles of nanometer size form an aggregates via = Si—O—Si 
moieties. The aggregates are linked to form aerosil-frame by hydrogen bonds between the = Si—OH 
groups on the surface of the aggregates. The aerosil-frame creates a poly-domain structure as shown in 
Figure 11.33(a), and the material is scattering. When a sufficiently high field is applied, the liquid crystal 
(Ae > 0) is aligned homeotropically as shown in Figure 11.33(b), and the material becomes transparent. 
The uniformly aligned liquid crystal exerts a torque on the aerosil-frame. A unique feature of the aerosil- 
frame is that the hydrogen bonds can be unlocked under stress, and the aerosil-frame broken. Then the 
= Si—OH groups on the surface of the aggregates regroup to form hydrogen bonds again and 
the aggregates form a new frame which favors the homeotropic orientation of the liquid crystal. When 
the applied field is turned off, the material remains in the homeotropic state. 




Figure 11.33 Shematic diagram showing how the aerosil-frame stabilized nematic liquid crystal 
light shutter works 
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The aerosil-frame stabilized nematic liquid crystal material has a memory effect and is multi¬ 
stable. Two schemes can be employed to write the display made from the material. In the first 
scheme, a regular nematic liquid crystal with a positive dielectric anisotropy is used. The display is 
first switched to the transparent homeotropic state by applying a high voltage. It is then selectively 
addressed to the scattering state by using laser addressing. The laser irradiation heats the material 
locally to isotropic phase. When the material is quickly cooled to room temperature, the material 
ends in the scattering state. Thus images can be generated. In the second scheme, a dual-frequency 
nematic liquid crystal is used. When a low-frequency voltage is applied, the liquid crystal has a 
positive dielectric anisotropy and therefore is switched to the transparent state. When a high-frequency 
voltage is applied, the liquid crystal has a negative dielectric anisotropy and therefore is switched to 
the scattering state. 

11.6 Displays from LCPCs 

Scattering liquid crystal/polymer composites (LCPCs), besides being used for switchable privacy 
windows, can also be used to make displays. Without polarizers, they can only be used for reflective 
displays and projection displays because in both the transparent and scattering states most of the incident 
light still comes out in forward directions, except that in the scattering state, light is deviated from its 
original propagation direction. With polymerizers, they can be used for transmissive direct-view 
displays. These displays may not have the best optical performance, but they are compatible with 
flexible plastic substrates because of their adhesion to plastic substrates. They can be manufactured in a 
roll-to-roll process. 


! 1.6.1 Reflective displays 

There are several designs of scattering LCPCs for reflective displays. The simplest design is shown in 
Figure 11.34(a). The display consists of a layer of LCPC and a black absorbing layer [59]. When the 
LCPC in a pixel is in the transparent state, the incident light reaches the black layer and is absorbed, and 
the pixel appears black. When the LCPC is in the scattering state, some of the incident light is scattered 
backward and is observed by the reader’s eyes, and the pixel appears gray-white. The problem of this 
design is that the reflectivity (the percentage of light scattered in the backward direction) is usually less 
than 25% [59]. 

One way to improve the reflectivity is to insert a brightness-enhancing film (BEF) [60,61], as shown in 
Figure 11.34(b), which transmits light with small incident angles (with respect to the film normal) but 
reflects light with large incident angles. When the LCPC in a pixel is in the transparent state, incident 
light with small incident angles goes through the LCPC and BEF, and reaches the black layer and is 
absorbed. When the LCPC is in the scattering state, incident light with small incident angles is scattered 
by the LCPC, and reaches the BEF with large incident angles and therefore is reflected back by the BEF. 
Therefore the reflectivity of the display is greatly increased. The tradeoff is that the contrast and viewing 
angle are decreased. 

The third design is shown in Figure 11.34(c) where a mirror is used to replace the black layer. This 
display works well only when light is incident on it at one incident angle. When the LCPC in a pixel is in 
the transparent state, the light passes the LCPC, and is reflected by the mirror. The outcoming light is at 
the specular angle. If the reader looks at the display, not at the specular angle, the pixel has a black 
appearance. When the LCPC is in the scattering state, some of the incident light is scattered backward 
and the rest is scattered forward by the LCPC. The forward scattered light reaches the mirror and is 
reflected in all direction. Therefore the pixel has a white appearance. The reflectivity of the white is very 
high. The problem with this design is that the viewing angle is small. 

The viewing angle can be improved by using a dielectric mirror as shown in Figure 11.34(d) [62]. 
The periodicity of the dielectric mirror is in the long-wavelength region. For normally incident light, 
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Figure 11.34 Schematic structures of the reflective displays from scattering LCPCs: T, transparent 
state; S, scattering state 


it only reflects long-wavelength light. For obliquely incident light, the reflection band is shifted to 
the short-wavelength region. The reader looks at the display in the normal direction. When the 
LCPC in a pixel is in the transparent state, light with small incident angles and short wavelength 
passes the LCPC and dielectric mirror and reaches the absorbing layer. The pixel has a black 
appearance. When the LCPC is in the scattering state, the incident light is scattered by the LCPC 
and reaches the dielectric mirror at large incident angle, and therefore is reflected. The pixel has a 
white appearance. 

Black dichroic dye-doped LCPCs can also be used to make reflective displays [63]. Behind the LCPC 
film, there is a color reflector as shown in Figure 11.34(e). When the LCPC in a pixel is in the transparent 
state, light passes the LCPC and reaches the reflector and is reflected. The pixel shows the color of the 
reflector. When the LCPC is in the scattering absorbing state, the incident light is absorbed by the LCPC, 
and the pixel has a black appearance. 

7 1.6.2 Projection displays 

Scattering LCPCs can be used to make projection displays [29,64]. They do not need polarizers 
and therefore have high light efficiency. A simple projection display shown in Figure 11.35 is used to 
demonstrate the operating principle. The optical design is similar to that of a slide projector except 
that an additional aperture is placed at the focal plane of the objective lens. The condenser lens 
generates collimated light parallel to the principal axis. The objective lens produces an image on 
the screen of the display panel made from the LCPC. When the LCPC in a pixel (on-pixel) is in the 
transparent state, the collimated light passes the material without scattering, and then passes the 
aperture and reaches the screen. The corresponding area on the screen is bright. When the LCPC in 
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Figure 11.35 Schematic diagram of the projection display from the scattering LCPC 


a pixel is in the scattering state (off-pixel), the collimated incident light is scattered in all direction. 
Only a small part of the incident light can pass the aperture and reach the screen. The corresponding 
part on the screen is dark. In order to achieve high contrast, the aperture should be small so that little 
of the scattered light can go through it. The tradeoff with the small aperture is that light efficiency is 
low because incident light is never perfectly collimated if the light source is not a point light source 
but a filament of finite size. When the aperture is small and the incident light is not perfectly 
collimated, some light cannot pass the aperture and thus is lost even if a pixel is in the on-state. 

/ 7.6.3 Transmissive direct-view displays 

Scattering LCPCs can also be used to make transmissive direct-view displays if polarizers are used. An 
example is shown in Figure 11.36 where a LCPC is sandwiched between two crossed polarizers along the 
x and y directions, respectively [65]. The light from the backlight becomes linearly polarized along the 
v direction after passing through the bottom polarizer. When the LCPC in a pixel (on-pixel) is in 
the scattering state, the linearly polarized incident light is depolarized with 50% light polarized along the 
x direction and 50% light polarized along the y direction. The light polarized along the y direction passes 
the top polarizer. The pixel is bright. When the LCPC in a pixel (off-pixel) is in the transparent state, the 
polarization of the incident light does not change when propagating through the material and the light is 
absorbed by the top polarizer. The pixel is dark. Besides its suitability for flexible displays, this display 
has a large viewing angle when compensated with a negative c plate. The drawback is that the maximum 
light efficiency is only 25%. 



Figure 11.36 Schematic diagram showing how the direct-view display from the scattering LCPC works 
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Homework Problems 

11.1 Consider a ternary mixture consisting of three different molecules A, B, and C. Their molar 
fractions are xj, xb, and xc, respectively, andx^ + xb + xc = 1. The intermolecular interaction 
energies are uaa for the interaction between A and A, ubb for the interaction between B and B, ucc 
for the interaction between C and C, uab for the interaction between A and B, uac for the 
interaction between A and C, and ubc for the interaction between B and C. Calculate the mixing 
interaction energy. 

11.2 Consider a binary mixture consisting of A and B. The molar fraction of B is x. The interaction 
energies between them are: uaa = —0.15 eV, ubb = —0.17 eV, and uab = —0.13 eV. The number 
P of nearest neighbors is 6. (1) Determine the phase diagram numerically. (2) Find the critical point 
(T c ,x c ) of the phase separation. (3) If the fraction of B in the homogeneous mixture is x G = 0.3, at 
what temperature T s will the system phase separate into two phases? (4) At temperature T = 800 K, 
what are the fractions of B in the two-phase separated phases? 

11.3 Consider a ternary mixture consisting of three types of molecules (A, B, C). The interaction energies 
between them are: uaa = ~ 0.15eV, uab = — 0.05eV, ubb = — 0.15eY, uac = ~ 0.20eV, 
ubc = —0.175 eV, and ucc = — 0.15 eV. Consider only the interaction between nearest neighbors. 
The number of nearest neighbors is 6. The temperature is ksT = 0.2 eV. (1) Find the phase diagram 
represented in the equilateral triangle. (2) Determine the critical point. (3) For a mixture with molar 
fractions x a = 0.4, xb = 0.45, and xq = 0.15, will it phase separate? If it does, determine the 
fractions of the components in the two phases and the percentages of molecules in the two phases. 

11.4 Phase diagram of ternary mixture. Consider a ternary mixture consisting of three types of 
molecules A, B, and C. A and C dissolve each other, B and C dissolve each other, but A and 
B do not dissolve each other. The interaction energies between them are uaa = — 0.15eV, 
uab = —0.05eV, uac = — 0.20eV, ubb = — 0.14eV, ubc = — 0.175 eY, and ucc = — 0.15eV. 
Consider only the interaction between nearest neighbors. The number of nearest neighbors is 6. The 
temperature is ksT = 0.2 eV. (1) Find the phase diagram represented in the equilateral triangle. (2) 
Determine the critical point. (3) If the initial mixture has the fractions x a = 0.4, xb = 0.45, and 
xc = 0.15, will it phase separate? If it does, determine the fractions of the three components in the 
two phases and the percentages of the molecules in the two phases. 

The phase diagram of a ternary mixture at a given temperature is determined in the following way: 

(1) Choose an initial mixture with the fractions xa 0 , x Bo, x Co{= 1 — x Ao — x Bo) which is a point 
on a straight line drawn from the corner corresponding to component C to the opposite side of 
the equilateral triangle. Calculate the average free energy per molecule ^ = /(. xa 0 , x Bo ) of 
the homogeneous single phase with the initial fractions. 

(2) Assume the initial mixture phase separates into two phases: phase 1 with fractions 
(xa \ , xb\ , xc \) and phase 2 with the fractions ( xa2, x B2, x C2 )• The percentage of molecules 
in phase 1 is w and the percentage of particles in phase 2 is (1 — w). Because of particle 
conservation, xj 0 = wjcai + (1 — w)x ^2 and xb 0 = wx#i + (1—' w) x B2- Therefore among 
these variables xa\,xbuxa2,xb2,w, on ly three are independent. Choose xa\,xb\,w as the 
independent variables, and then xc\ = 1 — xj\ — xb i, xa2 = ( x Ao — wx^i)/(1 — w), 
XB2 (. x Bo - wx 5 i)/(l - w), and x C 2 (■ x Co - wx C i)/(l - w). Note that 0 < w < 1, 
0 < xai < 1, 0 < xb\ < 1, and 0 < xai + xbi < 1. Find the average free energy per molecule 
ft = w/(xai,xbi) + (1 — w)/* (xa2 j X B2 ) of the phase-separated system. 

(3) Find the xai , X B\ , w which give the minimum free energy f tm . If f tm <fa, the system will phase 
separate into two phases corresponding to the fractions (xa\,xb\,xc\) and ( xa2, x B2, x C2 )• 
These two points are on the phase boundary curve. If f tm >fh, then there is no phase separation. 

(4) Repeat the above steps with a different initial mixture. After a sufficiently large number of 
initial mixtures are tested, the points representing the phase-separated phases form the phase 
boundary. 
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11.5 Consider the brightness-enhancing film shown in Figure 11.37. Calculate the incident angle region 
within which the incident light will be reflected from the bottom surface of the brightness¬ 
enhancing film by total internal reflection. 

11.6 Calculate the director configuration inside a bipolar droplet with radius R = 5 pm under the 
following externally applied electric fields: 0, 1 F/jim, 10 F/jim. The elastic constants are K\\ = 
K 33 = 10“ 1 11 N and the dielectric anisotropy is As = 10. The electric field is applied along the 
bipolar axis. 

11.7 The scattering profile of a PDLC in the scattering state is described by 1(0) = (2/n)(\ + cos 0), 
where 6 is the polar angle with the incident light direction. The incident light is collimated and 
normal to the cell surface. When the cell is in the transparent state, the light goes through the cell 
without scattering. The detector has a circular detection surface with a linear collection of 10°. 
What is the contrast ratio of the PDLC? 
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12 

Tunable Liquid Crystal 
Photonic Devices 


12.1 Introduction 

In addition to displays, liquid crystals have also been used extensively in tunable photonic devices, such 
as optical phased arrays for laser beam steering, variable optical attenuators (VOAs) for telecommu¬ 
nications, tunable-focus lenses for camera zoom lenses, liquid crystal-infiltrated photonic crystal fibers, 
[1,2] diode laser-pumped dye-doped liquid crystal lasers, just to mention a few. 

The performance criteria for displays and photonics are quite different. First, most displays such as 
computers and TVs are operating in the visible spectral region, but many photonic applications operate 
in the infrared. Laser beam steering for free-space communications operates at 2= 1.55 pm, for 
example. So do VO As and photonic fibers. Secondly, most displays use amplitude modulation, but 
some photonics use phase modulation. For intensity modulation, the required phase retardation is In 
at X = 550 nm, but for phase modulation, say beam steering, the minimum phase change is 2n at 
2 = 1550 nm. If we use the same LC material, then the required cell gap for a laser beam steerer is about 
six times thicker than that for a display device. A thicker cell gap implies a slower response time because 
the response time of a LC device is proportional to the cell gap squared. Thirdly, for display applications 
the ‘detector’ is the human eye, but for beam steering or fiber communications the detector is a solid state 
diode. The latter has a much faster response time than the former. Based on these three key performance 
factors, the technical challenge for a near-infrared phase modulator is at least one order of magnitude 
higher than for visible displays. Of course, most displays require a wide viewing angle, which is not so 
demanding in beam steering and VO A. 

In this chapter, we select four topics to illustrate the potential applications of LCs in photonics and 
their technical challenges. The four representative subjects are: (1) laser beam steering, (2) VOAs, (3) 
tunable-focus lenses, and (4) polarization-independent LC devices. 
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12.2 Laser Beam Steering 

Laser beam steering is an important subject for free-space communications, military applications, 
optical interconnects, projection displays, and other general industrial applications. The goal is to deliver 
and precisely control the laser beams to a desired location. The most common technique is to reflect the 
light by mechanically controlled mirrors. Because of the nature of mechanical movement, the speed of 
the system is limited. It is always desirable to develop compact and lightweight non-mechanical beam¬ 
steering devices to replace large and bulky mechanical systems. The other well-established beam¬ 
steering device is the acousto-optic modulator, which has a severely limited angular range. Many new 
solid state/micro-component technologies such as optical micro-electro-mechanical systems (MEMS), 
patterned liquid crystals, diffractive micro-optics, and photonic crystals have been investigated for 
building small, ultra-light, rapidly steered laser beam subsystems. 

Two types of LC electro-optic beam-steering devices have been developed: diffractive [3] and 
prismatic types [4, 5]. A conventional simple grating structure produces several diffraction orders (first 
and higher orders). The theoretical diffraction efficiency of the first-order beam is about 34% [6]. The 
laser holographic blazing process shapes the grooves of the grating to concentrate the light to first order. 
The result is a much brighter spectrum. A well-designed LC prism grating can reach 100% diffraction 
efficiency for a first-order beam. A simple method for fabricating LC blazed gratings is to use a glass 
substrate with a sawtooth surface structure, as Figure 12.1 shows [7]. The LC layer thickness in this 
structure varies periodically and asymmetrically. The sawtooth substrate is a poly (methyl methacrylate) 
(PMMA) blazed grating made by electron beam lithography. The refractive index of PMMA is close to 
the ordinary index of the selected LC, but smaller than the extraordinary index. Therefore, in the voltage- 
off state, the in-plane distribution of the optical path length of the incident light has a sawtooth profile. 
The blazed grating is switched off when the applied voltage is sufficiently high. 



Incident light 

polarization 

direction 



Figure 12.1 LC blazed-grating beam defector using a glass substrate with a sawtooth surface 
structure: PI, polyimide; ITO, indium-tin-oxide; PMMA, poly methyl methacrylate 
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12.2 .7 Optical phased array 

The above surface relief grating causes distortion in LC alignment and might degrade the diffraction 
efficiency. It is better to use a sawtooth electric field to generate the LC blazed grating on a uniform LC 
layer, as shown in Figure 12.2. Several approaches have been reported to achieve the sawtooth electric 
field distribution, such as LC spatial light modulators, beam steerers with a stripe electrode [8, 9], and a 
combination of low- and high-resistive electrodes [10]. 

Figure 12.2 illustrates a transmission mode optical phased array (OPA) beam steerer composed of a 
one-dimensional (1-D) array of equal-spaced LC phase shifters [11]. The inner surface of the bottom 
transparent substrate is photolithographically patterned with transparent, conducting, striped electrodes 
having the desired spacing for the phase shifters in the array. The entire active aperture of the array is so 
patterned. The inner side of the top substrate is coated with a uniform, transparent, conducting ground 
electrode. On top of the electrodes, a thin Si0 2 layer is deposited to align LC molecules. For phase-only 
modulation, homogeneous alignment with a small (~ 2—3°) pretilt angle is preferred. When the applied 
voltage between any given striped electrode and the underlying ground plane exceeds the Freedericksz 
transition threshold, a 1-D phase shifter in the LC volume underlying the patterned electrode is created. 

The degree of nematic LC reorientation depends on the applied voltage [12]. Therefore, by controlling 
the applied voltage to each pixel, a stair-step blazed phase grating can be generated. Application of a 
periodic sequence of staircase voltage ramps of period A across the array aperture creates a correspond¬ 
ing periodic staircase profile of phase, as shown in the expanded portion of Figure 12.2. With properly 
weighted voltage steps, chosen to compensate for the non-linear phase-voltage profile of a typical LC, a 
linearly increasing phase profile can be produced. If the maximal phase shift on each staircase ramp of N 
voltage steps is 2n(N — 1)/A, the periodic (modulo 2n) phase profile is equivalent to a single staircase 
phase ramp across the aperture. An electronically adjustable prism is simulated, and the beam is steered 
to a new direction 6 (relative to the phased array boresite) given by the general grating equation 

sin 6 + sin 6 i nc = 2 0 /A (12.1) 
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Figure 12.2 Schematic drawing of a 1-D optical phased array and a conceptual imposed phase shift 
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N 

Figure 12.3 Diffraction efficiency of a blazed grating as a function of the number of phase steps 

where 0i nc is the incident angle of the beam, and A is the period of the programmed grating. For a 
normally incident laser beam, 6 i nc = 0 and Equation (12.1) is simplified. The steering direction depends 
on the periodicity (and sign) of the applied voltage ramp. The diffraction efficiency rj of a grating with a 
stair-step blaze designed to maximize energy to first order is related to the number of steps A as [13] 

>1 = [sin(7i/jV)/(7i/jV)] 2 (12.2) 

Figure 12.3 plots the diffraction efficiency as a function of N. The efficiency grows rapidly with N and 
reaches ~ 95% for an eight stair-step OPA. The remaining 5% is diffracted to higher orders, called 
sidelobes. Although increasing the number of stair steps would enhance the diffraction efficiency 
slightly, its fabrication complexity also increases. In practice, eight stair steps are normally used. 

The OPA can be operated in reflective mode, provided that the bottom transparent electrode is 
replaced by a reflector. To achieve the same phase change, the required cell gap can be reduced by a half 
because of the double pass of the incident beam. As a result, the response time is four times faster. 

Figure 12.4 shows a 2-D steering by cascading two 1-D steering arrays with crossed electrode 
patterns: one for azimuth (AZ) and one for elevation (EL). The cascading can use individual, discrete, 
steering devices. Relay lenses can be used to avoid beam walkoff between the devices, as is sometimes 
done with mechanical steerers [14]. However, the inherently thin (< 0.5 mm) format of these LC cells 
has obviated the need for such relay lenses. The availability of both reflection- and transmission-mode 
variants facilitates the design of cascaded systems. An attractive prospect is the integration of AZ and EL 
steering units into a single thin cell, potentially conformal with an airframe. Current OPA designs are 
polarization dependent; they require the input beam to be linearly polarized along the direction of 
quiescent LC alignment for maximal efficiency. Later in this chapter, we will discuss two potential 
approaches that are polarization independent. 

Since an OPA has a relatively small steering angle, to achieve large angle steering an auxiliary 
diffraction grating is needed. In Figure 12.4, the first two OPAs on the incident beam side and the double 
grating made of photothermal refractive glass [15, 16] form the large angle (</> 2 ) beam steerer for zone 
selection (also called coarse beam steerer). Once the laser beam is steered to a designated zone, the last 
two OPAs are used to fill the zone (also called fine beam steerer). 

12.2.2 Prism-based beam steering 

Figure 12.5 shows a prism-based beam-steering device using a birefringent prism with wedge angle a 
and a switchable 90° TN cell as a polarization rotator. At V = 0, the TN cell rotates the input linearly 
polarized light by 90°, which acts as an extraordinary beam (refractive index n e ) to the prism. The beam 
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Zone Fill Zone Select 



OPA 

Figure 12.4 A 2-D beam steerer using zone select and zone fill OPAs in conjunction with two 
gratings 


is deflected to an angle 9 e . When the TN cell is activated, the LC directors are reoriented perpendicular to 
the substrate surfaces so that the polarization rotation effect vanishes. The polarization of the incident 
light is not affected by the TN cell. As a result, the outgoing light behaves like an ordinary beam 
(refractive index n 0 ) to the prism and is deflected to an angle 6 0 . 

From Snell’s law, we can calculate the exit angles 6 e and 0 o : 

n e sin 0i n = sin 6 e (12.3a) 

n G sin 6 i n = sin 0 o (12.3b) 

The difference between 6 e and 6 e is the steering angle. A prism with a larger birefringence would lead 
to a larger steering angle. 

As shown in Figure 12.5, both beams walk off from the original beam path. To correct this walk-away 
phenomenon, a birefringent/isotropic bi-prism concept has been developed [17]. Figure 12.6 shows the 
device structure and operating mechanisms of the birefringent/isotropic bi-prism. The refractive index of 
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Figure 12.5 The operating principles of a prism-type beam-steering device using a 90° TN cell as a 
polarization rotator 
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Figure 12.6 Device structure of a birefringent/isotropic bi-prism beam steerer 


the top isotropic prism is chosen to be equal to the n Q of the birefringent prism. Thus, the impinging 
ordinary ray is not deflected, while the extraordinary ray is deflected. Similarly, a 90° TN cell is used to 
control the input polarization. Following Snell’s law, it is fairly easy to correlate the steering angle with 
the prism’s wedge angle and the refractive indices of the birefringent prism as follows: 

S = sin -1 {ft 0 sin[(sin _1 ((w e /w 0 ) sin a)) — a]} (12.4) 

Let us assume that the refractive indices of the birefringent prism (it can be a crystal or LC) are n e = 1.7 
and n 0 = 1.5. Then, in order to get a 1° steering angle, the required prism angle should be 5°. By stacking 
N basic units whose a values are in binary sequence, we can obtain 2 N beam steering positions [18]. 


12.3 VO As 

LC-based VO As have been developed for fiber optic communications at X = 1.55 pm because of their 
low cost, low loss, and low power consumption [19-21]. For most telecommunications applications, a 
fast response time and a large dynamic range (>30 dB) are required. Two types of LC VOAs have been 
developed, namely nematic and ferroelectric [22]. Ferroelectric liquid crystal (FLC) is attractive for its 
microsecond response time, but there are several issues to be solved: (1) it is a bistable device; (2) its 
ultra-thin cell gap {d < 2 pm); (3) residual DC voltage; (4) mechanical robustness; and (5) long-term 
reliability. Because FLC is a bistable device, to obtain gray scales a pulse width modulation method has 
to be implemented. The thin-cell requirement lowers the manufacturing yield and the residual DC 
voltage causes gray-scale instability. Moreover, the molecular alignment in a FLC cell is sensitive to 
mechanical disturbance. On the other hand, nematic VOA is easy to fabricate and it has natural gray 
scales. The major disadvantage is a slow response time. To achieve a fast response time, a small cell gap 
[23], a high-temperature effect [24, 25], dual-frequency LC materials [26-28], a voltage effect [29], and 
a polymer-network LC [30] have been investigated. A typical nematic LC-based VOA has a response 
time of approximately 5-15 ms, which is still slower than a mechanical shutter whose response time is 
approximately 1 ms. To outperform the mechanical shutter, the nematic VOA should have a sub¬ 
millisecond response time at room temperature while maintaining a wide dynamic range and low 
operating voltage (<20V rms ). 

In Chapter 6, we introduced dual-frequency liquid crystal (DFLC) materials and the operating 
mechanisms for achieving fast response times. In this section, we will demonstrate a fast-response and 
wide-dynamic-range nematic VOA using a high-birefringence and low-viscosity DFLC together with 
the overdrive and undershoot voltage method described in Chapter 8. To achieve a submillisecond 
response time at room temperature (T ~ 21°C), we use a low-frequency (/ = 1 kHz) overdrive voltage 
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Figure 12.7 Schematic diagram of DFLC-based VOA, where ‘1’, ‘2\ ‘3’, and ‘4’ represent a 
polarization beam displacer, half-wave plate, master LC cell, and compensation cell, respectively 

to decrease rise time and a high-frequency (/ = 30 kHz) undershoot voltage to accelerate the decay 
process. The measured dynamic range exceeds 40 dB at A = 1.55pm. 

Figure 12.7 shows a schematic diagram of the LC-based VOA, where two polarization beam 
displacers and a LC cell are sandwiched between two identical fiber collimators with an 80 mm 
working distance. The light from the input fiber is collimated by the first gradient index (GRIN) lens 
collimator. When the light is incident on the first polarization beam displacer (PBD), a calcite crystal, 
(10 mm thick with 45° a cut), it is separated into an ordinary beam and an extraordinary beam. A quartz 
half-wave plate (HWP) is laminated to the calcite beam displacer to rotate the polarization state of the 
top beam. Therefore, both beams have the same polarization before entering the LC cell which is a 
3.7 pm homogeneous cell with its rubbing direction oriented at 45° to the input light polarization. Its 
phase retardation ((5 = 2nd An/X) is approximately 1.271 at X = 1.55 pm. To ensure a high transmittance 
at V = 0, an identical LC cell, i.e., with the same cell gap, LC material, and alignment but with no 
voltage applied, is placed behind the master LC cell to act as a phase compensation cell. The rubbing 
direction of the compensation cell is orthogonal to that of the master cell so that the net phase retardation 
at V = 0 is zero. This master compensation cell configuration exhibits an excellent wavelength tolerance 
[31]. Under such circumstances, the top and bottom beams are recombined by the second PBD and HWP 
and then coupled into the collecting fiber collimator, as shown in the upper part of Figure 12.7. This is the 
high-transmittance state of the VOA. To make the device compact, the compensation LC cell can be 
replaced with a polymeric film, which is used in display devices to increase the viewing angle [32]. 

When a proper voltage is applied to the master LC cell to make a n phase change, the incident 
beams cannot retain their original polarizations. As a result, they are separated by the second beam 
displacer. No light is coupled into the collecting fiber collimator and the off-state results, as shown in 
Figure 12.7. By tuning the master cell voltage, different gray scales can be obtained. If the LC cell 
gaps are all uniform, then the VOA should have no polarization-dependent loss (PDL) and no 
polarization mode dispersion (PMD). 

The VOA performance is mainly determined by the LC material employed. To achieve a fast response 
time, a DFLC mixture is chosen for the demonstration. The key feature of a DFLC is that it exhibits a 
crossover frequency (f c ). In the f < f c region, the dielectric anisotropy (Ae) is positive, while in 
the f > f c region Ae becomes negative. In the low-frequency region, the electric field-induced torque 
reorients the LC molecules along the field direction. This leads to the rapid rise time. During the 
relaxation period, a high-frequency electric field is applied to the cell. Because Ae is negative, the high- 
frequency electric field helps to accelerate the relaxation of the LC molecules to their original positions. 
As a result, a rapid decay time is achieved. 
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Figure 12.8 Measured YOA attenuation on a dB scale as a function of applied voltage. The VOA is 
addressed by a 1 kHz square-wave AC source 

Most of the commercially available DFLC mixtures have a low birefringence, high viscosity, and small 
|Ae| values. Due to their low birefringence, a thick LC layer is required, particularly for the 1.55 pm 
infrared wavelength. The thick LC layer leads to a slow response time and a high operating voltage. To 
overcome these drawbacks, the UCF Group developed a high-birefringence and low-viscosity DFLC 
mixture using 30% biphenyl esters and 70% lateral difluoro tolanes [33]. The physical properties of the 
DFLC mixture at room temperature (T = 21°C) are summarized as follows: crossover frequency 
f c & 4 kHz; An = n e — n Q = 0.25 at X =1.55 pm; Ae = 4.73 at / = 1 kHz; and As = —3.93 at 
f = 30 kHz. 

For VOA demonstration, an Ando AQ4321D tunable laser operated at X = 1.55 pm is used as a light 
source. The output fiber is connected to an Ando AQ8201-21 power monitor for measuring transmit¬ 
tance. A computer-controlled Lab VIEW system is used for data recording and processing. The insertion 
loss of the DFLC VOA at V = 0 is about —2.0 dB (without connector). The PDL remains less than 0.1 dB 
over the whole ITU (International Telecommunication Union) C-band (1.53 — 1.57 pm), as expected. 
Although the measured insertion loss is still not sufficiently low, the actual fiber-to-fiber coupling loss is 
only ~ 0.8 dB when taking into account the ~ 1.2 dB propagation loss which is mainly contributed by 
the uncoated LC cells. 

Figure 12.8 plots the measured voltage-dependent VOA attenuation. The VOA is addressed by square 
waves at / = 1 kHz. Because of the positive Ae in the low-frequency region, the LC directors are 
reoriented along the electric field direction as the voltage exceeds 2.5V rms (threshold voltage). At 
V = 6 V rms , which corresponds to a n phase change, an off-state with —43 dB attenuation is achieved. As 
shown in Figure 12.8, this off-state is quite stable. Within ±0.3 V rms voltage variation, the measured 
attenuation remains at over — 30 dB, which is important if this VOA is to be used as a light switch or 
wavelength blocker. As the applied voltage exceeds 6 V rms , the net phase change due to the orthogonal 
master and compensation cells deviates from \n so that the optimal off-state condition is no longer 
satisfied. As a result, the VOA attenuation gradually decreases. 

Figure 12.9 shows the turn-on and turn-off times of the DFLC cell with the overdrive and undershoot 
voltages applied during the rise and decay periods. The commercial LC VOA is normally driven by a 
20 V AC voltage source. For a fair comparison, the overdriving voltage of the DFLC cell is also limited 
to 20 V^. Figure 12.9(a) shows the applied waveforms and the corresponding optical signals. The 
20 V rms low-frequency voltage burst is applied for 2 ms between the 2 V ms bias and 6 V rms holding 
voltages. The turn-on time (90-10%) is 0.73ms for the 3.7 pm DFLC cell. 

During the relaxation process, the constant bias voltage exerts a torque to resist LC molecules 
returning to their original positions. To overcome this bottleneck, a high-frequency (/ = 30 kHz) 
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Figure 12.9 Rise (a) and decay (b) time of the DFLC VOA using overdrive and undershoot voltages 
and corresponding optical responses. X = 1.55 pm 


voltage is imposed before applying the bias voltage, as depicted in Figure 12.9(b). This is known as the 
undershoot effect. The decay time (10-90%) is suppressed to 0.78 ms, which is approximately an order 
of magnitude faster than that of a commercial LC VOA. 

The response times shown above are all between the VOA’s ‘on-’ and ‘off-’states. However, the dual¬ 
frequency overdrive and undershoot can also apply to the fast gray-scale transition between two arbitrary 
attenuation states. A high-voltage (e.g., 20 Vrms) burst of suitable frequency and duration may be inserted 
between the initial and target states to accelerate the LC director’s rise or decay. 


12.4 Tunable-focus Lenses 

A mechanical zoom lens typically consists of two groups of lenses. By adjusting the distance between 
these lens groups, the effective focal length of the zoom lens can be turned mechanically. It would be 
ideal if these lenses were replaced by a single tunable-focus LC lens. To make a LC lens, the gradient 
refractive index profile has to be created. Generally speaking, there are three approaches to generate the 
desired gradient refractive index: (1) homogeneous LC layer with inhomogeneous electric field, (2) 
inhomogeneous LC layer with homogeneous electric field, and (3) inhomogeneous LC layer 
with inhomogeneous electric field. To achieve these goals, various efforts such as surface relief profile 
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[34-36], line or hole-patterned electrode [37-40], Fresnel zone type [41,42], modal control [43], as well 
as the polymer network LC technique [44, 45] have been attempted. Among these approaches, the 
surface relief lens which combines a passive solid state lens and a LC modulator possesses some 
attractive features, e.g., simple fabrication, single electrode, and an easy-to-realize spherical phase 
profile within the LC layer. However, an LC lens with curved inner surfaces will scatter light due to the 
poor molecular alignment. Moreover, its tunable-focus range is rather limited. 

12.4.1 Tunable-focus spherical lens 

In this section, we use an example to illustrate the fabrication procedure and operating principle of a 
tunable-focus spherical lens. Unlike the surface relief LC lens, the present lens has planar substrates and 
a uniform LC layer. To create an inhomogeneous electric field, one of the flat substrates has an imbedded 
spherical electrode and the other has a planar electrode. The electric field from the spherical and planar 
electrodes induces a centro-symmetric gradient refractive index distribution within the LC layer which, 
in turn, causes the focusing effect. The electric field strength will affect the LC alignment and then 
change the refractive index profile. As a result, the focal length can be tuned by the applied voltage. 
Unlike the non-uniform LC layer approach, this lens exhibits a uniform optical response across the lens 
aperture due to the homogeneous cell gap. No light scattering or diffraction occurs because of the 
homogeneous LC alignment and continuous electrode. Both positive and negative lenses can be realized 
by simply reversing the shape of the spherical electrode. 

Figure 12.10 illustrates the fabrication procedures of such a positive spherical LC lens. The 
concave surface of the bottom glass substrate is coated with a transparent ITO electrode, as shown 
in Figure 12.10(a). Next, the sag area is matched by a convex glass lens with the same curvature or filled 
with a polymer having the same refractive index as the employed glass substrate to form a planar 
substrate, as shown in Figure 12.10(b). In this case, let us assume that the sag area is filled with a UV 
curable prepolymer. The glass substrate which is in contact with the prepolymer has d 2 = 0.55 mm but 
no ITO electrode. When the prepolymer is cured by UV light, the lens and the LC cell are attached 
together. The inner surfaces of the LC cell are coated with polyimide alignment layers and rubbed in the 
anti-parallel direction. The pretilt angle is ^3°. The empty LC mixture is filled with a high-birefringence 
LC mixture and a homogeneous alignment is induced by the buffed polyimide layers, as shown in 
Figure 12.10(c). 



Figure 12.10 Fabrication process of a spherical LC lens: (a) deposit ITO on a concave glass lens, (b) 
fill the sag area with polymer, and (c) assemble the LC lens cell with another flat glass substrate. 
(Reprinted with permission from H. Ren et al ., ‘Tunable-focus flat liquid crystal spherical lens’, 
Applied Physics Letters , June 7, 2004, Volume 84, Issue 23, pp. 4789, Figure 1, © 2004, American 
Institute of Physics) 
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Figure 12.11 CCD images of the measured He-Ne laser beam intensity profile at V = 0,23, and 
35 V rms , respectively. (Reprinted with permission from H. Ren et al. , ‘Tunable-focus flat liquid crystal 
spherical lens’, Applied Physics Letters , June 7, 2004, Volume 84, Issue 23, pp. 4789, Figure 3, 
© 2004, American Institute of Physics) 

In Figure 12.10, the concave glass lens has a radius R = —9.30mm, aperture D = 6 mm, and sag 
d\ =0.34 mm (BK7 glass, n g = 1.517). The refractive index of the filled polymer NOA65 (n p ~ 1.524, 
Norland Optical Adhesive) will affect the initial focal length of the LC lens. If n p &n g , then the LC 
device will not focus light in the voltage-off state, but if n p is much smaller than n g , then the device will 
have an initial focus. To reduce the cell gap for keeping a reasonably fast response time, a high- 
birefringence LC mixture designated as UCF-2 (An = 0.4 at 2 = 633 nm [46] is used. The cell gap is 
40 pm. 

Figure 12.11 shows the CCD images of the lens at three voltage states: V = 0, 23, and 35 Vrms. At 
V = 0, the observed He-Ne laser beam is not very uniform due to its Gaussian intensity distribution. The 
peak intensity is ~6x 10 3 arbitrary units. As the voltage reaches 23 V rms , the focusing effect manifests. 
The measured intensity at the CCD focal plane exceeds 6.5 x 10 4 arbitrary units. As the voltage is 
further increased, the peak intensity of the outgoing beam tends to decrease. At V = 35 V rms , the peak 
intensity drops to 1.7 x 10 4 arbitrary units. This is because the LC directors in the bulk have been 
reoriented by the electric field and the curvature of the refractive index profile is gradually flattened. As a 
result, the focal length of the lens increases and the measured light intensity at the CCD focal plane 
decreases. 

Figure 12.12 plots the voltage-dependent focal length of the flat LC spherical lens. At V = 0, the LC 
directors are aligned homogeneously due to the surface anchoring effect of the substrates. Thus, no 


2.5 

E 2.0 
o) 1.5 

C 

a> 

i 10 

o 

£ 0.5 
0.0 

0 10 20 30 40 50 60 

Voltage, V rms 

Figure 12.12 Voltage-dependent focal length of the flat LC spherical lens. Lens aperture D = 6 mm, 
LC (UCF-2) cell gap d = 40 pm, and X = 633 nm. (Reprinted with permission from H. Ren et al., 
‘Tunable-focus flat liquid crystal spherical lens’, Applied Physics Letters , June 7, 2004, Volume 84, 
Issue 23, pp. 4789, Figure 5, 2004, American Institute of Physics) 
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focusing effect occurs or the focal point is at infinity. As the voltage increases, the focal length is reduced 
because of the established gradient refractive index. At V ~ 40 V rms , the focal length reaches a minimum 
( / ~ 60 cm). Further increasing the voltage will cause the focal length to bounce back, but at a different 
rate. The response time of the lens is around 1-2 s at room temperature. This is somewhat too slow. For 
practical applications, the switching time should be less than 5 ms to avoid image blurring during focus 
change. 

The focal length of an LC lens can be calculated using the Fresnel approximation: 


/ 


2 bnd LC 


(12.5) 


where r = D/2 (D is the lens aperture), d^c is the LC layer thickness, and bn is the refractive index 
difference between the lens center and border. 

From Figure 12.10, bn is determined by the electric field difference between the lens center and the 
border. When a voltage V is applied to the lens cell, the electric field in the center ( Ec en ter ) and at the 
border {EBorder) is expressed as follows: 
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(12.7) 


where slc , £2, and s\ represent the dielectric constant of the LC, medium 2, and medium 1, 
respectively. In an ideal case, the glass substrate which is closer to the spherical electrode should be 
eliminated, i.e., d 2 ~ 0. In such conditions, the electric field shielding effect resulting from the glass 
substrate is minimized and the required operating voltage is lowered. From Equation (12.5), the 
shortest focal length occurs when bn = Vn, i.e., the LC directors in the border are completely 
reoriented by the electric field while those in the center are not yet reoriented due to the weaker electric 
field. 

Can the above-mentioned flat spherical lens be used for eyeglasses? For an eyeglass, the aperture (. D ) 
needs to be at least 3 cm and the focal length should be around 25 cm. From Equation (12.5), if we use a 
LC material with bn ~ 0.4, the required cell gap is ^1.1mm. For such a thick LC cell, the response time 
would be very sluggish. Moreover, the LC inside the cell will probably not align well so that light 
scattering will occur. Thus, the lens design shown in Figure 12.10 may not be practical for large-aperture 
eyeglasses. It is more realistic for a millimeter-sized lens aperture. 

12.4.2 Tunable-focus cylindrical lens 

A cylindrical lens focuses light in one dimension. It can be used for stretching an image, focusing light 
into a slit, converging light for a line scan detector, or correcting a low-order aberration. In a solid 
cylindrical lens, its focal length is fixed. To get a variable focal length, a group of lenses, e.g., mechanical 
zoom lenses, is often necessary. This, however, makes the optical system bulky and costly. An 
alternative approach for obtaining a variable focal length is through the use of LC-based cylindrical 
lenses for which several methods have been considered and proposed [47-49]. Among them, lenses with 
slit electrodes are particularly interesting due to their simple fabrication, simple operation, and the 
possibility of widening the aperture size. 
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Figure 12.13 The eight possible electrode configurations considered for making a cylindrical LC 
lens: a = slit width and d = cell gap. The rubbing direction is along the y axis and the polarization of 
the incident light is along the rubbing direction 


Figure 12.13 shows eight possible electrode configurations for generating electric fields to create 
cylindrical lenses [50]. However, configurations E and F are not suitable for forming lenses due to the 
lack of an inhomogeneous electric field. The structures in G and H are more suitable for making 
cylindrical microlens arrays than a single large-aperture lens due to their narrow electrode gaps. The 
aperture size of a micro-sized cylindrical LC lens is usually in the 100 pm range. Thus, its application is 
therefore limited to microlenses or microlens arrays. 

In order to have a large aperture size, four possible configurations have been considered as shown in A 
to D. In configuration A, a slit electrode is coated on the outer surface of the top substrate, whereas a 
continuous electrode is coated on the outer surface of the bottom substrate. In configuration B, a slit 
electrode is coated on the outer surface of both the top and bottom substrates. The two slits are parallel 
and symmetrical. In configuration C, a slit electrode is coated on the outer surface of the top substrate, 
whereas a continuous electrode is coated on the inner surface of the bottom substrate. In configuration D, 
a slit electrode is coated on the outer surface of the top substrate, whereas another slit electrode is coated 
on the inner surface of the bottom substrate. The two slits are also parallel and symmetrical. Each of the 
LC cells has the same cell gap d = 40 pm. The slit spacing, called the aperture width, of the slit electrode 
is a = 2 mm. The inner surfaces of both the top and bottom substrates are coated with polyimide and 
buffed in anti-parallel directions along the silt direction. This rubbing direction is helpful to avoid 
disclination lines during device operation. In the interest of using a thinner cell gap, a high-birefringence 
and low-viscosity LC mixture should be used. 

To optimize the lens design, we need to know the LC director profiles of the above four device 
configurations. Several commercial computer programs are available and can be used to calculate the LC 
director’s distribution. The parameters used in the simulations are listed as follows: ey = 14.9, 
s± = 3.3, K\\ = 20.3pN, K 33 = 33.8pN, n Q = 1.9653, and n Q = 1.5253. First, we need to calculate 
the effective extraordinary refractive index (n e ff). The LC director profile for every LC layer can be 
extracted using the following equation: 

1 sin 2 0(V) cos 2 0(V) 

n^WV)f ~ —%> + 


( 12 . 8 ) 
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where 0(V) is the tilt angle of the LC layer at a given applied voltage V. Second, we need to calculate 
the refractive index differences dn(V) = n e jf(0(V)) — n Q in each of the LC layers and then average 
them. The effective focal length/of a cylindrical LC lens is related to the lens radius (r), wavelength 
(2), and phase difference (A£ = 2nd An/ X) between the center and edge of the aperture as 
f = n • r 2 / (2 • A<5). 

Figure 12.14(a) shows the calculated and measured voltage-dependent focal length of two cylindrical 
LC lenses: configurations A and B. The agreement between the simulated and measured results is 
reasonably good. From the simulation results, we find that configuration B has the best positive refractive 
index profile and the shortest focal length. Configuration A has a severe image aberration problem and 
longer focal length (> 15 cm) due to the broader and shallower refractive index profile as compared to B. 
For configuration C (Figure 12.14(b)), the simulated minimum focal length occurs at V ~ 60 L rms , which 
is consistent with the experimental results reported by Ren et al. [49]. For configuration D, if the aperture 
size is maintained at 2 mm then the fringing field-induced refractive index profile is far from the ideal 
parabolic shape so that the image quality is poor. In order to maintain a parabolic refractive index profile, 
the aperture size needs to be reduced to 1.2 mm. Under such circumstances, the simulation results 
indicate that both positive and negative lenses can be obtained depending on the applied voltage. When 
V < 100 Vrms, the lens has a positive focal length but becomes negative as V > 100 V rms . The minimum 
focal length for the positive lens is ~3 cm and the maximum focal length for the negative lens is 
~ —5 cm. 
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Figure 12.14 The voltage-dependent focal length of cylindrical LC lenses: (a) simulation and 
experimental results for configurations A and B, (b) simulation results for configurations C and D. The 
solid circles in (b) are for configuration C and the open squares are for configuration D with reduced 
aperture size a = 1.2 mm 
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12.4.3 Switchable positive and negative microlens 

The microlens array is a useful component for optical interconnections, optical fiber switches, shutters of 
optical super-resolution devices, light deflection devices, and imaging processing. In 3-D display 
systems based on integral photography, the microlens array with dynamically variable image planes is 
useful for enhancing the resolution of real and virtual images and for increasing the depth perception of 
images [51]. To display 3-D images, a lens with variable focal length is highly desirable. In conventional 
devices, this is commonly done by moving the lens array along the optic axis. This kind of system leads 
to a bulky device and requires extra mechanical elements for movement. The variable-focus lenses can 
be obtained by changing the shape of the lens [52] or creating a gradient refractive index profile in the 
materials with uniform thickness, as discussed in this chapter. For a LC microlens, a spatial distribution 
of refractive index can be induced and varied continuously by the applied voltage instead of mechanical 
movement. Thus, the switching time is greatly reduced. 

As shown in Equation (12.6), the focal length of a LC lens depends on the lens radius, LC layer 
thickness, and its gradient refractive index. Normally, a lens can have either a positive or negative focal 
length. In this section, a LC microlens array whose focal length can be switched from positive to negative 
or vice versa by the applied voltage is introduced. 

Figure 12.15 illustrates the structure of a microlens array. To make the focal length electrically 
tunable, the convex surface of the top BK-7 glass substrate is coated with a thin ITO electrode and then 
flattened by a polymer film. For phase-only modulation, homogeneous LC alignment should be used. 
Thus, the polymer surface and the bottom ITO glass substrate with a thin polyimide alignment layer are 
rubbed in anti-parallel directions. The cell gap is controlled at 18 pm by Mylar spacers and hermetically 
sealed using UV-curable glue. To achieve a fast response time, a DFLC is used. The physical properties 
of the DFLC mixture are summarized as follows: crossover frequency f c ~ 5 kHz, An ~ 0.285 (at 2 = 
633 nm and T = 22°C), and dielectric anisotropy As = 4.73 at / = 1 kHz and Ae = —3.93 at 50kHz. 

As depicted in Figure 12.15, the top flattened substrate and the LC layer work together as a zoom lens. 
The refractive index of the filled polymer NOA-76 (n p ~ 1.51, s = 3.33) plays an important role in 
affecting the initial focal length of the microlens. If the filled polymer has a similar refractive index to 
that of the top glass substrate (BK7, n g = 1.517), i.e., n p &n g , then the whole structure will have a 
uniform refractive index and does not focus light in the voltage-off state. If the polymer has a different 
refractive index from glass, i.e., n p ^ n g , then the microlens will have an initial focus f s at V = 0. In 
Figure 12.15, each single, convex, glass microlens has radius R = 450 pm, aperture D = 500 pm, and 
height d\ = 76 pm. The extra polymer layer has thickness z /2 = 81 pm. As a result, the microlens has a 
positive focal length (f s = 4.26 cm) at V = 0. As the applied voltage increases, the LC directors are 
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Figure 12.15 Device structure of a DFLC microlens array 
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Figure 12.16 CCD images of the DFLC microlens array (right) and the corresponding 3-D light 
intensity profiles (left) at (a) 0, (b) 50V rms , (c) 150V rms , and (d) 200V rms 


reoriented by the electric field. The voltage-induced refractive index change within the LC layer leads to 
a tunable-focus microlens array. The resultant focal length of the microlens array can be positive or 
negative depending on the applied voltage. 

Figure 12.16 shows the CCD images of the microlens at V = 0, 50, 150, and 200 V rms . At V = 0, the 
focusing effect is caused by the top substrate only, as shown in Figure 12.16(a). When the applied 
voltage exceeds a threshold, the LC directors are reoriented. The gradient refractive index is formed 
because of the inhomogeneous electric field as Figure 12.15 depicts. The LC layer adds a diverging effect 
to the whole rooming lens system. As V >30V rms , the focal length of the whole system becomes 
negative. At 50 Vrms, the beam diverges to the edges of each single microlens, as shown in Figure 
12.16(b). In the high-voltage regime, the LC directors are all reoriented perpendicular to the substrates. 
The gradient refractive index profile is gradually flattened and erased. The diverging effect of the LC lens 
weakens and the microlens becomes a converging lens again, as shown in Figure 12.16(c) and (d). 

To explain this focal length transition phenomenon quantitatively, we need to calculate the voltage- 
induced LC director reorientation numerically. First, we calculate the voltage-dependent refractive 
index change for a symmetric, uniform LC layer and use that to predict the voltage-dependent focal 
length. The LC directors are reoriented along the electric field ( E ) direction in order to minimize the free 
energy. The free energy associated with the elastic forces can be described in terms of three elastic 
constants. The free energy of the nematic LC directors in the static electric field ii is generally expressed 
by [53] 



kn(y • n) 2 + i&22 (n • V x n) 2 + ^£33 (n x V x n) 2 


^[s ± f +As{n-E) 2 } 


(12.9) 


where n = (n x , n y , n z ) is the LC director vector, k n , k 2 2 , and k 33 are the elastic constants associated with 
splay, twist, and bend deformations, and Ae and s ± are the dielectric anisotropy and dielectric constant 
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in the perpendicular direction of the LC, respectively. The LC director reorientation is calculated by a 
standard 1-D finite-element method. 

The tilt angle profile 0(z) can be used to calculate the average refractive index, (n), of the liquid 
crystal at different applied voltages. For a given tilt angle the refractive index is given by the index 
ellipsoid equation [54] 


n(z ) = 


yjnlcos 2 6(z) + n^sm 2 0(z) \J n l + ( n l ~ «o)sin 2 0 (z) 


( 12 . 10 ) 


The tilt angle profile 0(z) is used in Equation (12.10) to calculate the optical path, hd, when light goes 
through the cell. Using the above equations and DFLC parameters (k\ \ =33.5pN, £33 = 35 pN, 
= 7.44, £11 = 12.17, n 0 = 1.490, n e = 1.775, and with a pretilt angle of 2°), the voltage-dependent 
average effective refractive index can be calculated, as plotted in Figure 12.17. The solid line and open circles 
represent the experimental and simulation results, respectively, at X = 633 nm. The agreement is very good. 

When a voltage V is applied to the LC microlens array, the electric field at the center ( E Center ) and at 
the border (E Border ) of each microlens is expressed as [55] 

Ecenter = (12.11) 

fLC £p 

EBorder = d^W+d2 (1Z12) 

£lc £p 


where di represents the microlens thickness and d 2 the thickness of the polymer layer shown in Figure 
12.15, dpc is the LC layer thickness, and slc and s p represent the dielectric constant of the LC and 
polymer, respectively. At V = 0, slc = £jl • As V > V t h, the effective slc will change and affect the 
electric field distribution through the cell. Finally, the equilibrium state is achieved. By using the final 
voltage distribution, the LC tilt angle, average effective birefringence, and the phase difference 
between the center and borders of each microlens can be calculated. 
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Figure 12.17 Voltage-dependent average refractive index of DFLC used in the experiment. Solid line 
and open circles represent the experimental and simulation results, respectively. X = 633 nm 
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Figure 12.18 Voltage-dependent focal length of the DFLC microlens array. LC cell gap d = 18 pm, 
diameter of microlens D = 500 pm, X = 633 nm 


From the Fresnel approximation, the focal length of an LC lens is related to the lens radius r and 
6 n = n Center ~ n Border which is the refractive index difference between the lens center and borders, as 
described in Equation (12.5). 

Figure 12.18 plots the measured (points) and simulated (lines) voltage-dependent focal length of the 
microlens [56]. At V = 0, LC directors are aligned homogeneously and no focusing effect occurs in 
the LC layer. The system shows the initial focus contributed solely by the top glass microlens array. As 
the voltage increases, the LC layer behaves like a diverging lens so that the combined focal length 
increases accordingly. At F~30V rms , the microlens begins to behave like a diverging lens. At 
~40V rms , the microlens reaches the shortest negative focal length. Further increasing the voltage 
would reorient all the LC directors perpendicular to the substrates and reduce the phase difference. The 
microlens becomes a converging lens again and gradually approaches the initial focal length but at a 
different rate. The simulation results agree with experiment quite well in the lower voltage regime 
(< 40 V rms ) but in the higher voltage regime (between 40 and 130 V^) the fitting deviates somewhat. 
This is because, in the simulations, the anchoring energy at the boundaries is assumed to be infinite, 
which means that the LC directors near the substrates will not be reoriented at all by the electric field. But 
in reality, the LC directors near the substrates will still be reoriented slightly by the strong electric field at 
a high voltage. Therefore, in the high-voltage regime the measured focus change is faster than that 
simulated. Above 140V rms , the LC directors are reoriented nearly perpendicular to the substrates in both 
experimental data and simulation results. Therefore, the measured focal length agrees well with the 
simulated values in the high-voltage regime. 

A key consideration for using DFLC material is to obtain a fast response time. Using 1kHz and 50 kHz 
driving frequencies to switch the microlens array between 0 and 200 Vrms, the rise time is 3.9 ms and 
decay time is 5.4 ms for the 18 pm cell gap. Compared to a nominal nematic LC, the response time is 
hundreds of milliseconds. The high driving voltage (200V rms ) results from the small dielectric 
anisotropy of DFLC at low and high frequencies. To lower the operating voltage, we can either reduce 
the d 2 shown in Figure 12.15 or increase the dielectric constant of the filled polymer. 


72.4.4 Hermaphroditic LC microlens 

Most of the LC lenses are polarization sensitive. When the incoming light polarization is parallel to the 
LC alignment direction, i.e., extraordinary ray, the focal length of the LC lens can be tuned continually 
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Figure 12.19 Side view of the hermaphroditic LC microlens array. n\ and n 2 are the refractive 
indices of the molded microlens along the y and x axis, respectively. n 0 and n e are the ordinary and 
extraordinary refractive indices of the LC material. (Reproduced with permission from H. Ren et al. 
‘Hermaphroditic liquid-crystal microlens’, Optical Letters , Volume 30, pp. 376-378 (Feb. 15, 2005), 
Figure 1, © 2005, Optical Society of America) 

within a finite range which depends on the LC birefringence. However, for the ordinary ray (i.e., the 
incident light polarization is perpendicular to the LC directors), the focal length of the LC lens does not 
change with voltage. Both positive and negative lenses can be designed according to need, but once the 
lens is designed it exhibits either a positive or a negative lens. Although under some special operating 
conditions the central part of a positive LC lens could exhibit a negative focusing property [57], the 
surrounding part remains positive. This volcano type of LC lens has severe index distortion. 

Figure 12.19 shows the side view of a hermaphroditic microlens which could exhibit either a positive 
or a negative focal length depending on the input light polarization [58]. Unlike a conventional LC lens 
whose focal length is tunable by the applied voltage, the hermaphroditic LC microlens changes focal 
length according to the angle between the polarization axis and the LC directors. For the extraordinary 
ray, the focal length is positive, while for the ordinary ray the focal length becomes negative. By 
changing the relative angle between the incident light polarization and the LC directors, the focal length 
of the LC lens can be varied. This polarization rotation can be achieved manually or by an electrically 
controlled 90° TN cell. The switching time is about 10-20 ms, depending on the LC cell gap and material 
employed. 

In Figure 12.19 the flat lens is composed of a plano-convex LC lens and a plano-concave molded 
polymeric lens (shaded areas). The LC directors in the plano-convex lens are aligned along the x axis. 
The ordinary and extraordinary refractive indices ( n Q and n e ) are along the y and v axis, respectively. On 
the other hand, the plano-concave lens is made of UV-cured polymer/LC composite on a polyimide 
surface whose rubbing direction is along the y axis. Thus, its refractive indices are also anisotropic: 
n\ >ri 2 . The LC material chosen for this lens satisfies the following relationship: n e ~n\ >ri 2 ~n 0 . 
When the incident light passes through the convex and concave lenses from the z axis with its 
polarization at an angle 6 with respect to the x axis, the focal length of the microlens can be expressed 
as 


f = R/(n LC - rimoid) (12.13) 

Here, R is the radius of curvature of the lens surface and n LC and n mold denote the effective refractive 
index of the LC and the molded polymeric lens, respectively. Both n LC and n mo i d are dependent on 6 as 
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flLC = —, 
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(12.14) 
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From these equations, when 6 = 0, the focal length of the lens is f\ = R/(n e — n^). In this case, the 
focal length/x is positive. If 6 = 90°, then the focal length of the lens is fz = R/(n 0 — n\). Because 
n 0 <n \, the focal length f 2 is negative. When n^c ~ n mo ich the focal length of the lens approaches 
infinity. By tuning the incident light polarization axis gradually from 0 to 90°, the focal length changes 
from positive to negative. 


12.5 Polarization-independent LC Devices 

Most LC devices operate under linearly polarized light in order to achieve high contrast ratio. The use of 
a polarizer reduces the optical efficiency dramatically. The maximum transmittance of a pair of 
polarizers is only about 38%. Polarization-independent LC devices for phase or amplitude modulation 
are highly desirable. 

Phase-only modulation [59] plays an important role in adaptive optics, optical cross-connect 
switching, laser beam steering, and low-cost electro-optic sensors. Several interesting applications 
using phase modulators have been identified, e.g., tunable-focus lenses [60], gratings and prisms [61], 
and spatial light modulators [62]. LC-based phase modulators offer several advantages: low cost, light 
weight, low power consumption, and no mechanical moving parts. Several LC-based phase modulators 
have been developed, e.g., homogeneous LC [63], polymer network LC (PNLC) [64], and sheared PNLC 
[65,66]. The homogeneous cell is attractive for its large phase shift and low operating voltage 
(<10 V rms ). However, it is polarization dependent and the response time is relatively slow. A PNLC 
cell significantly reduces the response time but its operating voltage is increased. To obtain a 2n phase 
change in a transmissive PNLC cell, the required voltage is ~90V rms for a 12 pm E44 cell, which 
corresponds to ~ 7 V/ pm. To achieve a larger phase change by increasing the cell gap would result in 
substantial light scattering and a higher voltage. The sheared PNLC cell does not require alignment 
layers but it needs a shearing force to stress the LC directors and to suppress light scattering. Its response 
time is also in the submillisecond regime but its operating voltage is also relatively high. A common 
drawback of these three approaches is that they are polarization sensitive. For laser applications, the 
incident light polarization may not always be parallel to the LC directors to ensure a phase-only 
modulation. Thus, it is highly desirable to develop polarization-independent phase modulators. 

Several approaches for obtaining polarization-independent LC phase modulation have been devel¬ 
oped, e.g., the 90° TN cell operated at a voltage about three times higher than the threshold voltage 
[67, 68], nanoscale polymer-dispersed liquid crystal (nano-PDLC) [69], voltage-biased PDLC [70], and 
voltage-biased polymer-stabilized cholesteric texture (PSCT) [71]. A common problem with these 
approaches is that their phase change is relatively small and operating voltage is quite high. For instance, 
the nano-PDLC is scattering free, polarization independent, and has a submillisecond response time. 
However, its phase shift is small and its operating voltage is around 15-20 Vrms/ pm. Increasing the cell 
gap would enhance the phase change, but the operating voltage would increase further. The voltage- 
biased micro-sized PDLC and PSCT are also polarization independent; however, their residual phase is 
still small (~ 0.17i at 2 = 633 nm) so that their applications are limited to micro-photonic devices, such 
as tunable-focus microlens arrays. 

In the following sections, we introduce two polarization-independent LC phase modulators: (1) a 
double-layered structure with two ultra-thin anisotropic polymer films as cell separators, and (2) a 
double-layered LC gel without any separator. 

12.5.1 Double-layered homogeneous LC cells 

The double-layered structure has been proposed for guest-host LC displays [72, 73]. The conventional 
approach uses a thin glass (~0.3 mm) or Mylar film (~0.1 mm) to separate the two orthogonal LC layers. 
In the former case, an ITO glass substrate is used as a middle substrate. To overcome the electric field 
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Figure 12.20 The structure of a polarization-independent phase modulator: AP, anisotropic polymer. 
(Reproduced with permission from Y. H. Lin et al ., ‘Polarization-independent liquid crystal phase 
modulator using a thin polymer-separated double-layered structure’, Optical Express , Volume 13, pp. 
8746-8752 (Oct. 31, 2005), Figure 1, © 2005, Optical Society of America) 


shielding effect, both sides of the ITO layers should be pixilated and connected via feed-through holes, 
and then coated with a thin polyimide layer which is rubbed in the orthogonal direction to match the LC 
alignment. This approach is difficult for high-resolution devices because of the complicated pixel 
structures and precision registration between the passive ITO pixels in the middle substrate and the 
active elements. To reduce the parallax incurred by the middle glass substrate and to enable high 
resolution, a thin Mylar film has been considered. However, the Mylar film cannot align the LC 
molecules because the post-baking temperature (~250°C) of polyimide is higher than the glass transition 
temperature of the Mylar film. 

In this section, we introduce an anisotropic polymer film [74] which is thin, optically anisotropic, and 
possesses alignment capability. Figure 12.20 shows the schematic design of a double-layered polariza¬ 
tion-independent phase modulator. The cell consists of two glass substrates which are overcoated with 
thin (~80 nm), mechanically buffed polyimide layers, two anisotropic polymer films, and two LC layers. 
The top and bottom LC directors are oriented orthogonal to each other. To achieve orthogonal 
homogeneous LC layers, the principal axes of these two anisotropic polymer films are also arranged 
to be orthogonal to each other. 

The anisotropic film is made of Merck E7 nematic LC mixture, photo-initiator IRG184, and an LC 
monomer RM-257 (4-(3-Acryloyloxypropyloxy)-benzoic acid 2-methyl-1,4-phenylene ester) at 19:1:80 
wt% ratios. The LC/monomer mixture was injected into a homogeneous cell with a 23 pm cell gap which 
was controlled by the Mylar stripes and then the cell was exposed to UV light at on intensity 1= 10 mW/ 
cm 2 for ~30 min at 90°C. After UV exposure, the two substrates of the homogeneous cell were peeled off 
and a solidified anisotropic film of 23 pm thickness was obtained. The anisotropic polymer film is fully 
transparent. A large film can be sliced into two identical films. These two films are then stacked together 
in orthogonal directions. The LC mixture employed is also E7. The empty cell was filled with the LC by 
the one-drop-fill method. The cell gap of each LC layer was controlled by a Mylar film to be d ~ 12 pm. 
The total dimension of the cell is around 25 mm by 25 mm. 

To characterize the phase shift of the double-layered LC cell, a Mach-Zehnder interferometer and an 
unpolarized He-Ne laser (2 = 633 nm) were used. Figure 12.21 plots the measured voltage-dependent 
phase shift of the double-layered E7 LC cell (solid circles). The threshold voltage is ~5 V rms . For 
reference, the threshold voltage of the single E7 cell without any middle substrate is ~0.95 V rms . The 
increased threshold voltage originates from the dielectric shielding effect of the two middle polymeric 
layers. In the interferometer, the measured phase shift is referenced to that at V= 0. The total phase shift 
reaches ~ 8.1 tc at V = 40 V^. This total phase shift is independent of the incident light polarization. 
Also included in Figure 12.21 are the simulated results (open circles) of a similar double-layered 
structure using a glass separator 0.3 mm thick. Because of the electric field screening effect, the 
required voltage to reach a 2k phase change is beyond 50 V^. 

The obtainable phase shift of the described double-layered structure is much larger and the operating 
voltage is much lower than those of nano-PDLC, PDLC, and PSCT. To further lower the operating 
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Figure 12.21 Voltage-dependent phase shift of the polarization-independent LC phase modulator at 
X = 633 nm. Solid circles represent the measured data using two anisotropic polymeric films while 
open circles are the simulated results of the double-layered structure using a glass separator 0.3 mm 
thick. (Reproduced with permission from Y. H. Lin et al., ‘Polarization-independent liquid 
crystal phase modulator using a thin polymer-separated double-layered structure’, Optical Express, 
Volume 13, pp. 8746-8752 (Oct. 31, 2005), Figure 5, © 2005, Optical Society of America) 

voltage of the double-layered structure, we can reduce the thickness of the anisotropic polymer films, but 
the tradeoff is that a thinner polymer film may degrade the uniformity of the cell. 

The response time of the double-layered LC cell is ~300ms at T ~23°C. The slow response time 
originates from the thick LC layers (d ~ 12 pm) and high viscosity of the E7 LC employed. To reduce 
the response time, a high-Aw and low-viscosity LC should be used [75]. A high-Aw LC enables a thinner 
cell gap to be used, which is helpful for reducing the response time. 

The thickness of the polymer film is 23 pm, which is larger than that of the LC layer (12 pm). The 
flexibility and hardness can be controlled by the fabrication process, such as UV curing conditions 
and LC concentration. Although the anisotropic films are thin, their deformation during operation 
should not be a problem because the films are still sandwiched by two glass substrates. Therefore, the 
mechanical stability of the system is not a concern. 



72.5.2 Double-layered LC gels 

To achieve a fast response time, another polarization-independent phase modulator using two thin 
stratified LC gels has been developed [76]. The two homogeneously aligned gel films are identical, 
but stacked in orthogonal directions. Because of the high LC concentration and uniform molecular 
alignment, the LC gel possesses a large phase change (> \n). Meanwhile, because of the relatively 
high monomer concentration (28 wt%) the formed LC domains are in the submicron range. Therefore, 
the response time of the LC gel is around 0.5 ms. 

In a LC gel, the homogeneously aligned LC is stabilized by dense polymer networks, as shown in 
Figure 12.22(a). The phase shift along the z axis can be expressed as 

A (12-16) 

where d is the cell gap, c is the LC concentration, X is the incident wavelength, n e and n e ^V) are the 
extraordinary and effective refractive indices of the LC, respectively. As V —»oo, n e ff —► n 0 , where n 0 is 
the ordinary refractive index of the LC. From Figure 12.22(a), the homogeneous LC gel is polarization 
dependent. To make it polarization independent, two identical homogeneous LC gels are stacked in 
orthogonal directions, as shown in Figure 12.22(b). 
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Figure 12.22 A homogeneous LC gel: (a) single layer and (b) two orthogonal layers. (Reprinted with 
permission from H. Ren et al. , ‘Polarization-independent and fast-response phase modulators using 
double-layered liquid crystal gels’, Applied Physics Letters , February 6, 2006, Volume 88, pp. 061123, 
Figure 1, © 2006, America Institute of Physics) 


As the voltage increases, the phase change occurs because of the electric field-induced LC director 
reorientation. At a very high voltage, the voltage-induced phase shift is reduced to 


A6 Gel (V^oo) 


2ndcAn 

I 


(12.17) 


where An = n e — n 0 is the LC birefringence. In comparison, the LC droplets in a nano- or voltage-biased 
PDLC cell are almost randomly orientated. Thus, the phase shift is 


k&PDLc(y) 


2nd'c'[n — n e jf(V)] 

I 


(12.18) 


where n = (2 n Q +n e )/ 3 is the average refractive index of the LC at V= 0, and d' and d are the cell gap 
and LC concentration, respectively. As V —»oo, n e ff —> n Q , and the phase shift is reduced to 


ASpdlc(V —> oo) 


2nd! d An 
32 


(12.19) 


To fairly compare the phase change of the orthogonal LC gel films with the nano-PDLC, let us use the 
same LC material. To achieve polarization independence, the LC gel needs two orthogonal layers, but 
nano-PDLC only needs one. Thus, d f = 2d. However, the LC concentration in the gel is two times higher 
than that in nano-PDLC, i.e., c = 2c! From Equation (12.17) and Equation (12.19), we find 


^Geliy —> Op) 
A3 PDLC (V —> OO) 


( 12 . 20 ) 


From Equation (12.20), the phase shift of the LC gel is three times higher than that of nano-PDLC. 

The LC gel is made by mixing 28 wt% of photocurable rod-like LC diacrylate monomer (RM257) in a 
nematic LC (E48: n Q = 1.523, An = 0.231 at 2 = 589 nm). The mixture was injected into an empty cell 
in the nematic state. The inner surfaces of the ITO-glass substrates were coated with a thin polyimide 
layer and then rubbed in anti-parallel directions. The filled cell was exposed to UV light 
(2~365nm, I ~ 10mW/cm 2 ) for 30 min. The cell gap was controlled at 8 pm by spacer balls. 

After UV exposure, the cell is highly transparent. To peel off the gel, the top glass substrate is cleaved 
off. The stratified gel remains on the bottom substrate surface without LC leakage. From microscopic 
inspection, the LC gel is indeed aligned homogeneously without being damaged during cell cleaving. To 
assemble a double-layered structure, the LC gel was cut in half, stacked together at orthogonal 
directions, and then covered with another top ITO substrate, as Figure 12.22(b) depicts. Similarly, 
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Figure 12.23 Measured phase shift of a 16 pm double-layered LC gel at different voltages. 
2 = 633nm. (Reprinted with permission from H. Ren et al ., ‘Polarization-independent and 
fast-response phase modulators using double-layered liquid crystal gels’, Applied Physics Letters , 
February 6, 2006, Volume 88, pp. 061123, Figure 3, © 2006, America Institute of Physics) 


the phase change is monitored by a Mach-Zehnder interferometer using an unpolarized He-Ne laser 
beam. When an AC voltage (f= 1kHz) was applied to the LC gel, the interference fringes moved as 
recorded by a digital CCD camera. 

Figure 12.23 shows the voltage-dependent phase shift of a 16 pm double-layered LC gel at 
2 = 633 nm. The threshold voltage is ~30 Vrms. This high threshold originates from the dense polymer 
networks. Beyond this threshold, the phase change increases almost linearly with the applied voltage. 
The estimated total phase change from an 8 pm LC gel which contains ~80 wt% E48 should be ~ 2n for 
a linearly polarized He-Ne laser (2 = 633 nm). Therefore, the applied voltage has not reached the 
saturation regime. 

The rise time of the LC gel is ~ 200 ps and decay time is ~ 500 ps at room temperature (~22°C). 
Such a fast response time results from the small LC domain sizes and polymer stabilization. Due to the 
relatively high monomer concentration (28 wt%), the formed polymer networks are quite dense so that 
the formed LC domains are of submicron size. Similar to a nano-PDLC, the contact interfaces between 
the polymer networks and the LC molecules are large. As a result, the anchoring force of polymer 
networks exerted on the LC is very strong. This is the primary reason for the observed fast response time 
and high threshold voltage. 

To get a 2n phase change for laser beam steering and other photonic applications, the LC gel can be 
operated in reflective mode without increasing the operating voltage. For practical applications, 
the operating voltage of the LC gel is still too high (11 V rm s/ pm). To increase the phase change 
and reduce the operating voltage, a high-A n and high-Ae LC material should be considered as well as 
optimizing the LC and monomer concentration. A high-A n LC also enables a thinner gel to be used, 
which, in turn, helps reduce the operating voltage. A high-Ae LC lowers the threshold and operating 
voltages simultaneously. Increasing the LC concentration will boost the phase change and reduce the 
operating voltage. However, the gel may become too soft to stand alone. Its response time will also 
increase slightly. 


Homework Problems 

12.1 Use Figure 12.6 to derive Equation (12.4) and explain how to obtain a large steering angle. 

12.2 A student wants to design a polarization-independent tunable-focus microlens using a 90° TN cell. 
The LC mixture employed has the following properties: Ae = 12, An = 0.5 at 2 = 550 nm, K\\ = 
lOpN, K 22 = 6pN, K 33 = 20 pN, and 7 ! = 0.2 Pas. If the microlens diameter is 200 pm, what is 
the maximum tunable range of the focal length at 2 = 550 nm? 
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12.3 Nanosized polymer-dispersed liquid crystal (nano-PDLC), voltage-biased PDLC, double-layered 
homogeneous LC, and double-layered LC gels are all polarization independent. Compare their pros 
and cons. 

12.4 A 90° TN cell is filled with a LC whose physical properties are listed as follows: 
As = 10, An = 0.1 at2 = 550nm, K\\ = 14pN, K 22 = 7pN, X 33 = 18pN, and y x =0.2Pas. 

(1) Under what conditions can the TN cell be used as a polarization-independent phase modulator? 

(2) Explain why this phase modulator is polarization independent. 
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263, 267, 268, 278, 279, 291-293, 305, 306, 341, 
345 

Filter, 268, 278, 279 

Compensation Films, 57, 70, 76, 199, 208, 209, 215, 
216, 227, 229, 234, 236 
Uniaxial, 70, 209 
biaxial, 208 

twisted, 77, 124, 138, 200, 237, 283 
discotic, 1 

Computer simulation, 197, 208 
Contrast ratio, 157, 199, 202, 243, 245-248, 251, 
253-257, 263, 265, 267-269, 278, 283, 303, 305, 
331, 344 

Cross-talking, 274 

Dichroic ratio, 251, 253, 254 

Dielectric constant, 26, 33, 41, 53, 58, 108, 157, 

166, 185 

Dilectric permittivity, 25 

Dipole moment, 1, 10, 11, 24-26, 30, 31, 33, 35, 

113, 122, 166, 167, 319 
Discotic, 1, 4, 202-204, 236, 237 
Double cell, 269 
Dual frequency, 340 
Duty ratio, 276 
Dye, 251-255, 332, 333, 341 
Dye-doped PDLC, 332, 333, 341 

Eigen mode, 47^19, 51-54, 56-58, 60, 61, 63-67, 

69, 81 

Eigen vector, 54, 74 

Electric field, 25-27, 30, 31, 36, 39, 41^13, 45, 47, 

49, 53, 58, 61, 65-67, 69, 73, 75, 82-85, 87, 95, 
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131, 135, 137-139, 158, 171, 179-181, 183-185, 
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265, 267, 273, 277, 281, 284, 290, 294, 295, 303, 
305, 306, 319, 325, 327, 334, 337, 338, 344, 

345 

Electric displacement, 26, 39, 41, 51, 180, 

185 

Electrophoretic display, 303 

Elastic constant, 19, 20, 22, 30, 36, 115, 124, 145, 152, 
157, 166, 169, 170, 196, 206, 223, 224, 245, 325- 
327, 344 

Ellipticity, 45, 85, 86, 89-91, 210 
Ellipticity angle, 45, 86, 89, 91, 210 
Elliptical polarization, 43, 45, 91, 92, 220, 232 
Energy flux, 42, 52, 53 
Enthalpy, 7 

Entropy, 4-7, 9, 17, 35, 182, 309, 310, 

312-317 

Euler-Lagrange equation, 129, 141, 142, 155, 
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Ferro-electric, 120-122, 273 
Field-induce order, 108, 109, 124 
Film compensation, 71, 226, 227, 231 
Finite difference method, 184 
Figure-of-merit, 170 

Flexoelectric, 112-117, 124, 125, 289, 290 
Focal conic state, 290-295, 298, 300, 301, 303 
Fringing field, 197, 204, 205, 225 
Freedericksz transition, 114, 127, 131, 143, 

144, 150, 188, 196, 206, 207, 284, 287, 

346 

Gibbs free energy, 8, 9, 180, 181, 183 
Gooch-Tarry first minimum, 200, 201, 238 
Guest-host display, 251, 255 
Grating light valve 

Gray scale, 122, 202, 204, 278, 281, 283, 292, 293, 300, 
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Helfrich deformation, 295, 303 
Heilmeier-Zanoni cell, 251 
Helmholtz free energy, 7-9 
Holographic, 334, 345 
Color filter, 202, 244, 256, 268, 278, 279 
PDLC, 333, 334, 345 

Reflector, 244, 256, 263, 264, 268, 341, 350 
Homeotropic cell, 222, 223, 238, 239 
Homeotropic state, 71, 113, 154, 284, 287, 289, 

291, 295, 297-301, 303, 337, 339, 

340 

Homogeneous cell, 239, 245, 246 
Hysteresis, 297, 302, 338 

In-plane electrophorectic display, 204 
In-plane switching, 167, 200, 204, 243, 280 
Interferometric modulation, 347 
Iso-contrast, 202, 215, 218, 219, 221, 222, 226, 227, 
229, 230, 233, 234, 237 

Jones Matrix, 73, 74, 76, 77, 86, 94, 104, 105, 196, 214, 
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Lamp, 161, 199, 244 

Lagrange multiplier, 50, 129, 183, 192 

Landau-de Gennes theory, 12, 16, 35, 108 

Lasing, 68, 69, 71 

Leslie viscosity coefficient, 150 

Light control film, 345 

Linear polarization, 42, 91, 92, 115, 216, 220, 239, 254, 
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Liquid crystal, 1^1, 10-12, 14, 16-18, 20-25, 27, 28, 
30, 31, 33-37, 39, 42, 55, 57, 58, 63, 65, 66, 
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High An, 334 
STN, 108, 336, 346 
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346 

Magnetic induction, 39 

Magnetic field, 10, 24, 39, 52, 53, 67, 95, 97, 305 

Magnetic susceptibility, 24, 25, 27 

Maier-Saupe theory, 16, 18, 20, 35 

Mauguin condition, 62, 80 

Meuller matrix, 82, 86, 92, 94 

Mirror image, 21, 245 

Mixed-mode TN, 245 

Mueller Matrix, 82, 86-88, 90, 92, 94, 104, 
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Multi-domain, 199, 200, 204, 243, 280, 290, 292, 
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TN, 200, 204 

VA, 200, 204, 225, 236, 280 

Navier-Stokes equation, 146 
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Negative dielectric, 113, 136, 167, 174, 196, 223, 337, 
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Oblique angle, 208, 209, 216, 217, 220, 227, 228, 
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Oily streak, 290, 294, 295 

Order parameter, 10-18, 20, 25, 30, 33, 35, 108, 109, 
111, 112, 119, 124, 159, 166, 169 
Oseen-Frank energy, 20 
Over relaxation method, 188 

Passive matrix, 274, 276, 277, 286, 301, 303 
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Phase compensation, 199, 200, 202, 208, 216, 218, 
245, 247 

Phase-only, 349, 361, 366 

Phase retardation, 74, 79, 157, 203-205, 207, 209, 210, 
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243, 245, 257, 265, 285, 286 
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Pi cell, 240 

Planar state, 101, 104, 290-295, 298-301, 303 
Plane polarized light, 43 
Poincare sphere, 88, 90, 210, 214 
Polymer-dispersed liquid crystal, 344, 345 
Polymer-stabilized, 171, 253 
Polymerization induced phase separation, 306, 314, 
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227, 228, 232, 234, 239, 245, 246, 249-251, 254, 
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247, 269, 340, 341, 345 
Protrusion, 225 
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Rayleigh-Gans scattering, 319, 324 
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169, 171, 201, 202, 206, 207, 222-225, 
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Scattering profile, 324, 330, 344 

Screen, 204, 244, 245, 278, 279, 341, 342 

Scavenger 

Self-phase compensation, 247 
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Chiral smectic-A, 122 
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Chiral smetic C, 118 

Solvent induced phase separion, 313, 317 
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Super-cooling, 15, 16 
Super-heating, 15, 16 
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Stokes vector, 83-87, 89-95, 104 
Surface stabilization, 288, 291 
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Temperature effect, 159, 161 
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306 

Tolane, 167, 172 
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Uniaxial, 3, 10, 12, 24, 25, 53, 55-57, 70, 73, 74, 76, 
77, 90, 98, 101, 105, 107, 112, 116, 117, 179, 
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